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Like fire in a piece of flint, knowledge exists in the mind. 
Suggestion is the friction which brings it out. 

— Vivekananda 




Preface 



“In order to become proficient in mathematics, or in any subject,” 
writes Andre Weil, “the student must realize that most topics in- 
volve only a small number of basic ideas.” After learning these basic 
concepts and theorems, the student should “drill in routine exercises, 
by which the necessary reflexes in handling such concepts may be ac- 
quired. . . . There can be no real understanding of the basic concepts 
of a mathematical theory without an ability to use them intelligently 
and apply them to specific problems.” Weil’s insightful observation 
becomes especially important at the graduate and research level. It 
is the viewpoint of this book. Our goal is to acquaint the student 
with the methods of analytic number theory as rapidly as possible 
through examples and exercises. 

Any landmark theorem opens up a method of attacking other 
problems. Unless the student is able to sift out from the mass of 
theory the underlying techniques, his or her understanding will only 
be academic and not that of a participant in research. The prime 
number theorem has given rise to the rich Tauberian theory and 
a general method of Dirichlet series with which one can study the 
asymptotics of sequences. It has also motivated the development of 
sieve methods. We focus on this theme in the book. We also touch 
upon the emerging Selberg theory (in Chapter 8) and p-adic analytic 
number theory (in Chapter 10). 
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This book is a collection of about five hundred problems in analytic 
number theory with the singular purpose of training the beginning 
graduate student in some of its significant techniques. As such, it 
is expected that the student has had at least a semester course in 
each of real and complex analysis. The problems have been organized 
with the purpose of self-instruction. Those who exercise their men- 
tal muscles by grappling with these problems on a daily basis will 
develop not only a knowledge of analytic number theory but also the 
discipline needed for self-instruction, which is indispensable at the 
research level. 

The book is ideal for a first course in analytic number theory 
either at the senior undergraduate level or the graduate level. There 
are several ways to give such a course. An introductory course at the 
senior undergraduate level can focus on chapters 1, 2, 3, 9, and 10. 
A beginning graduate course can in addition cover chapters 4, 5, and 
8. An intense graduate course can easily cover the entire text in one 
semester, relegating some of the routine chapters such as chapters 
6, 7, and 10 to student presentations. Or one can take up a chapter 
a week during a semester course with the instructor focusing on the 
main theorems and illustrating them with a few worked examples. 

In the course of training students for graduate research, I found 
it tedious to keep repeating the cyclic pattern of courses in analytic 
and algebraic number theory. This book, along with my other book 
“Problems in Algebraic Number Theory” (written jointly with J. 
Esmonde), which appears as Graduate Texts in Mathematics, Vol. 
190, are intended to enable the student gain a quick initiation into 
the beautiful subject of number theory. No doubt, many important 
topics have been left out. Nevertheless, the material included here 
is a “basic tool kit” for the number theorist and some of the harder 
exercises reveal the subtle “tricks of the trade.” 

Unless the mind is challenged, it does not perform. The student is 
therefore advised to work through the questions with some attention 
to the time factor. “Work expands to fill the time allotted to it” 
and so if no upper limit is assigned, the mind does not get focused. 
There is no universal rule on how long one should work on a problem. 
However, it is a well-known fact that self-discipline, whatever shape 
it may take, opens the door for inspiration. If the mental muscles are 
exercised in this fashion, the nuances of the solution become clearer 
and significant. In this way, it is hoped that many, who do not have 
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access to an “external teacher” will benefit by the approach of this 
text and awaken their “internal teacher.” 

Princeton, November 1999 M. Ram Murty 
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Part I 



Problems 




1 

Arithmetic Functions 



An arithmetic function / is a complex- valued function defined on 
the natural numbers. Such an / is called an additive function if 



f{mn) = f{m) + f{n) (1.1) 

whenever m and n are coprime. If (1.1) holds for all m, n, then / 
is called completely additive. A multiplicative function is an 
arithmetic function / satisfying /(I) = 1 and 



/(mn) = /(m)/(n) (1.2) 

whenever m and n are coprime. If (1.2) holds for all m, n, then / is 
called completely multiplicative. 

Let u{n) denote the number of distinct prime divisors of n. Let 
fl(n) be the number of prime divisors of n counted with multiplicity. 
Then v and are examples of additive functions. Moreover, is 
completely additive, whereas v is not. 

Let s 6 C and consider the divisor functions 

cfs{n) = 

d\n 
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1. Arithmetic Functions 



where the summation is over the sth powers of the divisors of n. 
The special case s = 0 gives the number of divisors of n, usually 
denoted by d{n). It is not difficult to see that for each s e C, cTs(n) 
is a multiplicative function that is not completely multiplicative. We 
also have a tendency to use the letter p to denote a prime number. 

An important multiplicative function is the Mobius function, 
defined by 




if n is square-free, 
otherwise. 



The Euler totient function given by 



p\n 

is another well-known multiplicative function which enumerates the 
number of coprime residue classes (mod n). 

The von Mangoldt function, defined by 

A r A — / ifn=p^ for some o > 1, 

^ \ 0 otherwise, 

is neither additive nor multiplicative. Still, it plays a central role in 
the study of the distribution of prime numbers. 



1.1 The Mobius Inversion Formula and 
Applications 



( 1 if n = l, 



Exercise 1.1.1 Prove that 

d\n 0 otherwise. 

Exercise 1.1.2 (The Mobius inversion formula) Show that 

d\n 

if and only if 

= '^Kd)f{n/d). 

d\n 
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Exercise 1.1.3 Show that 

d\n 

Exercise 1.1.4 Show that 

V>{n) ^ 
n ^ d 

d\n 

Exercise 1.1.5 Let f be multiplicative. Suppose that 

w = n 

p^\\n 

is the unique factorization of n into powers of distinct primes. Show 
that 

d\n p°^\\n 

Deduce that the function g{n) ~ Yld\nfi^) multiplicative. The 

notation p^\\n means that p^ is the exact power of p dividing n. 

Exercise 1.1.6 Show that 



Deduce that 



^A(cJ) = logn. 

d\n 



d\n 

Exercise 1.1.7 Show that 



E'‘W = 

d‘^\n 



1 if n is square-free, 
0 otherwise. 



Exercise 1.1.8 Show that for any natural number k, 



d^\n 



1 if n is kth power-free, 
0 otherwise. 
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Exercise 1.1.9 If for all positive x, 

n<x 

show that 

n<x 

and conversely. 

Exercise 1.1.10 Suppose that 

OO 

Y^d3{k)\f{kx)\ < OO, 
k=l 

where dz {k) denotes the number of factorizations of k as a product 
three numbers. Show that if 

OO 

9{x) = XI 

m=l 

then 

OO 

/(^) = '^9{n)g{nx) 

n=l 

and conversely. 



Exercise 1.1.11 LetX(n) denote Liouville^s function given by \{n) — 
(— where f2(n) is the total number (counting multiplicity) of 
prime factors of n. Show that 



Exercise 

defined as 



x;A(d) = 

d\n 



1 if n is a square. 



0 otherwise. 

1.1.12 (Ramanujan sums) The Ramanujan sum c^(m) 



Cn{m)= e(^), 



l<h<n 
(h,n) = l 



n 






where e{t) = Show that 

Cn("i) = Yj dp{n/d). 

d\{m,n) 
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Exercise 1.1.13 Show that 



M(«)= E eQ. 



l</i<n 

(h,n)=l 



Exercise 1.1.14 Suppose (n,m) = S. Show that 

Cn{m) = ^i{nl8)ip{n)l(p{nl5). 



1.2 Formal Dirichlet Series 

If / is an arithmetic function, the formal Dirichlet series attached to 
/ is given by 

oo 

n—1 

We define the sum and product of two such series in the obvious 
way; 



D{f,s) + D{g,s) = ^{f{n)+g{n))n * 

n=l 



and 

oo 

D{f,s)D{g,s) ^Y^h{n)n~\ 

n=l 



where 

de—n 

We sometimes write h = f * g to denote this equality. It is also 
useful to introduce 5(n) = 1 if n = 1 and 0 otherwise. Thus D{S, s) = 
1 . 

Exercise 1.2.1 Let f be a multiplicative function. Show that 

( OO 
i /=0 
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Exercise 1.2.2 If 

oo . 

as) = D{i,s) = Y,-, 

n=l 

show that 

D{fi,s) = 1/C(s). 
Exercise 1.2.3 Show that 



D(A,3)^Y1 



A(n) 



71=1 

-S 






-fM. 



where -('{s) = 

Exercise 1.2.4 Suppose that 

/(«) = '^gid)- 

d\n 



Show that D{f,s) = D{g,s)(^{s). 

Exercise 1.2.5 Let X{n) be the Liouville function defined by \{n) = 
(_l)n(n)^ w/iere fi(n) is the total number of prime factors ofn. Show 
that 



D{X,s) 

Exercise 1.2.6 Prove that 



C(23) 

as)- 




n=l 



Exercise 1.2.7 Show that 



CHs) 

C(2s)- 



_ C(^) 

“ n« C(2s)' 

Exercise 1.2.8 Let d{n) denote the number of divisors of n. Prove 
that 

d-^jn) _ g{s) 

~C(2s)’ 

(This example is due to Ramanujan.) 
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Exercise 1.2.9 For any complex numbers show that 



E °° aa{n)ab{n) 

71=1 



C(g)C(^ - o)C{s - h)c,{s -a-h) 
C(25 -a-b) 



Exercise 1.2.10 Let qk{n) he 1 if n is kth power-free and 0 other- 
wise. Show that 

gki'iT') _ C('S) 
n® C{ks) 



1.3 Orders of Some Arithmetical Functions 

The order of an arithmetic function refers to its rate of growth. 
There are various ways of measuring this rate of growth. The most 
common way is to find some nice continuous function that serves as 
a universal upper bound. For example, d{n) < n, but this is not the 
best possible bound, as the exercises below illustrate. 

We will also use freely the “big O” notation. We will write f{n) — 
0{g{n)) if there is a constant K such that |/(n)| < Kg{n) for all 
values of n. Sometimes we use the notation > and write g{n) > /(n) 
to indicate the same thing. We may also indicate this by /(n) < 
g{n). This is just for notational convenience. Thus d{n) — 0(n). 
However, d(n) = 0(\/n), and in fact is O(n^) for any e > 0 as the 
exercises below show. We also have (p(n) = 0(n). 

It is also useful to introduce the “little o” notation. We will write 
f{x) = o{g{x)) to mean 

f{x)lg[x) 0 

as a; oo. Thus d{n) = o(n^), and in fact, d{n) — o(n^) for any 
e > 0 by Exercise 1.3.3 below. We also write p“||n to mean p“|n and 

pOf+l I ^ 

Exercise 1.3.1 Show that d{n) < 2y/n, where d{n) is the number 
of divisors of n. 

Exercise 1 . 3.2 For any e > 0, there is a constant (7(e) such that 
d{n) < (7(e)n^ 

Exercise 1.3.3 For any r? > 0, show that 

d{n) < 2 (^+'j)^° 6 'i/loglogn 
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for all n sufficiently large. 

Exercise 1.3.4 Prove that <Ji{n) < n(logn + 1). 
Exercise 1.3.5 Prove that 

cin^ < (j){n)ai{n) < C 2 U^ 



for certain positive constants c\ and C 2 - 



Exercise 1.3.6 Let z/(n) denote the number of distinct prime fac- 
tors of n. Show that 



z/(n) < 



logn 
log 2* 



1.4 Average Orders of Arithmetical Functions 

Let /(n) be an arithmetical function and g{x) a monotonic increasing 
ftmction of X. Suppose 

f{n) = xg{x) + o{xg{x)) 

n<x 

as X -> oo. We say that g{n) is the average order of f{n). 

Exercise 1.4.1 Show that the average order of d{n) is logn. 

Exercise 1.4.2 Show that the average order of (j){n) is cn for some 
constant c. 

Exercise 1.4.3 Show that the average order ofai{n) is c\n for some 
constant ci. 

Exercise 1.4.4 Let qk{n) = lifnis kth power-free and zero other- 
wise. Show that 

Y =CkX + 0 , 

n<x 



ck = Y 






where 
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Exercise 1.5.1 Prove that 




(n,k) = l 



m 

k 



logo; 



as X oo. 



Exercise 1.5.2 Let Jr{n) be the number of r-tuples of integers 
(ai,a 2 ,... ,ar) satisfying 1 < < n and gcd(ai,... ^Or^n) = 1. 

Show that 

p\n 

{Jr{n) is called Jordan’s totient function. For r = 1, this is, of course, 
Euler’s (^-function.) 

Exercise 1.5.3 For r > 2, show that there are positive constants cp 
and C 2 such that 

c\n^ < Jr{n) < C2U^ . 

Exercise 1.5.4 Show that the average order of Jr {n) is cn^ for some 
constant c > 0. 



Exercise 1.5.5 Let dk{n) be the number of ways of writing n as a 
product of k positive numbers. Show that 



E 



dk{n) 






= C'^(s). 



Exercise 1.5.6 If dl.{n) denotes the number of factorizations of n 
as a product of k positive numbers each greater than 1, show that 




n=l 



= (CW - 1)‘. 



Exercise 1.5.7 Let A{n) be the number of nontrivial factorizations 
of n. Show that 



E 



A(n) 

n® 



n—1 

as a formal Dirichlet series. 



(2-CW)'‘ 
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Exercise 1.5.8 Show that 

n = + 0{d{k)x), 

n<x 
(n,fc) = l 

where d{k) denotes the number of divisors of k. 

Exercise 1.5.9 Prove that 

d\n ^ ' 

u{d)<r 

where z^(n) denotes the number of distinct prime factors of n. 

Exercise 1.5.10 Let 7r{x^z) denote the number of n < x coprime 
to all the prime numbers p < z. Show that 

7r(a;, z)=a:TTfl--^+ 0(2^). 

pi ^ 

Exercise 1.5.11 Prove that 

- > log log a: + c 

Z— / p 

p<x 

for some constant c. 

Exercise 1.5.12 Let7r{x) be the number of primes less than or equal 
to X. Choosing z = logx in Exercise 1.5.10, deduce that 

Exercise 1.5.13 Let M{x) = Show that 

n<x 

Exercise 1.5.14 Let Fp[a;] denote the polynomial ring over the fi- 
nite field of p elements. Let be the number of monic irreducible 
polynomials of degree d in ¥p[x]. Using the fact that every monic 
polynomial in [ 2 :] can be factored uniquely as a product of monic 
irreducible polynomials show that 

p^ = Y,dNd. 

d\n 
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Exercise 1.5.15 With the notation as in the previous exercise, show 
that 

n 

d\n 

and that Nn > 1. Deduce that there is always an irreducible polyno- 
mial of degree n in Fp [x] . 

Exercise 1.5.16 (Dual Mobius inversion formula) Suppose f{d) = 
where the summation is over all multiples of d. Show that 

g{d) = 

d\n 

and conversely (assuming that all the series are absolutely conver- 
gent). 

Exercise 1.5.17 Prove that 

= cz + O(logx) 

n<x 

for some constant c > 0. 

Exercise 1.5.18 For Re(s) > 2, prove that 

_ C(^ ~ 1) 

Exercise 1.5.19 Let k be a fixed natural number. Show that if 

/H = '^9{n/d'^), 

d^\n 



then 

^'^l^id)f{n/d^), 

d^\n 

and conversely. 



Exercise 1.5.20 The mth cyclotomic polynomial is defined as 



^m{x) = n 

l<i<Tn 

(z,m)=l 
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where (^m denotes a primitive mth root of unity. Show that 

- 1 =^Yl(l>d{x)- 

d\m 

Exercise 1.5.21 With the notation as in the previous exercise^ show 
that the coefficient of 



in 0m (^) —p{m). 

Exercise 1.5.22 Prove that 

^m{x) = 

d\m 



Exercise 1.5.23 If (j)m{x) is the mth cyclotomic polynomial^ prove 
that 

{ p if m — p^ 

1 otherwise^ 

where p is a prime number. 

Exercise 1.5.24 Prove that 0m (^) has integer coefficients. 

Exercise 1.5.25 Let q be a prime number. Show that any prime 
divisor p of — 1 satisfies p = 1 (mod q) or p\{a — 1). 

Exercise 1.5.26 Let q be a prime number. Show that any prime 

divisor p o/l + a + a^H h a^~^ satisfies p = I (mod q) or p — q. 

Deduce that there are infinitely many primes p = I (mod q). 

Exercise 1.5.27 Let q be a prime number. Show that any prime 
divisor p of 

l + b + b^ + --- + 

with b — ^ satisfies p = 1 (mod q^) or p = q. 

Exercise 1.5.28 Using the previous exercise^ deduce that there are 
infinitely many primes p ^ 1 (mod for any positive integer k. 
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Exercise 1.5.29 Letp he a prime not dividing m. Show that p\(l)m{ci) 
if and only if the order of a (mod p) is m. (Here (prn{^) the rath 
cyclotomic polynomial.) 

Exercise 1.5.30 Using the previous exercise^ deduce the infinitude 
of primes p = 1 (mod m). 




2 

Primes in Arithmetic Progressions 



In 1837 Dirichlet proved by an ingenious analytic method that there 
are infinitely many primes in the arithmetic progression 

(2, (2 + n + 2^, CL + 3^, . . . 

in which a and q have no common factor and q is prime. The general 
case, for arbitrary g, was completed only later by him, in 1840, when 
he had finished proving his celebrated class number formula. In fact, 
many are of the view that the subject of analytic number theory 
begins with these two papers. It is also accurate to say that character 
theory of finite groups also begins here. 

In this chapter we will derive Dirichlet ’s theorem, not exactly fol- 
lowing his approach, but at least initially tracing his inspiration. 



2.1 Summation Techniques 

A very useful result is the following 

Theorem 2.1.1 Suppose {an}^i is a sequence of complex numbers 
and f{t) is a continuously differentiable function on [l,x]. Set 

A(t) = ^ ^ Oji. 

n<t 
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Then 

PX 

On/(«) = A{x)f{x) - / A{t)f'{t)dt. 

n<x 

Proof. First, suppose a: is a natural number. We write the left-hand 
side as 

yy^anf{n) = - A(n- l)}/(n) 

n<x n<x 

= E A(n)/(n + l) 

n<x n<x—l 

rn+1 

= A{x)f{x) - y2 

n<x-l 

rn+1 

= A{x)f{x) ~y2 A{t)f{t)dt, 

n<x-l'^” 

since A{t) is a step function. Also, 

/ A{t)f'{t)dt= / A{t)f'{t)dt, 

and we have proved the result if x is an integer. If x is not an integer, 
write [x] for the greatest integer less than or equal to x, and observe 
that 

A{x){f{x) - f{[x])} - [ A{t)f{t)dt = 0, 

J[x] 

which completes the proof. 

Remark. Theorem 2.1.1 is often referred to as “partial summation.” 

Exercise 2.1.2 Show that 

log n = X log a: — a; -I- 0(log x). 

n<x 

Exercise 2.1.3 Show that 

=logx + 0(l). 

n<x 
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In fact, show that 



lim ( log : 

>oo V 71 



x-^oo \ n 
n<x 



exists. (The limit is denoted by 7 and called Euler’s constant.) 

Exercise 2.1.4 Let d{n) denote the number of divisors of a natural 
number n. Show that 

d{n) = xlogx + 0{x). 



Exercise 2.1.5 Suppose A{x) ~ 0{x^). Show that for s > 6, 



Hence the Dirichlet series converges for s > 6. 
Exercise 2.1.6 Show that for 5 > 1, 



where {cc} = x — [x\. Deduce that lims_^i+(s — l)C(s) = 1- 

Consider the sequence {6r(a;)}^o polynomials defined recur- 
sively as follows; 

60 (a:) = 1, 

6r(a;) = rbr-i{x) (r > 1 ), 

j br{x)dx = 0 (r > 1 ). 

Jo 

Thus, from the penultimate equation, br{x) is obtained by integrat- 
ing rbr-i{x), and the constant of integration is determined from the 
last condition. 

Exercise 2.1.7 Prove that 



F{x,t) = 



r\ — 1 
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It is easy to see that 

bo{x) ^ 1 , 
bi{x) = x-^, 
b2{x) = - a; - i, 

= x^ — |a:^ + 
b/^{x) = — 2x^ + 

65(0;) = x^ — + |a;^ — ^x. 

These are called the Bernoulli polynomials. One defines the rth 
Bernoulli function Br{x) as the periodic function that coincides 
with br{x) on [0,1). The number Br '.= Br(0) is called the rth 
Bernoulli number. Note that if we denote by {x} the quantity 
X - [x], Br{x) = hr({a;}). 

Exercise 2.1.8 Show that B2r+i = 0 for r > 1 . 

The Bernoulli polynomials are useful in deriving the Euler - 
Maclaurin summation formula (Theorem 2.1.9 below). 

Let a, 6 € Z. We will use the Stieltjes integral with respect to the 
measure d[t]. Then 



E /(”)= fmm- 

a<n<b ^ 



Notice that the interval of summation is a < n < 6 , so that 



rb 

E = / 

a<n<b 



-/ 



f{t)dt- / f{t)dBi{t) 



because d[t] = dt — d{t} and Bi{t) = {t} — 5 , by the theory of the 
Stieltjes integral. We can evaluate the last integral by parts: 



['f{t)dB,{t) - (fib) - f{a))Bi - fB,{t)f'{t)dt, 
J a J a 
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since Bi{b) = Bi{a) = jBi( 0). From B^it) — 2Bi{t), we can write 
jj(t)dBi(t) = {f{b)-f{a))B, - i£/(()<Ji32((), 

provided that / is differentiable on [a, 6]. We can iterate this proce- 
dure to deduce he following Theorem: 

Theorem 2.1.9 (Euler-Maclaurin summation formula) Letk 
be a nonnegative integer and f be (A; -1-1) times differentiable on [a, 6] 
with a,b E Z. Then 



Yd 

a<n<b 



nt)dt + - /<’'>(o))Sr+i 



Example 2.1.10 For integers x>l, 



^i=logx + 7+^ + j^ + 0 

n<x 




Solution. Put f[t) = 1/t in Theorem 2.1.9, a = 1, 6 = rr, and k — 2. 
Then 

B^{t) 



2<n<x 
SO that 






t^ 



-dt, 



2 12 J, 



1 1 
12x2- 



Since 



-7= lim ( log a; - V - ] , 

x-ff-oo \ n I 

\ n<x J 



we must have 



Also, 



1 1 

2 ~ l2 



-i: 



B3{t)dt 
ff ■ 



!7-T-~o{h\ 



so that the result is now immediate. 
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Exercise 2.1.11 Show that for some constant B, 




Exercise 2.1.12 For z E C, and | argz| < tt — 5, where (5 > 0, show 
that 

n ^ 

+ j) = {z + n + -j log{z + n) 
j=o 



—n — 






B\ {x)dx 
z + x 



2.2 Characters mod q 

Consider the group (Z/gZ)* of coprime residue classes mod q. A 
homomorphism 

X : iZI<M ^ C* 

into the multiplicative group of complex numbers is called a charac- 
ter (mod q). Since {^jq£)* has order then by Euler’s theorem 
we have 

=; \ (mod q), 

and so we must have = 1 for all a G {’Ljq’L)*. Thus x(®) 

must be a <p(g)th root of unity. 

We extend the definition of x to all natural numbers by setting 

^ (mod q)) if (n, g) - 1, 

^ ^ 0 otherwise. 

Exercise 2.2.1 Prove thatx completely multiplicative function. 
We now define the L-series, 



L{s,x) 







Since |x(^)l ^ ^he series is absolutely convergent for Re(5) > 1. 
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Exercise 2.2.2 Prove that for Re{s) > 1, 

where the product is over prime numbers p. 

The character 

Xo : (Z/gZ)* ^ C 

satisfying xo(a) = f for all (a, g) = 1 is called the trivial character. 
Moreover, if x and -0 are characters, so is xi’i as well as x defined 

by 

X(a) = x{a), 

which is clearly a homomorphism of (Z/gZ)*. Thus, the set of char- 
acters forms a group. This is a finite group, as the value of x(a) is a 
g?(g)th root of unity for (a, g) = 1. 

But more can be said. If we write 

Ql Q.U 

q=Pi"’"Pk 

as the unique factorization of g as a product of prime powers, then 
by the Chinese remainder theorem, 

is an isomorphism of rings. Thus, 

(Z/gZ)*2.©,(Z/pf^Z)*. 

Exercise 2.2.3 Show that {Z/pZ)* is cyclic if p is a prime. 

An element g that generates (Z/pZ)* is called a primitive root 
(mod p). 

Exercise 2.2.4 Letp be an odd prime. Show that {Z/p^Z)* is cyclic 
for any a > 1. 

In the previous exercise it is crucial that p is odd. For instance, 
(Z/8Z)* is not cyclic but rather isomorphic to the Klein four-group 
Z/2Z X Z/2Z. However, one can show that (Z/2^Z)* is isomorphic to 
a direct product of a cyclic group and a group of order 2 for o > 3. 
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Exercise 2.2.5 Let a > 3. Show that 5 (mod 2“) has order 2“ 

Exercise 2.2.6 Show that (Z/2“Z)* is isomorphic to (Z/2Z) x 
(Z/2“-2Z),/or-a > 3. 

Exercise 2.2.7 Show that the group of characters (mod q) has order 

Exercise 2.2.8 If x¥^ Xo> show that 

X{a) = 0 . 

a(mod q) 



Exercise 2.2.9 Show that 



E X(n) = { f > 

x(mod9) 



if n = 1 (modg), 
otherwise. 



2.3 Dirichlet’s Theorem 

The central idea of Dirichlet’s argument is to show that 
lim \ = + 00 , 

5^1+ P^ 

p=a{modq) 

where the summation is over primes p = a (modg). 

If g = 1, this is clear, because 

1 \-i 



«^>=n(i-,4) 



and 



logC(s) 




upon using the expression 
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Observing that 

lim C(s) = +00 

by virtue of the divergence of the harmonic series, we get 



lim log({s) — + 00 . 

5->l + 



Consequently, 



lim 



p ^ pn>2^^ 



— + 00 . 



In view of the fact for s > 1, 



EE 

p n>2 



1 

ripns 



sEE^^sE 



p n>2 



pip - 1) 



< OO, 



we deduce ^ 

lim > — = + 00 . 

5-^1+ ^ 

P 

Exercise 2.3.1 Let x — Xo the trivial character (modg). Show 
that 

lim logL(s,xo) = + 00 . 

S ->1 + 

Exercise 2.3.2 Show that for s > 1, 

^ogL{s,x)^Hq)Yl 

x{modq) n>l p^=l{modq) 

Exercise 2.3.3 Show that for s > 1 the Dirichlet series 

OO 

e 5 = n 

has the property that ai — 1 and > 0 for n >2. 

Exercise 2.3.4 For x XO; ^ Dirichlet character (modg), show 
that I Xln<a:X(^)l ^ 9* Deduce that 

,, , 



converges for s > 0. 
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Exercise 2.3.5 //L(l,x) ^ 0^ show that L(l,x) 7^ 0 for any char- 
acter X 7^ Xo niodg. 

Exercise 2.3.6 Show that 

lim (5 - l)L(s,xo) = ^{q)/q- 

Exercise 2.3.7 If L{l,x) ^ 0 for every x 7^ XO; deduce that 
lim(s-l) JJ L(s,x)#0 

x(mod q) 

and hence 

V i = +CO. 

Z— ✓ P 

p=l(modg) 

Conclude that there are infinitely many primes p = l(mod^). 

This exercise shows that the essential step in establishing the in- 
finitude of primes congruent to 1 (modg) is the nonvanishing of 
L(l,x)- The exercise below establishes the same for other progres- 
sions (mod q). 

Exercise 2.3.8 Fix (a, 9) == 1. Show that 

V My(n) = l n = a{modq), 

2_j l / V j i Q otherwise. 

x(modq) 

Exercise 2.3.9 Fix (a,q) — 1. If L{l,x) 7^ 0, show that 
lim(5-l) n ^5,x)^#0. 

5-^1 + 

x(mod9) 

Deduce that 



E 

p=a(mod q) 



1 

- = + 00 . 
P 



The essential thing now is to show that L{l,x) 7^ 0 for x ^ Xo- 
Historically, this was a difficult step to surmount. Now, there are 
many ways to establish this. We will take the most expedient route. 
We will exploit the fact that 

F{s):^ n 

X(mod^) 
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is a Dirichlet series ^ with ai — l and an > 0. If for some 

Xi: 1 /( 1 , Xi) = O 5 we want to establish a contradiction. 

Exercise 2.3.10 Suppose Xi Xi (that is, xi ts not real-valued). 
Show that L(l,xi) ^ 0 by considering F{s). 

It remains to show that 1/(1, x) / 0 when x is real and not equal 
to xo- 

We will establish this in the next section by developing an inter- 
esting technique discovered by Dirichlet that was first developed by 
him not to tackle this question, but rather another problem, namely 
the Dirichlet divisor problem. 

2.4 Dirichlet ’s Hyperbola Method 

Suppose we have an arithmetical function f = g :¥ h. That is, 

/H = 

d\n 

for two arithmetical functions g and h. Define 

n<x 

= '^h{n). 

n<x 

Theorem 2.4.1 For any y > 0, 

E /(«) = + E '>««(!) - 

n<x d<y d<^ ^ 

Proof. We have 

= ^9{d)h{e) 

n<x de<x 

= 9 {d)h{e) + g{d)h{e) 

de-^x de^x 

d<y d>y 

d<y e<| 

= T,sm{^)+Y:He)G{^)-G{y)H{^). □ 

d<y e<- 
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The method derives its name from the fact that the inequality 
de < X is the area underneath a hyperbola. Historically, this method 
was first applied to the problem of estimating the error term E{x) 
defined as 



= 5 ^'^oN - {a;(loga:) + (2q - l)x}, 

n<x 

where cro is the number of divisors of n and 7 is Euler’s constant. 
Exercise 2.4.2 Prove that 

CTo(n) = xiogx + (27 - l)x + 0(^/x). 

n<x 

Exercise 2.4.3 Let x ^ character (mod q). Define 



fin) = '^x{d). 

d\n 



Show that /(I) = 1 and f{n) > 0. In addition, show that /(n) > 1 
whenever n is a perfect square. 

Exercise 2.4.4 Using DirichleUs hyperbola method, show that 



E 




2L{l,x)Vx + 0{l), 



where f{n) = Ed|nX(<^) and x 7^ Xo- 

Exercise 2.4.5 If X Xo is a real character, deduce from the pre- 
vious exercise that L(l,x) 7^ 0- 

Exercise 2.4.6 Prove that 




n>x 



whenever x ^ nontrivial character (mod^). 
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Exercise 2.4.7 Let 

On = X{d) 

d\n 

where x ^ nonprincipal character (modg). Show that 

xL(l,x) + 0(V^). 

n<x 

Exercise 2.4.8 Deduce from the previous exercise that L(l,x) / 0 
for X 

Thus, we have proved the following Theorem: 

Theorem 2.4.9 (Dirichlet) For any natural number q, and a co- 
prime residue class a (modg), there are infinitely many primes p = 
a (modg). 



2.5 Supplementary Problems 



Exercise 2.5.1 Let dk{n) be the number of ways of writing n as a 
product of k numbers. Show that 

E*(") = iFl^ + 0(x(logx)‘-^) 

n<x ^ 

for every natural number A: > 2. 



Exercise 2.5.2 Show that 



log — = X + 0(loga;). 



n<x 



Exercise 2.5.3 

integer, 



Let A{x) = Yln<x^'^- Show that for x a positive 



V an log - 
n 

n<x 




A(t)dt 

t 



Exercise 2.5.4 Let {x} denote the fractional part of x. Show that 



X) {|} = (1 - 7)a: + 

n<x 



where 7 is Euler ^s constant. 
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Exercise 2.5.5 Prove that 






for any fc > 0. 

Exercise 2.5.6 Show that for a; > 3, 

E — — = log log a; + 5 + 0 
nlogn 



arlogx 



Exercise 2.5.7 Let x be a nonprincipal character (modg). Show 
that 



Exercise 2.5.8 For any integer k >0, show that 



log^n _ log^'^^a: 
n A: + 1 



+ 0 ( 1 ). 



Exercise 2.5.9 Let d[n) be the number of divisors of n. Show that 
for some constant c, 

y) ^ 1 a; + (27 - 1) loga; + c + o(-h') 

n l \\/xy 

n<x 

for X >1. 

Exercise 2.5.10 Let a > 0 and suppose On = 0{n^) and 

^ «n = 0(a;^) 



for some fixed S < 1. Define 



d\n 



Prove that 



y^hn = cx + 0 



Xl-S){\+a) 1(2-5) 



for some constant c. 
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Exercise 2.5.11 Let x be a nontrivial character (modq) and set 



/(") = 

d\n 



Show that 



Y2 ^ + 0{q^/x), 

n<x 



where the constant implied is independent of q. 

Exercise 2.5.12 Suppose that an >0 and that for some 6 > 0, we 
have 

E x 

^ (loga;)^ 



n<x 



Let bn be defined by the formal Dirichlet series 




n—\ n—1 



Show that 

Y^bn< 

n<x 

Exercise 2.5.13 Let {on} be a sequence of nonnegative numbers. 
Show that there exists ao G M (possibly infinite) such that 



00 



/(») = E 

n—1 



an 



converges for Re{s) > ao and diverges for Re{s) < (Jq. Moreover, if 
5 G C with Re( 5 ) > ao, show that the series converges uniformly in 
Re( 5 ) > (Jo + for any 5 > 0 and that 



n=l 



an (log n)^ 
n® 



for Re(s) > ctq (<^o is called the abscissa of convergence of the 
Dirichlet series 
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Exercise 2.5.14 (Landau’s theorem) Let > 0 a sequence of 
nonnegative numbers. Let (Jq be the abscissa of convergence of 

oo 

/w = E^- 

n=l 

Show that s = ao is a singular point of f{s) (that is, f{s) cannot be 
extended to define an analytic function at s — sq). 

Exercise 2.5.15 Letx be a nontrivial character (mod q) and define 

d\n 



IfXi->X 2 are two characters (modg), prove that for a, b € C, 

OO 

n=l 



^ C{s)L{s - a, xi)L{s - b, X2 )L{s -a-b, X1X2) 

L{2s-a-b,xiX2) 

as formal Dirichlet series. 

Exercise 2.5.16 Let x be a nontrivial character (modg). Set a — b, 
Xi~X X2 = X ihe previous exercise to deduce that 



Ek*(»)P'‘- = 

n=l 



C{s)L{s - a,x)L{s - a,x)L{s -a- a,xo) 
L{2s -a-a,xo 



Exercise 2.5.17 Using Landau’s theorem and the previous exercise, 
show that L{l,x) 7^ 0 for any non-trivial real character (mod q). 

Exercise 2.5.18 Show that (( 5 ) 7 ^ 0 for Re(s) > 1 . 

Exercise 2.5.19 (Landau’s theorem for integrals) Suppose that 




with A{x) > 0. Let ao be the infimum of all real s for which the 
integral converges. Show that f{s) has a singularity at s = ao- 
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Exercise 2.5.20 Let A denote Liouville^s function and set 

n<x 

Show that if S{x) is of constant sign for all x sufficiently large, then 
C(s) ^ 0 for Re(s) > (The hypothesis is an old conjecture of 
Polya. It was shown by Haselgrove in 1958 that S[x) changes sign 
infinitely often.) 

Exercise 2.5.21 Prove that 

bn{x) = ^ 

fc =0 ^ ^ 

where bn{x) is the nth Bernoulli polynomial and Bn denotes the nth 
Bernoulli number. 

Exercise 2.5.22 Prove that 



bn{l -x) = {-irbn{x), 

where bn{x) denotes the nth Bernoulli polynomial. 

Exercise 2.5.23 Let 



Sfc(n) = l^ + 2^ + 3^ + --- + (n-l)^ 



Prove that for k >1 
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The Prime Number Theorem 



Let 7t{x) denote the number 
theorem is the assertion that 

lim 
x->oo xj logx 

It was proved independently by Hadamard and de la Vallee Poussin 
in 1896. It is the goal of this chapter to prove this theorem follow- 
ing a method evolved by Wiener and Ikehara in the early twentieth 
century. 

As far as we know, it was Legendre who first conjectured that for 
large rr, 'k{x) is approximately 

X 

logx — 1.08 

This suggests the truth of the prime number theorem. In a letter 
of 1849, Gauss related that as a boy he had thought about this 
question and felt that a good approximation to 'k[x) is given by the 

logarithmic integral 



of primes p < x. The prime number 
7t(x) 






dt 

logt' 



This is closer to the truth. Indeed, one can prove 
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tt{x) = liz + O (^xe 



for some constant c. Integrating the logarithmic integral by parts, 
we see that 



lir = 



X 



+ 



log a: (loga;)2 



+ ••• + 



n\x 



(loga:)”+^ 



+ 



(n + l)!^’ 



dt 



(log ’ 



from which it is easily deduced that if we interpret Legendre’s state 
ment as 

7t(x) = 



X 



logx — A{x) ’ 

where A{x) — > 1.08, then the above analysis shows that it is false, 
since A{x) -> 1. 

Chebyshev in 1851 obtained by very elementary methods upper 
and lower bounds for 'k{x). He proved that 

^ 7t(x) ^ 7r(x) 

hmmf — 7 ^ < 1 < hmsup 



x/logrr- - ^a;/log:r’ 
so that if the limit exists, then it must be 1. 



3.1 Chebyshev’s Theorem 

The elementary method of Chebyshev begins by observing that the 
binomial coefficient 

2n 
n 

is divisible by every prime between n and 2n. 

Exercise 3.1.1 Let 

p<n 

where the summation is over primes. Prove that 

6{n) < 4nlog2. 

Exercise 3.1.2 Prove that 6{2m + 1) — 6{m) < 2m log 2. Deduce 
that 



9{n) < 2nlog2. 
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Exercise 3.1.3 Let 

p^<x n<x 

where A is the von Mangoldt function. Show that 



Exercise 3.1.4 Show that 

pV'(2n+l) 



Jo 



x)'^dx 



is a positive integer. Deduce that 'ijj{2n + 1) > 2nlog2. (The method 
of deriving this is due to M. Nair.) 

Exercise 3.1.5 Prove that there are constants A and B such that 

< 7r{x) < 



log X log X 

for all X sufficiently large. This result was first proved by Chebyshev. 
Exercise 3.1.6 Prove that 

T{x) := ^ logn = :r log^: - x + ^logx + c + 0{l/x) 



n<x 



for some constant c (this improves Exercise 2.1.2). 
Exercise 3.1.7 Using the fact 



logn = Y^A{d), 

d\n 



prove that 



n<x 



j;^ = logx + 0(l). 



Exercise 3.1.8 Prove that 



= logloga: + 0(l). 

p<x ^ 
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Theorem 3.1.9 (Bertrand’s postulate) For n sufficiently large, 
there is a prime between n and 2n. 

Proof: (S. Ramanujan) Observe that if 

^0 ^ ^ 0,2 ^ ’ 

is a decreasing sequence of real numbers tending to zero, then 

oo 

Oo - ^ + 02- 

n=0 

This is the starting point of Ramanujan’s proof. We can write 

A{d) = 

n<x de<x e<x 

We know that T(x) = xlogx — x + 0(loga:) by Exercise 2.1.2. On 
the other hand, 

TM - ^(1) “ E(-i)"-v© 5 «-) - HI) + Hi) 

n<x 

by the observation above. Hence 

+ 'H(I) > (log2)x + 0(loga:). 

On the other hand, 

i^{x) -H(|) < (log2)rr + 0(logx), 
from which we deduce inductively 

tp{x) < 2(log 2)x + O (log^ x) . 

Thus, ^^{x) - V’(f) > |(log2)a: + O(log^x). Now, ip{x) — 6{x) + 
O [-\/x log^ x) . Hence 

(log 2)rE + 0 (^/i log^ x) . 

Therefore, for x sufficiently large, there is a prime between 
x/2 and x. 

Remark. This theorem was first proved by Chebyshev by a similar, 
but more elaborate, method. 
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Exercise 3.1.10 Suppose that {an}^-i is a sequence of complex 
numbers and set 

S{x) = ^a„. 

n<x 



If 



S{x) 

iim = a, 



X— >oo X 



show that 


— = a log X -I- o(log x) 
n 

n<x 


as X ^ oo. 




Exercise 3.1.11 


Show that 




lim = 1 

x-^oo X 


if and only if 


lim =1. 

x->oo xj log a: 


Exercise 3.1.12 If 

y 

lim — = a, 

x->oo xj logx 


then show that 





- = a log log X + o(log log x ) . 



p<x 

Deduce that if the limit exists, it must be 1 . 



3.2 Nonvanishing of Dirichlet Series on Re(s) = 1 

The proof of the prime number theorem, as given by Hadamard and 
de la Vallee Poussin, has two ingredients: (a) the analytic contin- 
uation of Cl'S) to Re(s) = 1 and (b) the nonvanishing of ^(s) on 
Re(s) = 1. 

It was believed that any proof of the prime number theorem must 
use the theory of complex variables until Erdos and Selberg inde- 
pendently discovered an “elementary proof” in 1949. 

In this section we will discuss nonvanishing results of various Dirich- 
let series. 
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Exercise 3.2.1 Show that 



<;m = — 

/or Re(s) > 1 . Since the right-hand side of the equation is analytic for 
Re(s) > 0, s ^ 1, we obtain an analytic continuation of (s — l)C(s). 

Exercise 3.2.2 Show that ^(s) 7 ^ 0 for Re(s) > 1 . 

Exercise 3.2.3 Prove that for cr > 1, t G E, 

Re log C(cr + cos(tlogn). 

n'^logn 

Exercise 3.2.4 Prove that 

Re(3 log C(cr) + 41ogC((T + it) + log((cr + 2it)) > 0, 
for a > 1, i 6 M. 

Exercise 3.2.5 Prove that for a > 1, t E R, 

lC(o-)^C(o- + it)'^C{<r + 2it)\ > 1 . 

Deduce that ({1 it) ^ 0 for any t 6 M, t ^ 0. Deduce in a similar 
way, by considering 



({a)^Lia,x)‘^L{a, x^), 
that L(l,x) 7 ^ 0 for x not real. 

Exercise 3.2.6 Show that — ^(s) has an analytic continuation to 
Re(s) = 1 , with only a simple pole at s = I, with residue 1. 

In the exercises below we will attempt to unravel the essential 
trigonometric idea underlying the proof of the nonvanishing of C(s) 
on Re(s) = 1 . We begin with a few trigonometric identities. 

Exercise 3.2.7 Prove that 

1 . ^ sin(n + 4)0 

2 2 sinf 
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Exercise 3.2.8 Prove that 



cos 6 + cos 30 + • • • + cos(2n — 1)0 = 



sin2n0 
2 sin0 



Exercise 3.2.9 Prove that 

sin30 sin50 sin(2n — 1)0 /sinn0\2 

1 H 4 4 1 = ( . „ ) 

sin0 sm0 sin0 V sin0 / 

Exercise 3.2.10 Prove that 

(2m + 1) + 2 ^ (j + 1) cos(2m - j)0 = f + 2 )^ 

J^o V , 

for all integers m > 0. 

Remark. Notice that the case m = 1 gives 



5 



3 + 4 cos 0 + 2 cos 29 > 0, 



which would have worked equally well in Exercises 3.2.4 and 3.2.5. 

The following exercise gives us a general theorem of nonvanishing 
of Dirichlet series on Re(s) = 1. 

Exercise 3.2.11 Let f{s) be a complex-valued function satisfying: 

1. f is holomorphic in Re(s) > 1 and non-zero there; 

2. log/ ( 5 ) can be written as a Dirichlet series 




n—l 



with bn >0 for Re(s) > 1; 

S. on the line Re(s) = / is holomorphic except for a pole of 

order e > 0 at s — 1. 

If f has a zero on the line Re(s) = 1, then prove that the order of the 
zero is bounded by e/2. (This result is due to Kumar Murty [MM, 
p.lO].) 

Exercise 3.2.12 Let f{s) = where the product is over 

Dirichlet characters (modg). Show that f{s) is a Dirichlet series 
with nonnegative coefficients. Deduce that L{s, x) 0 for Re(s) = 1. 
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3.3 The Ikehara - Wiener Theorem 

We begin by reviewing certain facts from Fourier analysis. Let 
S=lf G C°°(K) : lim = 0 for all n, m G Z+ 

\ ^ ’ |a:|-^oo dx^ 

This space is called the Schwartz space of rapidly decreasing func- 
tions. For / G 5, we have the Fourier inversion 



and 



Hence 





roo 

1 fit)e 

— OO 




roo 

/ f{t)e 

' —oo 




roo 

' f{t)e‘ 

— OO 



—itx 



dt 



e^^^dt. 



so that f{x — y) and are Fourier transforms of each other. 

Parseval’s formula is 

/ oo roo 

f{x)g{x)dx = / f{t)g{t)dt. 

-OO j —OO 

Though these formulas are first established for /, g G 5, they are 
easily extended for all L^(R). We will employ these facts for 

such functions. 

The Riemann - Lebesgue lemma states that 



lim 

A — yoo 



/ oo 

fit) 

-oo 



e^^^dt = 0 



for absolutely integrable functions. The Fejer kernel 

sin^ Ax 



Kxix) = 



Ax^ 



has Fourier transform 



Kx{x) — I 2a) 1^1 — 

\ 0 otherwise. 

We begin with the following theorem due to Ikehara and Wiener (see 
for example, [MM, p.7]). 
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Theorem 3.3.1 Let F[s) — be a Dirichlet series with 

positive real coefficients and absolutely convergent for Re(5) > 1. 
Suppose that F{s) can be extended to a meromorphic function in the 
region Re(s) > 1 having no poles except for a simple pole at s = 1 
with residue R> 0. Then 

B{x) ~ ^ bn — Rx + o{x) 

n<x 



as X oo. 



Remark. Without loss of generality, we may suppose i? > 0, for if 
R = 0, we can consider F{s) ({s). If F{s) is analytic at 5 = 1, we 
obtain J2n<x = o{x) as a; -> oo. 

Proof. Replacing bn by bn/ R^ we may suppose without loss of gen- 
erality that R = 1. Then 



F{s) - 5 




B{x) 



dx. 



Set X = e“. Then 



s 




B{e^)e~^^du. 



Note that 



l 



OO -I 



S — 1 



Setting 5 = 1 + (5 + it, (5 > 0, we get 



F{l + 5 + it) 
1 “1“ ^ "1~ it 



1 



s - 1 







Set 



g{u) 

hs{t) 



5(e“)e-“, 

F{l + 6 + tt) 1__ 

s — 1 



and 



h{t) = 



F{l + it) 
1 + it 



1 

s — 1 



(s = 1 + it), 



which is regular for t e M. Our goal is to prove ^(u) 1 as u -> oo. 

The above formula says that the Fourier transform of \/^{g{u) — 
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l)e is hs{t). Observe that for 5 > 0, both of these functions are 
square-integrable, since 



B{x) = \bn\{x/nY, 



n<x n=l 

for every c > 1. Applying ParsevaPs formula, 



/ oo roo 

(giu) - l)e~^^Kx{u)du = / hs{t)Kx{t)dt. 

-OO j —00 



Also by Parseval’s formula, we have 



/ oo roo 

{g{u) — K\{u — v)du — / hs{t)K\{t)e^^^ dt. 

-OO J — OO 

Since K\ has compact support, the limit as 5 0 of the right-hand 

side exists. Thus the same is true of the left-hand side. Hence 

/ oo roo 

{g{u) - l)Kx{u - v)du = / h{t)Kx{t)e^^'’dt. 

-OO J — OO 

By the Riemann - Lebesgue lemma, the limit of the integral on the 
right-hand side as v — )■ oo is 0. Thus, 

/ OO 

{g{u) — l)Kx{u — v)du = 0. 

-oo 

Since (by Exercise 3.4.13) 

sin^ \x 



/: 



Xx^ 



-dx = 7T, 



we obtain 



/: 



g{u)K\{u — v)du = 7T. 

) 

Set —X{u — v) = a. Then u = v — and so as g is bounded, 

v^oo 



,. ( a\sin^o; , 

hm / g[v--] — 7 ^doi = 

«'->-ooj_oo X/ 



7T. 



Since B{x) is monotone increasing, we see that 

5(^2) > < U 2 - 
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Thus, for \a\ < \/A, we have 



Since 



^ ( a\ sin^ a ^ 

lim sup / 5 ~ T — 5— ua < tt, 

^^00 V \J 



1 \ -4= 

e 



we deduce 



lim sup giv \=z ]e < 

v^oo \ 



TT 






Since v is arbitrary, changing v to -i; + we get 

lim sup^(u) < 1. 

v-^oo 

The lower bound is obtained similarly: 

V^co J_^ 

Since 



, ^ ( axsin^o; , 1 \ 

lim inf / 9 — t — n — “Ct > tt + 01 —;= . 

™ i-vT 



9(»-f)<9(. + ^)eA + *<s(„+^ 



' h*. 



we obtain 



^ / 1 \ 4= sin"' a , ^ A 1 ^ 

lim info uH — 7= / — ^aa > tt + O — , 

VA/ i-v/A ~ 

so that lim inf 5(0) > 1. Putting this together with the previous 

If— >-oo 

result, we obtain 

lim g(v) — 1. 

v-^00 



□ 



We apply this theorem to the Dirichlet series 



(' 



w = E 



A(n) 



n=l 






which has nonnegative coefficients and is absolutely convergent for 
Re(s) > 1. By virtue of ({s) ^ 0 on Re(s) = 1, we see that -^(s) 
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extends to a meromorphic function that has a simple pole at 5 = 1 
with residue 1. Indeed, we know that 



h{s) := (s - l)C(s) 



is analytic at s = 1 and h{l) = 1. Moreover, as C(s) 0 on Re(s) > 1, 
we get by logarithmic differentiation: 



h'js) 

h{s) 






for which our assertion is obvious. Applying the Ikehara - Wiener 
theorem, we obtain the prime number theorem: 

Theorem 3.3.2 (The Prime Number Theorem) Let 



'fpix) = J^A(n). 

n<x 



Then 



lim 

n— >00 



X 



= 1 . 



Exercise 3.3.3 Suppose 



OO 

f{s) ^^an/n^ 

n=l 

is a Dirichlet series with real coefficients that is absolutely convergent 
for Re(5) > 1. If f{s) extends to a meromorphic function in the 
region Re ( 5 ) > 1, with only a simple pole at s = I with residue r, 
and \an\ < bn where F{s) = satisfies the hypotheses of 

Theorem 3.3.1, show that 

^^On = rx + o{x) 

n<x 



as X 00. 

Exercise 3.3.4 Show that the conclusion of the previous exercise is 
still valid if an ^ C. 

Exercise 3.3.5 Letq be a natural number. Suppose {a,q) — 1. Show 
that 
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i>{x-q,a):= A(n) 

n<x 

n=a (mod q) 

satisfies 

lim 

x-^oo X 





Exercise 3.3.6 Suppose F{s) — Dirichlet series 

with positive coefficients and is convergent for Re(5) > c > 0. // 
F{s) extends to a meromorphic function in the region Re(5) > c 
with only a simple pole at s — c with residue R, show that 



V = + oix^^) 

c 

n<x 



as X ^ oo. 



Exercise 3.3.7 Suppose f{s) — is a Dirichlet series 

with complex coefficients that is absolutely convergent for Re(5) > c. 
If f[s) extends to a meromorphic function in the region Re(5) > c 
with only a simple pole at s — c and residue r^ and \an\ < bn where 
f{s) = satisfies the hypothesis of Exercise 3.3.6, show 

that 

E rX^ / rx 

On — h OyX ) 

C 

n<x 



as X oo. 



Exercise 3.3.8 Let a(n) be a multiplicative function defined by 

p + Cp if a = 1, 



a{pn = 



0 



otherwise. 



where \cp\ < with $ < 1. Show that as x co, 



E. . rX , ' 

a(«) = ^ + o{x 



n<x 



for some non- zero constant r. 

Exercise 3.3.9 Suppose > 0 and that 

Cn ^ Ax F o(x). 

n<x 
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Show that 

— — A log X + o(log x) 

n<x ” 

as X oo. 

3.4 Supplementary Problems 
Exercise 3.4.1 Show that 

A(n) logn = i){x) logx + 0{x). 

n<x 

Exercise 3.4.2 Show that 

= A(n)logn + J^/^(d)log^d. 

d\n d\n 

Exercise 3.4.3 Show that 

d\n 

f log^ X if n = l, 

\ 2A(n)logx - A(n)logn + Y^fj^f.^^A(h)h(k) if n > 1. 

Exercise 3.4.4 Let 

n<x d\n 

Show that 

S{x) = 'ijj{x) \ogx + +0{x). 

n<x 

Exercise 3.4.5 Show that 

S{x)-'r‘^ = - 7 ^}, 

d<x 



where 7 is Euler’s constant. 
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Exercise 3.4.6 Show that 



S{x) - 7 ^} +0(x). 



Exercise. 3.4.7 Using the fact 



deduce that 



- = log X + 7 + o f- 

n<x 



de<x 



Exercise 3.4.8 Prove that 



21ogx + 0(1). 



Exercise 3.4.9 (Selberg’s identity) Prove that 

'0(a:) logrr + A(n)'0^— ^ = 2xloga; + 0(a;). 



Exercise 3.4.10 Show that 



in) = 0{ 



logn 
log log n 



where z/(n) denotes the number of distinct prime factors of n. 
Exercise 3.4.11 Let v{n) he as in the previous exercise. Show that 

zy(n) = a; log log X + 0{x). 

n<x 

Exercise 3.4.12 Let u(n) he as in the previous exercise. Show that 
^z/^(n) = X (log log + 0 ( 2 ; log log x). 



Exercise 3.4.13 Prove that 



r »00 ^-2 



sin^ \x 



dx = 7T. 
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Exercise 3.4.14 Let 

T{x) := ^logn. 

n<x 

Show that for x > 1, 

\T{x) - (xloga: - a:)| < 4 + log(a; + 1). 



Exercise 3.4.15 Show that 

ijj{x) < (log2)a; + 12 + 31og(x + l). 

Deduce that 

Exercise 3.4.16 Show that 

il){x) - V’(l) +'^(1) ^ 0o§2)a:: - 21og(x + 1) - 7. 
Exercise 3.4.17 Prove that for x > e^^, 

- ^(f) > i(log2)x - + _ 7 , 

Exercise 3.4.18 Find an explicit constant cq such that for x > cq, 



Exercise 3.4.19 With cq as in the previous exercise, show that for 

X ^ Cq , 

^ (log2)a: v^(loga:)2 ^ 

’ \2J^ 6 log 2 

Exercise 3.4.20 Find an explicit constant ci such that for x > ci, 




Exercise 3.4.21 Find an explicit constant C 3 such that for x > cz, 
0{x) — 9{x/2) > 1. Deduce that for x > C3, there is always a prime 
between x/2 and x. 
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Exercise 3.4.22 Let 

n<x 

be a function of bounded variation in every finite interval [l,x]. Sup- 
pose that as X OQ^ 

F{x) = xlogx + Cx + 0{x^) 

with C7, /? constant and 0 < /3 < 1. Show that if M{x) := Yln<x /^(^) ~ 
o{x) as X (X), then 

f(x) = x + o{x). 



Exercise 3.4.23 Assuming M{x) = o{x) as in the previous exer- 
cise, deduce that 




4 

The Method of Contour Integration 



Given a sequence of complex numbers one would like to 

study the asymptotic behavior of 

Mx) ■= X) an 

n<x 



as a; 00. A standard method of analytic number theory is to study 
instead the associated Dirichlet series 






n=l 



derive an analytic continuation to a region containing the line 
Re{s) = 1 , and then apply methods of contour integration to de- 
duce an asymptotic formula for A{x). 



4.1 Some Basic Integrals 



We shall adopt the following notation: 



1 

2Tri 
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will be abbreviated to 






This integral must be interpreted in the principal value sense. That 
is, we first integrate from c — iR to c + iR and take the limit as R 
goes to infinity. 

Exercise 4.1.1 If x > 1, show that 



^ f —ds^ 

27ri7(c) s 



1 



for any c > 0. 

Exercise 4.1.2 if 0 < x < 1, show that 



f ^ 

2m /(c) s 



ds = 0. 



Exercise 4.1.3 Show that 



u 



ds 1 

(c) « 2 



We summarize the previous examples and exercises in the following. 
If 

( 0 if 0 < X < 1, 



^(x) = { 



if X = 1, 
1 if X > 1, 



then 



1 



c+ioo 



ds. 



Theorem 4.1.4 Let 6{x) be defined as above. Let 

rc+iR 
Ic-iR 



1 rc-^iK s 

I{x,R) = ^ ^-ds. 

Then, for rr > 0, c > 0, i? > 0, we have 

x'^min(l,i?'^llogx|“’^) if x 1, 



|/(x,i?) - J(x)| < 



c 

R 



if X = 1. 
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Proof. Suppose first 0 < a; < 1. Consider the rectangular contour 
Kjj oriented counterclockwise with vertices c — ii?, c + zi?, U + iR, 
U — iR, U > 0. By Cauchy’s theorem 

— / —ds = 0 = 6(x). 

To prove the theorem, we must estimate the three integrals 



1 1 1 

/ — ds, / — ds, / — ds. 

27 ^^ Jc+iR s 2m ^ 2m Ju-iR s 



U—iR 



f^U -\-iR 



Now, 



rU-\-iR 1 rU 

/ — ds < yr / x^d6. 

J c+iR ^ R J c 



As [/ — )■ oo, this integral is bounded by 



i?| logx| 

A similar estimate holds for the other integral. Now, 



x^R 

~1T' 

which goes to zero as 17 ^ oo, since 0 < a; < 1. This proves one of the 
two stated inequalities in the case 0 < x < 1. For the other inequality, 
consider the circle of radius (c^ + centered at the origin. This 

circle passes through c — iR and c + iR. We can therefore replace the 
vertical line integral under consideration by a circular path on the 
right side of the line segment joining c — iR to c + iR. The integral 
is easily estimated: 



J_ f 
27TZ Ju-i 



x^ds 
iR 5 



< 



|7(x,i?)| < ^ 

since |x*l < on the circular path. 

The proof when x > 1 is similar but uses a rectangle or a circular 
arc to the left. The contour then includes the pole at s = 0, where 
the residue is 1 = 6{x). We leave the details as an exercise to the 
reader. 
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Finally, the case x — 1 is handled directly as in Exercise 4.1.3. We 
have 

1 ^ dt 

27T* Jc-iR S 7T 7o c2 + ’ 

which equals 

1 du _l_l /‘°° du 

n Jo 1 + u2 2 7T 1 + • 

The last integral is less than c/i?, and this proves the theorem. □ 
Exercise 4.1.5 Let 



OO 



n=l 



be a Dirichlet series absolutely convergent in Re(5) > c — e. Show 
that if X is not an integer, then 






(The integral is taken in the sense of Cauchy’s principal value.) 

Exercise 4.1.6 Prove that 

f ^(logx)^ if x>l, 

1 0 if X <1, 

for every integer k > 1. 

Exercise 4.1.7 Let 

OO 



be a Dirichlet series absolutely convergent in Ke{s) > c — e. For 
k > 1, show that 
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Exercise 4.1.8 If k is any positive integer, c > 0, show that 
x^ds 



-f 

2m Ju 



/(c) s(5 + l) •••(§ + A:) 
Exercise 4.1.9 Let 

OO 



i 0 if 0 < X < 1. 



n=l 



be a Dirichlet series absolutely convergent in Re(5) > c — e. Show 
that 

1 ( \k f{s)x^ds 

-j^an{x-n) “ 



n<x 

for any k > 1. 



k\ 

27ri ic-i 



s(s + 1) • • • (s + k) 



4.2 The Prime Number Theorem 



We will use the ideas of the previous section to give another proof of 
the prime number theorem. Our derivation is illustrative of a general 
method of contour integration to derive such formulas. Thus, it can 
be applied in other contexts. The method also has the advantage of 
giving an explicit error term. 

Our strategy is to begin with the formula 

i,{x) :=^A(n) = ^| 

which is valid when x is not an integer. We will then move the line of 
integration to the left and pick up the residue at s = 1 coming from 
the s im ple pole of -C,'{s)K{s)- This residue is x, which is the main 
term in the formula for i>{x). Our contour will not include s = 0 nor 
any of the zeros of -C{s)/({s), and so the error term comes from 
estimating the horizontal and vertical integrals of the contour. 



Exercise 4.2.1 Using the Euler - Maclaurin summation formula 
(Theorem 2.1.9), prove that for a = Re(s) > 0, 



Iri 1 n- n'-‘ 



X — [r] 






dx, 



m=l 



where [x] denotes the greatest integer function. 




58 4. The Method of Contour Integration 



We will now study C(s) in the region Rt described by the rectangle 
joining 2 — iT, 2 + iT, ao + iT, ao — iT, where <to = 1 “ V log T, 
T> e^. 

Exercise 4.2.2 Using the previous exercise, show that 
C{s) - ^ = O(logT) 



for s 6 Rt- 

Exercise 4.2.3 Show that 

as) = O(logT) 
for s on the boundary of Rt- 

Exercise 4.2.4 Show that for cr > |, C(^) = 0(T^/^), where 
T = I Im(s)| — >• oo. 

Exercise 4.2.5 For s E Rt, show that 

Exercise 4.2.6 Show that 

C{s) = 0{\og^T), 

where T = |Im(s)| and s is on the boundary of Rt- 

The method used to show that ({s) ^ 0 for Re(s) = 1 can be 
sharpened to yield a region in which ((s) ^ 0. 

Theorem 4.2.7 Let s = a + it. There are positive constants ci and 
C 2 such that 

^ “ (iogr)9 ■ ^ O’ < 2 
^ (logT)^ 

where 1 < llm(s)| < T. 

Proof. In Exercise 3.2.5, we proved 

|C(cr)^C(cT + + 2it)| > 1 
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for cr > 1. Thus, 

ic(o-+«i)i^ > ic(cr+2ii)r^ic(o-)r^ 

Now, C(<^)(^ ~ 1) remains bounded as a -> 1“^ and being continuous 
for 1 < (J < 2 has an upper bound in that region. By Exercise 4.2.3, 
for some constant 

\aa + 2it)\-^>K{\ogT)-\ 



Thus we get 

\aa + itt>Kii\ogTr\a-lf. 



If 



then we obtain 



^ + (logT)9 - ^ 



IC(s)| » 



1 



(logT)7 

in this region. We can extend this result to the region 

Cl ^ ^ 1 , Cl 



1 - 



(logT) 



9 < < 1 + 



(logT)^ 



and 1 < |Im(s)| < T, by using the mean value theorem. Indeed, 
choose s’ such that s’ — a' + with 

(logT)9- 

Then 

({a + it) - ({a + it) — 0{{a - a’) log^ T) 

by an application of the mean value theorem and Exercise 4.2.5. 
Thus, if Cl is chosen sufficiently small, we obtain 

|C(s)| » (logT)-^ 



□ 



Exercise 4.2.8 Let s = a + it 

c > 0 such that 

(M 

Cis) 



, with 1 < |t| < T. There is a constant 

= o(iog9r) 



for 



(logT)9 



<a <2. 
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We can now prove the prime number theorem in the following 
form: 

Theorem 4.2.9 Let 



n<x 



Then 



= x-\- O ^xexp j 

for some positive constant c. 



Proof. We have for x which is 1/2 more than a natural number, 



i>{x) 



27ri 




for any a > 1. We choose a = 1 + c/log^T, with T > 1 to be 
determined later. By Theorem 4.1.4, we can replace the infinite line 
integral by the finite line integral: 



V’(x) 



‘ r"4isf-,s 

27Ti Ja-iT C S 



+0 



n=l ^ 



A(n)min 1,T 



-.-1 



log 



X 



n 



-1 



The 0-term is estimated as follows: 

if n < I or n > then |log^l > log|, and the summation 
corresponding to such n is bounded by 






,)->)= o(«). 



since 



E 

n—l 



A(n) 






< (a - 1)“^ 



for any fixed a > 1. For | < n < we put z = I - and observe 
that \z\ < 1/2. Also, 



X 

log - = - log(l -z)=z+ — + 
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so that for \z\ < 1/2, 



log- 



n 



>-1^4 



Thus, for the summation corresponding to this range, we get the 
estimate 



(logx) < ^{logxf 



T\x-n\ "T' 

since \x - n\ ranges over - )f + ^- Therefore, the 0-term is 



x/2<n<2tx/2 

13.. 1 I M 






)■ 



Now, — C(«s)/C(5) has a simple pole at s = 1 with residue 1. By 
Cauchy’s theorem. 



1 Pd-\-lT yJ,S 

- / 

Ja-iT C 



2iii 



where 6=1 



ds 



X 



lo?T 



J_ r / rb+iT rb-iT ro-iT\ _ -jx! J 1 
2Tj-i \ \Ja+iT ^ Jb+iT Jb-iT ) C 5 J ’ 

. The integrals in the above formula are easily 



estimated using Exercise 4.2.8. Indeed, 



1 C'/ 

27Ti Ja+iT C 



ds 



< 



:r“ log® T 



with a similar estimate for 



1 r"4isfi,s. 

2m Jb-iT C ■s 



Also, 



Therefore, 



rb-iT s 

./6+ir s ^ 



<a;'’log^®T. 



ip{x) = X + O 






We choose T such that 



2c log X = log^° T. 
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The error term becomes 

O (x exp ( - Cl (log re) ) 

for some constant ci > 0. This completes the proof. □ 

In a later chapter we will see that this error term can be improved 
to 

O ^xexp ^-C2(logrc)^/^^ j 

for some constant C 2 > 0. This can be further improved but not 
substantially. The Riemann hypothesis would give an estimate of 

log^ x). 



4.3 Further Examples 



The technique introduced in the last two sections can be used to 
treat other questions. We illustrate this through some examples. 

Example 4.3.1 Prove that 

d^(n) log^ ^ = xPsilogx) + O , 

n<x 

where Pz{t) is a polynomial of degree 3 and d{n) denotes the number 
of divisors of n. 



Solution. By Exercise 1.2.8, we have 



C^{^) _ d‘^{n) 

C(2s) 



Thus, by Exercise 4.1.6 (with k — 3), we have 



^ j2/ \i 3^ 1 f C^(^) 7 

— > d^(n)log^ - = — i_LZ 
3! ^ n 2m i(„) C(2s) 



where a > 1. We first truncate the infinite line integral at R and 
estimate the portion of the integral from — oo to — i? and from R to 
oo. By Exercise 4.2.4, we have C^('^) = so that 



1 r _ j_ 

27ri J 27ri Ja—iji 



C'^(s) x^ 

C(2s) s4 



ds + O 
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Now let C be the rectangular contour joining a — iR, a + iR, ^ + iR, 
and 5 - iR. By Cauchy’s theorem, 



1 f C^(s) x‘ 



27ri ic C(2s) 



ds = ReSjzzi 



C(2s)s4‘ 



Since 



C(’^) — 7 + Co + Ci(5 — 1) + • • • 

5 — 1 



it is easily seen that 

Res^=i ^ a:P3(logx) 

for some polynomial Ps{t) of degree 3. Now we can write 
1 f C^(s)a;* 



-/ 

2m Jc 



C(2s) 



ds^Va + H+-H_- Fi/2, 



where 



and 



1 

^ “ 27Ti C(2s) s4 

ra+iR 



ds 



1 n(j-\-ir 

V<r = 7r^ 

27^^ Ja-iR 



C(2s) 



ds. 



The horizontal integrals H± can be bounded using Exercise 4.2.4 
and Theorem 4.2.7 to give 

/x^l^ 

\ R? log X 

For the vertical integral R 1 / 2 , we have 

Vi/2 « x^!\ 

Choosing a = 1 + 1/loga:, we obtain that the sum in question is 

( x\o^ R'' 



□ 



a:P3(l0gx)+0(^|^j+0(xi/2). 
Choosing R = x gives an error term of O [x^^'^) as stated. 
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Exercise 4.3.2 Suppose that for any e > 0^ we have = O(n^). 
Prove that for any c> 1 and x not an integer, 



n<x 



S \ R J \ R J 



where 



/w = E^ 

z— ^ jis 



n=l 



The Lindelof hypothesis is the assertion that for every e > 0, 
C(s) = 0{t^) for Re(s) One can show that it follows from the 
Riemann hypothesis. It is, however, a substantially weaker conjec- 
ture, which still remains unproved. 



Exercise 4.3.3 Assuming the Lindelof hypothesis, prove that for 
any e > 0, 

xPk-i{\ogx) + 

n<x 

where dk{n) denotes the number of ways of writing n as a product of 
k natural numbers. 



Exercise 4.3.4 Show that 

M{x) := ^/x(n) = O ^arexp c(loga;)’^/^'^ j j 

n<x 

for some positive constant c. 

Exercise 4.3.5 Let E{x) be the number of square-free n < x with 
an even number of prime factors. Prove that 

E{x) = -^x + O ^xexp 

for some constant c > 0. 



4.4 Supplementary Problems 

Exercise 4.4.1 Let A(n) be the Liouville function defined by A(n) = 
(_ 1 )^(^) yjfiere Q.{n) is the total number of prime factors ofn, counted 
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with multiplicity. Show that 

A(n) = O ^xexp 

n<x 

for some constant c > 0. 

Exercise 4.4.2 Show that 




n=l 



converges for every s with Re(s) = 1. 

Exercise 4.4.3 Show that 

- = log a: + B + O ^exp c(loga;)^/^® j j 

n<x 



for some constants B and c, with c > 0. [This improves upon Exercise 
3.1.7.] 

Exercise 4.4.4 Let f{s) = be a Dirichlet series abso- 

lutely convergent for Re(s) > 1. Show that for any c > 1, 

J2An = 0{x^). 

n<x 



Exercise 4.4.5 Define an for n > I by 



oo 




n=l 




Prove that 

Y^an = 0 (xexp (^-c(loga:)^/^°)) 

n<x 

for some positive constant c. 

Exercise 4.4.6 Prove that 

y^/i(n)c?(n) = 0 ^xexp 

n<x 



for some constant c > 0. 
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Exercise 4.4.7 If f(s) = is a Dirichlet series converg- 

ing absolutely for a = He{s) = a a, show that 

lim T f f{a + it)m‘^+^^dt = am- 

T^OO 21 J_rp 

Exercise 4.4.8 Suppose 



OO 



/(«) ■='^o.nln\ 



n=l 

OO 



9{s) :=^hnln\ 



n=l 



and f{s) = g{s) in a half-plane of absolute convergence. Then prove 
that am — bm for all m. 



Exercise 4.4.9 If 



f{s) = '^an/n^ 



n=l 



converges absolutely for a = Re(5) > cja, show that 



n=l 



°° 'aJ2 



n- 



2a 



Exercise 4.4.10 LetQ{x) be the number of square- free numbers less 
than or equal to x. Show that 

Q{x) = ^ + o exp 

for some positive constant c. 

Exercise 4.4.11 Let ■y{n) — Show that 



T — 



n<x 



Exercise 4.4.12 Show that 



nj{n) 



< OO. 



E 

n<x 



n 

(fin) 



<C X. 
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Exercise 4.4.13 Deduce by partial summation from the previous ex- 
ercise that ^ 

n<x ' 

Exercise 4.4.14 Prove that 

n<x ^ 

for some positive constant c. 

Exercise 4.4.15 (Perron’s formula) Let f{s) = Yl^=i ^ ^ Dirich- 

let series absolutely convergent for Re(s) > 1. Show that for x not 
an integer and a > I, 

n<x 



1 

27ri 




—ds + 0 
s 




min 





Exercise 4.4.16 Suppose an — 0{n^) for any e> 0 in the previous 
exercise. Show that for x not an integer, 



X “ 

n<x 



1 

2Tri 




~ds + 0 
s 



T 



Exercise 4.4.17 Let f{s) — ^T=i^n/n^ , with an = 0{n^). Sup- 
pose that 

f{s) = c{s)''g{s), 

where k is a natural number and g{s) is a Dirichlet series absolutely 
convergent in Re(s) >1 — 5 for some 0 < 5 < 1. Show that 

X «n ~ g{l)x{logx)’^-^/{k - 1)! 

n<x 



as X CO. 
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Exercise 4.4.18 Let v(n) denote the number of distinct prime fac- 
tors of n. Show that 



n<x 



r\j 



xlogx 



as X oo. 




5 

Functional Equations 



In this chapter we will derive the functional equations of ({s) and 
Dirichlet’s L{s, x)- Our main tool is the Poisson summation formula 
and the theory of Fourier transforms. 



5.1 Poisson’s Summation Formula 

Let us recall Fejer’s fundamental theorem concerning Fourier series. 
Let f{x) be a function of a real variable that is bounded, measurable, 
and periodic with period 1. The Fourier coefficients of / are, by 
definition, given by 

for each u € Z. The partial sums of the Fourier series of / are defined 
as 

Sn{x) = 5] 

|n|<iV 

Let a:o € M be such that the function f{x) admits left and right 
limits; 

/{o;o ±0) = lim /(xq ± h). 
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Then Fejer proved 

f {xq + 0) + f {xq - 0) _ -S'o(a:o) -I + Sn{xo) 

2 JV^oo N + 1 

If f{x) is continuous at xq, and the partial sums Sn{xo) converge, 
then 

OO 

f{xo) = Co + ^ 

n—1 

When f{x) is continuous and 1*^1 < the function is 

represented by the absolutely convergent Fourier series 

OO 

f{x) = J2cne^""^. 

— OO 



If F{x) is continuous such that 

/ OO 

\F{x)\dx < OO, 

-OO 

then we define its Fourier transform by 



/ OO 

F{x)t 

-OO 



-27TixU 



dx. 



It is also a continuous function of u. If 

iu < OO, 



/ OO 

\F{u)\dv 

-OO 



then we have the Fourier inversion formula 

r*oo 



/ OO 

F{u) 

-OO 






Thus, the Fourier transform of F{u) is F{—x). 

Exercise 5.1.1 For Re(c) > 0, let F{x) = Show that 

H-^) = 2 2 - 

Exercise 5.1.2 For F{x) = , show that F{u) = 
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Theorem 5.1.3 (Poisson summation formula) Let F G L^{R). 
Suppose that the series 



^F{n + v) 
nez 

converges absolutely and uniformly in v, and that 

X! |F(m)| < oo. 



Then 

Y,F{n + v) = J2P{n)e^^^'^\ 

n6Z n£Z 

Proof. The function 



G{v) = X 

nEZ 

is a continuous function of v of period 1. The Fourier coefficients of 
G are given by 






Jo 

= X / F{n + v) 

rn+l 

= X / 

_ ^>77 J Tl 



—2mmv 



dv 



-27Tzmx 



dx 



n£Z 
r*00 



/ OO 

F{xy 

-oo 



—2'Kimx 



dx = F{m). 



Since Ylmez < oOj we can represent G by its Fourier series 

^F(n + «) = ^F(n)e“~, 

nez n€Z 



as desired. □ 

Corollary 5.1.4 With F as above, 

X-^^H = '^F{'n)- 

n£Z n£Z 
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Proof. Set u = 0 in the theorem. 



□ 



Exercise 5.1.5 With F as in Theorem 5.1.3, show that 

nez neZ 

Exercise 5.1.6 Show that 



e" + l 






2c 

c^ + 



Exercise 5.1.7 Show that 

g-(n+Q)27r/x 

n£Z 




^—'nP' 'KX+2'Kina 



n^Z 



for any a G M, and a; > 0. 

Setting q; = 0 in the previous exercise gives the following Theorem. 

Theorem 5.1.8 

g-n^Tr/x _ ^1/2 ^ g-ra^TTX^ 

nGZ tiGZ 




5.2 The Riemann Zeta Function 



We will now derive the functional equation of the Riemann zeta 
function and its analytic continuation to the entire complex plane. 
To this end, we introduce the ^-function 



0(z) 



Ee- 

nGZ 



for ^ G C, with Im( 2 ;) > 0. If we put z = iy and set uj{y) = 0{iy)^ 
Theorem 5.1.8 gives us the functional equation: 

u{l/x) = 



Riemann derives his functional equation from this fact. Recall that 
the F-function is given by the integral 

roo 

r(s) = / e~^f~^dt, 

Jo 
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valid for Re(5) > 0. Thus 

'’(I) 

Putting t = n^TTX, we get 



7T 






^§-lg-n 7TX^^_ 



Hence, for a > 1, we can sum both sides of the above equation over 
all positive integers n, to obtain 



7T 



/*oo 



the inversion being justified by the absolute convergence of the right- 
hand side. Indeed, notice that 






n~l 



Observing that 



E' 

n—1 



^2;^X - 1 



we get 



7T 









Let us put 



W{x) - 



CjJ{x) — 1 



and write the right-hand side as 

roo 

/ X 2 -^W{x)d: 

Jo 



We decompose this as 



/ oo 

x2^^W{x)dx + J 



x 2 ^W{x)dx 
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and make the change of variables a: i-> 1/x in the second integral to 



get 


roo 

Jl 


3 .dx 

x‘iW{x) h j 


1 ^ s dx 

-]x 2 — . 
xJ X 


Now, 








wC- 

\x 


\ _ w(l/a:) 


— 1 x^l‘^w{x) — 1 


2 + 2"^ 


) 2 


“ 2 “ 



by Theorem 5.1.8. Therefore, 

= 1 -+ / X 2 W{x ) — . 

S S — \ Ji X 

Putting this together proves that 



X 2 



dx 



X 



+ /I W{x){xi + x'r)^ 

for Re(s) > 1. However, the integral on the right-hand side converges 
absolutely for all s € C, since W{x) = as x —f oo. This gives 

the analytic continuation and functional equation for C(5)’- 

Theorenq 5.2.1 We have 



= + ^ w(x){xi+x'V^^ 

for all 5 G C Moreover, if we define 

5M := l^(s-i)-r-'"r(|)cw, 

then ^(s) is entire and ^(1 — s) = ^(s). 

Exercise 5.2.2 Show that 

F{s + 1) = sF(s) 

for Re(s) 0 and that this funiCtional e^uat%on eanr he used to extend 
r(s) as a meromorphic function for all s EC with only simple poles 
at s = 0, —1, —2, .... 




5.3 Gauss Sums 75 



Exercise 5.2.3 Show that ^( 5 ) has simple zeros at s — — 2n, for n 
a positive integer. 

Exercise 5.2.4 Prove that ((0) = -1/2. 

Exercise 5.2.5 Show that (^( 5 ) 7 ^ 0 for any real s satisfying 
0 < 5 < 1. 



5.3 Gauss Sums 



For any character x(modg), the Gauss sum r(x) is defined by 
t { x ) = X("i)e(^), 

m—l 

where e{t) = The Gauss sum plays a significant role in the 

functional equation of Dirichlet L- functions. 

Before we proceed, we classify Dirichlet characters (mod 5 ) into 
two types; primitive and imprimitive, according as its period is q or 
less than q. 



Example 5.3.1 If (n,q) = 1, then 



X(n)r(x) = 

Solution. We have 

x{n)T{x) = 



ExWe(=). 

m=l ^ 

XI x{‘m)x{n)e(—) 




on putting h = mn ^ (mod q), which we can do, since {n,q) — 1. □ 

Exercise 5.3.2 Ifx a primitive, nonprincipal character (mod q), 
show that 

x{n)T{x) = 

m=l ^ 



> 1 - 
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Theorem 5.3.3 Ifx is a primitive character (mod g), then \r{x)\ = 
?V2. 

Proof. By Exercise 5.3.2, 

9 

X(n)r(x) = X{'m)e 

m~\ 




Thus 



lx(-.)nr(x)P = E E X{m)xi‘rn2)e(j ^^ — 

mi=lm2=l ^ 



Summing over n for 1 < n < q gives 

<^(9)k(x)P =#(?), 

so that |r(x)p = q, as required. □ 



5.4 Dirichlet L-functions 

The functional equation for a Dirichlet L-function T(s,x) can be 
derived easily by means of the Poisson summation formula. The dis- 
cussion splits according as x is an even or odd character, that is, 
according as xl""!) = 1 or —1, respectively. 

We discuss the even case first and relegate the odd case to the 
exercises. Thus, suppose x(~l) = 1- We have 

7T-*/2q^/2r(0n-* = 

We multiply this equation by x(^) and sum over n to get 

/* OO OO j 

for Re(5) > 1. Since x(~l) — 1 x(0) = 0, we rewrite this as 

\ r x^f^9(x,x)-, 

2 Jo X 
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where 

oo 

e{x,x)= E 

n——oo 

We can derive a functional equation for 6{x^x) by noting that upon 
multiplication of the Gauss sum r(x), we get 

q 00 

r{xmx,x) = '£x{m) E 

m=l n=-oo 

By Exercise 5.1.7, the inner sum is equal to 

OO 

E ^-(n+m/q)'^Trq/x^ 

n=—oo 

SO that 

q oo 

rimx,x) = {q/x)^^^^x{m) E e 

m=l n=—oo 






l=—oo 



= {qlxfl‘^e{x \x). 

Thus, as before, we write the integral for L{s,x) as 



1 , ^dx 1 /■“ , _i , 

- x26>(o;,x)— + 2 ^ ’X) 



dx 

X 



1 .da: _.dx 

The right-hand side is regular for all s G C, since 9{x, x) = 0(e“^^). 
Also, if we replace s by 1 — s and x by x, the expression becomes 



EE 

2t(x) 



/ x20(a;,x)— + 

Jl ^ 



i rx'-re{x,x)-, 

^ Jl X 



which is the previous expression multiplied by g^^^/r(x), since |r(x)P 
q. This proves the following theorem. 
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Theorem 5.4.1 Suppose x(~l) — 1- Set 

Then ^{s^x) entire and 

^(s,x) =w^^{l - s,x), 

where w^. = t{x)/^. 

Exercise 5.4.2 Suppose x(~l) = 1- Show that L(s,x) has simple 
zeros at s = —2, —4, —6, .... 



Below, we will derive the functional equation in the case x(~l) = 
— 1. Note that the above argument fails because for now, 9{x,x) is 
identically zero. 



Exercise 5.4.3 Prove that 
and hence deduce that 



r 6>i(. 



/ X £+1 dx 

{x,x)^ 2 — , 

X 



where 

oo 

e,{x,x)= E 

n=—oo 



Exercise 5.4.4 Prove that 



E 



—n^TTx/q+2TTimnlq 

fity 



n=— OO 



oo 

{^ + 

n=—oo 




g-7r(n+m/g)^5/i 



Exercise 5.4.5 Prove that for x{—^) = —1, if 

({s,x) = 7r~"/V^^r(^^)-Z^(s,x), 

then ^(5,x) is entire and 



^(s,x) = - s,x), 

where = T{x)liq^^^- 
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Exercise 5.5.1 Let 

oo 

f(y) = 

n=l 

converge for y > 0. Suppose that for some w ^ 

/(l/y) i-iry^fiy), 

and that an == O(n^) for some constant c > 0. Let 

oo 

Lf{s) = 

n=l 

Show that {2'jT)~^T{s)Lf{s) extends to an entire function and satis- 
fies the functional equation 

{2TT)-^V{s)Lf{s) = (-l)“(27T)-(^-*)r(r - s)Lf{r - s). 

Exercise 5.5.2 Let 

OO 

converge for y > 0. Suppose that for some w ^ Z, 



g{l/y) = i-irfgiy) 

and that On — 0{n^) for some constant c > 0. LetLf(s) = • 

Show that {27r)~^r{s)Lf{s) extends to a meromorphic function with 
at most simple poles at s = 0 and s = r and satisfies the functional 
equation 



{2n)-^T{s)Lf{s) = (-l)-(27rr-r(r - s)Lf{r - s). 

Exercise 5.5.3 Let 

_( X — [x] — ^ if X ^ Z, 



^{x) 



0 



if x £ Z. 



Show that 



T , , e{mx) 

0<\m\<M 



< 



27rM||x|| ’ 



where e{t) = and ||:r|| denotes the distance from x to the nearest 
integer. 
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Exercise 5.5.4 Let f{x) be a differentiable function on [0,1] satis- 
fying \ f'{x)\ < K. Show that 



\m\<M 

Deduce that 



/ f{x)e{mx)dx 



/(0)+/(l) 



< 



KlogM 
M ■ 



OO „1 

^ Jo ^ 2 



/(0) + /(l) 



Exercise 5.5.5 By using the previous exercise with f{x) — x'^, de- 
duce that 

E l __ 7T^ 

777,2 






Exercise 5.5.6 (Polya - Vinogradov inequality) Letx be a primitive 
character modg. Show that for g > 1, 






n<x 



< g^/^ log g. 



Exercise 5.5.7 Show that ifx is a primitive character (modg), then 

gV2logg\ 



i(i.x) = E^ + oO 

n<x \ 



X 



for any x > 1 and q > 1. 

Exercise 5.5.8 Prove that 

XI = ^{q) +0{q^^‘^ log q), 

Xl^Xo 

where the summation is over all nontrivial characters {modq). 
Exercise 5.5.9 For any 5 G C with Re(5) > 0, show that for any 

X > 

logg 



n<x \ 



ax^ 



where x ^ nontrivial character modg and a = Re(5). 
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Exercise 5.5.10 Prove that for any a > 1/2, 

X^XO 

where the sum is over all nontrivial characters {modq). 

Exercise 5.5.11 Let Bn{x) denote the nth Bernoulli polynomial in- 
troduced in Chapter 2. For n >2^ show that 

Bn{x) e{mx) 

n\ ^ {2'Kim)'^ 

Exercise 5.5.12 Let f{x) be differentiable on [A,B] and satisfy for 
some constant K, \f'{x)\ < K for all x E [A^B]. Show that 



B 



E '/(”) 




f{x)e{mx)dx^ 



where the dash on the summation means that the end-terms are re- 
placed by f{A)/2 and f{B)/2. (Hint: Use Exercise 5.5.4.) 



Exercise 5.5.13 Apply the previous exercise to each of the func- 
tions f{x) — cos{2'kx‘^ /N) and f{x) = sin(27rx^/A7') to deduce that 



5 - 



N-l 






n—0 



Exercise 5.5.14 Let x 

with p prime. Show that 

p-i 

'^(x) = 

m=l 



r (i + i)ivV2 


if 


IV = 0 (mod 4), 


ATV2 

/ 




if 


TV = 1 (mod 4), 


0 




if 


iV = 2 (mod 4), 






if 


N = Z (mod 4). 


be a nontrivial 


quadratic character modp 


(-] = i 


Vp 


if 


p = 1 (mod 4), 




i\/P 


if 


p = 3 (mod 4). 



Prom this result we can deduce the law of quadratic reciprocity as 
follows. 

Let p and q be distinct odd primes. Let t(x) be the Gauss sum for 
X the quadratic character modulo p. Using the above formula and 
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{a/q) = (mod q) we get 

= (_l)(p-l)/2p(_l)(p-l)(9-l)/4p(9-l)/2 

= (-l)(P-i)/2+(p-i)(9-l)/4p (modq). 

\<lJ 

On the other hand, using the multinomial theorem, we obtain 

= r{x)r{x)‘^ == t(x) e{nq/p) + /(e(l/p))^ , 

where f{x) is a polynomial with integer coefficients divisible by q. 
Using Exercise 5.3.2 we get 

X; e{nq/p) = r(x). 

So 

\PJ 

for another polynomial h{x) with integer coefficients divisible by q. 
Collecting same powers of e{l/p) and using the fact that l,e(l/p), 
e{2/p), ... , e((p — 2)/p) axe linearly independent, since 1 + x + x^ + 

• • • + xP~^ is irreducible (see, for example, [EM, p. 37 and p. 183]) 
we get 

( ^ ^_^^(p-l)/2+(p-l)(9-l)/4p I' P\ 

\PJ \QJ 

from which it follows easily that 

^ (_1)(p-i)(9-i)/4 

Exercise 5.5.15 Let^{s) = (27r)“^r(s)C(s)((s+l). Show that 4>{—s) = 
<t>{s). 



Exercise 5.5.16 Show that (j){s) in Exercise 5.5.15 has a double pole 
at s = 0 and simple poles at s = ±1. Show further that KeSs=i^{s) = 
7t/12 and ReSs--i<f>{s) = -■nl\2. 
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Exercise 5.5.17 Show that if a{n) = J2d\n^^ 

E^ = cw«» + i). 



and that 

^ ^-nx ^ J_ 
^ n 2m 

n—l 

Exercise 5.5.18 Show that 



x-^T{s)C{s)C{s + l)ds. 



OO / .. 

cr(n) 

r,. 



12:r 12 +2^°®^ + ^ n ® 

71=1 



Exercise 5.5.19 For a and b coprime integers, define 



^2-iripa/b 



Let q be prime and (p,q) = 1. Show that 

I-.. 1 



Vt9(t 



lim Vt6\t + 



-C[-^ 
q \ q 



Exercise 5.5.20 Let r — p/q- Show that 



t->o\/t + 2^r \t + 2irJ 4y^ V4p/ 
with notation as in the previous exercise. 

Exercise 5.5.21 Deduce from the previous exercise the law of quad- 
ratic reciprocity 

for odd primes p and q, and where (|) denotes the Legendre symbol 

Exercise 5.5.22 Suppose that f{s) is an entire function satisfying 
the functional equation 

A'r(s)/(s) = A‘-»r(i - s)/(i - s). 

Show that *//(l/2) / 0, then 

/'© = -/(V2)(los.4+^). 
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Hadamard Products 



An entire function /(z) is said to be of finite order if for some 
a > 0, we have 

/(z) = O 

as |z| — )• oo. If a = 0, then /(z) is constant by Liouville’s theorem. 
The infimum of the numbers a such that the above estimate holds 
is called the order of f(z). 

In the 1890s, Hadamard developed the theory of entire functions 
of finite order. He showed that, very much like polynomials, they can 
be factored into an infinite product over the zeros of /(z). 

In this chapter we will derive this factorization theorem of Hadamard 
for entire functions of order 1 and then apply it to derive a wider 
zero free region for C(5)- 



6.1 Jensen’s Theorem 

Let f{z) be an entire function of finite order {3. Jensen’s theorem 
relates (3 to the distribution of the zeros of f{z). 

Example 6.1.1 Show that an entire function f{z) of finite order 
without any zeros must be of the form f{z) — e^^^\ where g{z) is a 
polynomial and (3 = deg g. 
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Solution. 

Let h{z) — log f{z) - log/(0). Then h{z) is entire, since f{z) has 
no zeros. Also, for any e > 0, 

Re h{z) = log] f{z)\^R^+^. 



Writing 

OO 

= Ylian + ibn)z'^ 

n—0 

with On, 6n S M, we see that for 2 ; = 

OO OO 

Re(/i( 2 )) = ^ «n-R” cos nO — ^ sinn0. 



71=0 



71=0 



By Fourier analysis, we get 



p2ir 


/ 




a„|R"< / 


Re(/ 


Jo 


V 


V / / 



de. 



Since /i(0) = 0, we have oq = 0, and therefore 






Observe that for rr G M, we have 

( 2x if x > 0, 



Hence 



\x\-\-x = < 



0 if a; < 0. 



|a„|R" < ^ ’'||Re(/i(Re*^))|+Re/i(Re*^)}d0 

Letting i? 00 yields o„ = 0 if n > □ 

Notice that in this example the same result holds if the estimate 

\m\ « e'‘‘ 

holds for \z\ = Ri and Ri is a sequence tending to infinity. 
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Theorem 6.1.2 (Jensen’s theorem) Let f{z) be an entire func- 
tion of order ^ such that /(O) ^ 0. If zi,Z 2 ,... ,Zn are the zeros of 
f{z) in \z\ < R, counted with multiplicity, then 

1 \ 
log|/(iJe«)M« = log|/(0)|+log(p^^), 

Proof. We may assume, without loss of generality, that /(O) = 1. 
Also, it is clear that if the theorem is true for functions g and /i, 
that it is also true for the product gh. Thus, it suffices to prove it 
for functions with either no zero or one zero in \z\ < R. Indeed, if 
/ has no zeros in \z\ < i?, the right-hand side is zero. The left-hand 
side is 




which by Cauchy’s theorem is zero. Taking real parts gives the de- 
sired result. 

If / has one zero z = z\ in \z\ < we consider the contour 
| 2 :| = i? taken in the counterclockwise direction anci cut it from zi 
to the boundary. We deform the contour so that we go around zi 
in a clockwise direction along a circle of radius e (say). Then, by 
Cauchy’s theorem with g{z) = log/(^). 





dz 

z 



where C is the contour given above. 

Since the argument changes by —27ri when g{z) goes around the 
zero z = 2 Ti, we see that as e -> 0, we deduce 

1 R 

log|/(i5e«)|.. = log-, 



as desired. This completes the proof. □ 

An alternative proof of Jensen’s theorem can be given that avoids 
the use of cutting the plane. One considers 



f{z)^ 



R{z - Zl) 
R?-^z' 
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Then f{z) is regular for \z\ < R. Moreover, |/(^)| = 1 on \z\ = R, 
and |/(0)| = |^i|/-R, as a simple calculation shows. Jensen’s theorem 
is easily verified for this choice of /. But any holomorphic function 
on |.z| < i? can be written as a function with no zeros in |z| < i? and 
a product of functions of the form 

R{Z - Zj) 

R^ — ~^z 

Now Jensen’s theorem easily follows. 

Corollary 6.1.3 Let f be as in Theorem 6.1.2. Then 

log f I 1 ^ I i ) < maxlog|/(z)| - log|/(0)|. 

Proof. This is clear from Jensen’s theorem. □ 

Now define n/(r) := n(r) to be the number of zeros of / in \z\ < r. 

Exercise 6.1.4 Show that 

r n{r)dr ^ log |/( 2 :)| - log |/(0)|, 

Jo f' \^\=R 

with f as in Jensen^s theorem. 

Exercise 6.1.5 If f{z) is of order /?, show that nf{r) = 
for any e > 0. 

Exercise 6.1.6 Let f{z) be an entire function of order (3. Show that 

00 

n=l 

converges for any 6 > 0 (Here, we have indexed the zeros Zi so that 

\zi\ < 1^21 <■••)• 

6.2 Entire Functions of Order 1 

We will now derive a factorization theorem for entire functions of 
order 1. A similar result holds for entire functions of higher order, 
and we relegate their study to the supplementary problems. 
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Theorem 6.2.1 Let f{z) be an entire function of order 1 with ze- 
ros ^ 1 , 2 : 2 ,... arranged so that \zi\ < \z 2 \ < ••• and repeated with 
appropriate multiplicity. Then f can be written as 

00 

n=l 

where A and B are constants. 



Proof. The product 



p{z ) = n (1 

n=l 




converges absolutely for all 2 :, since 

(1 - z)e^ = 1 - 2 :^ + • . . 



and by Exercise 6.1.6. Thus, P{z) represents an entire function. If 
we write 

f{z)^P{z)F{z), 

then F{z) is an entire function without zeros. If F were of finite 
order, we could conclude by Example 6.1.1 that F{z) = e^^^\ where 
g{z) is a polynomial. 

By the remark after Example 6.1.1, it suffices to show tha 

\F{z)\ < 

to deduce that F{z) = e^^^^ where g{z) is of the form A + Bz for 
certain constants A and B. 

To this end, we will choose Ri satisfying 

Pi I I ^ I I 

for all n. This can be done, since the total measure of the intervals 
i\zn\ - kni + IS bounded by 

oo 

< oo, 

n—1 



since f{z) has order 1. 
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We write 

P{z) = P,{z)P 2 {z)P,{z), 

where in Pi, \zn\ < \Ri, in P2, ^Ri < \zn\ < 2Ri, and in P3, \zn\ > 
2Ri- For the factors of Pi we have for \z\ = Ri, 





Q-\AI\^n\ 






Since 



we get 
For P 2 {z), 



^ 00 

\Zn\<lR 



|Pi(2)| > exp(-B.'+<). 




qZ/Zu 



>e ‘^\z- Zn\/ 2 Ri > Pj ^ 



by the way we have chosen R 4 . 

Since n(Pj) = we get 

mz)\ » {R-Y‘^‘ > exp(-cifl‘+"<). 



Finally, for Pz{z), we have \z!zn\ < 1/2 so that 







and 

00 

\zn\>2R n=l 

Thus, on 1^1 — Ri we have 

\P{z)\ > exp{-R^+% 



so that 

|P(2)| < exp(P^+^^). 



Hence, F{z) = where g(z) is a polynomial of degree at 

most 1. □ 
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6.3 The Gamma Function 



We will prove that llV[z) is an entire function of order 1 and derive 
its Hadamard factorization. 



Exercise 6.3.1 Show that 



V^-^dv _ 7T 

1 1 + v sin 7TX 



ir Q < X < \. 



Exercise 6.3.2 Show that 



r7T/2 

r{x)T{y) = 2T{x + y) / {cos {sin 6)‘^^~^d9 

Jo 



Exercise 6.3.3 Show that 



r{x)T{y) = r(x + y) C A^-^l - \Y~^dy. 

Jo 

(The integral is denoted B{x^y) and called the beta function.) 
Exercise 6.3.4 Prove that 



r(3;)r(l -x) 



Exercise 6.3.5 Prove that 



Exercise 6.3.6 (Legendre’s duplication formula) Show that 



r(2o;)r(l)=22--T(a;)r(a; + l) 



Exercise 6.3.7 Let c be a positive constant. Show that as x oo, 



r(rE + c) ~ a;T(a:). 
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Exercise 6.3.8 (Stirling’s formula) Show that 

r(a;) ~ 



as X ^ oo. 



Exercise 6.3.9 Show that 1/T{z) is an entire function with simple 
zeros at z — — 1 , — 2 , .... 



Exercise 6.3.10 Show that for some constant K, 

Exercise 6.3.11 Show that for z not a negative integer, 

^ = y(-l 

rU) “ Vn + l n + zJ 
for some constant K. 

Exercise 6.3.12 Derive the Hadamard factorization ofllV{z): 



n('+ 



nJ 



where 7 denotes Euler ^s constant. 

Exercise 6.3.13 Show that 

logr(z) = logz - 2T + ^log27T + f M ^ + 2 ^ 

V Z / Z J Q U Z 

Exercise 6.3.14 For any 5 > 0, show that 

logr(^) = \ogz - z + ^\og2ix + 

uniformly for —n + ^ < arg z < n — S. 

Exercise 6.3.15 If a is fixed, and \t\ — > cx), show that 
\T{a + it)\ ^ 

Exercise 6.3.16 Show that l/r(z) is of order 1 . 

Exercise 6.3.17 Show that 



log. + 0 (j-) 



for \z\ oo in the sector — tt + S < arg z < tt — S for any fixed ^ > 0 . 
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6.4 Infinite Products for ^(s) and ^(s,x) 

In this section we will establish that ^{s) and x) are entire func- 
tions of order 1. Then we will derive their Hadamard factorizations. 
Recall that 



^(s) = ^s(s - 1)7T 

and that when x is a primitive character (mod q), 

where a = 0 or 1 according as x(~l) == 1 or —1. 

Exercise 6.4.1 Show that for some constant 

lC(s)| < exp(c|s|logls|) 
as |s| oo. Conclude that ^(s) has order 1. 

Exercise 6.4.2 Prove that ((s) has infinitely many zeros in 
0 < Re(s) < 1 . 

Exercise 6.4.3 Show that 

P ^ 

where the product is over the nontrivial zeroes of ({s) in the region 
0 < Re(5) < 1 and A — - log 2 ^ B = -7/2 - 1 + ^ logdTr, where 7 is 
Euler ^s constant. 

Exercise 6.4.4 Let x be a primitive character (mod q). Show that 
^(5,x) entire function of order 1. 

Exercise 6.4.5 Show that L( 5 ,x) has infinitely many zeros in 
0 < Re(5) < 1 and that 

p ^ 



where the product is over the nontrivial zeros of L{s,x)- 
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Exercise 6.4.6 For A and B occurring in the previous exercise, 
show that 

= '^{0,X) 

and that 

P ^ 

where the sum is over the nontrivial zeros p of L{s,x)' 



6.5 Zero-Free Regions for ^(s) and L{s, x) 

In Exercise 3.2.5 we proved the nonvanishing of C(s) for Re(s) = 1. A 
similar deduction was made for L{s,x) in Exercise 3.2.12. Using the 
Hadamard factorization for ^(s) and ^{s,x), we will derive a wider 
zero-free region. 

The starting point is 



Re = V cos(tlogn) 

\C(s)) ^ 



n—l 






where, following custom, we write s = a -\- it. 
Exercise 6.5.1 Show that 






4Re 



/ C'(cT + rt) N _ f C{a + 2it) \ 

V C((T + it) / V ((cT + 2it) ) ~ 



((a) \((a + it) 

for t € M and a > 1. 

Exercise 6.5.2 For 1 < cr < 2, show that 






< 



1 



1 



+ A 



for some constant A. 
Exercise 6.5.3 Prove that 

for 1 < a <2 and |t| > 2. 
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Exercise 6.5.4 Show that 




P 




> 0 . 



Deduce that 

< ^log|f| 

for 1 < cr < 2, |f| > 2. 

Exercise 6.5.5 Let p — p + iy be any nontrivial zero of C,{s). Show 
that for |f| > 2, 



- Re 



/ + it) 

\ ((o’ + it) 



) < Alog|f| 



1 

a- 



Theorem 6.5.6 There exists a constant c > 0 such that ({s) has 
no zero in the region 



G >1 — 



c 

log |i| ’ 



\t\ > 2. 



Proof. By Exercise 6.5.5, 

\ ({a + it) / a — p 

We also know, by Exercises 6.5.2 and 6.5.4, that 



C'(o) 



< 



1 



+ A2 



and 



C(o) 



((cr -I- 2tf) 

Inserting these inequalities into 



-3 



C(o) 



4 Re 



+ ( (,'[cr + 2it) \ 

\C{a + it)J \C(a + 2it)J- 



(^(cr -|- 2it ) ' 



C(c7 -h 2it) 



(Exercise 6.5.1), we obtain 



4 3 

a — P ^ CT - 1 



-I- Alog|t| 
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6 . Hadamard Products 



for some constant A. Taking cr = 1 + S/log |t| gives 

a 4a 



/ 3 < 1 + 



log |t| (3 + AS) log |f| ’ 

SO that if S is sufficiently small, we get 

for some suitable positive constant c. 



□ 



Corollary 6.5.7 There exists a constant c > 0 such that (^( 5 ) has 
no zero in the region 

c 

log(|i| + 2)’ 

Proof. The region <t > 1, |t| < 2 contains no zeros of Thus, 
there must be a constant ci > 0 such that <^(s) has no zeros in 
a > 1 — Cl and \t\ < 2. Combining such a region with the zero-free 
region provided by the theorem gives the result. □ 

Exercise 6.5.8 Show that 

~ i^) < (i^) + 

for some constant ci > 0 and a > 1. 

In the following exercises we will derive analogous results for the 
Dirichlet L- functions L{s^x). 

Exercise 6.5.9 Suppose thatx is a primitive character (modg) sat- 
isfying ^ Xo- Show that there is a constant c > 0 such that L{s^x) 
has no zero in the region 



log(#|+2)- 

Exercise 6.5.10 Show that the previous result remains valid when 
X is a nonreal imprimitive character. 

We now proceed to extend the previous results for — Xo- Let 
us first observe that 

L'{s,xo) C(s) 

L(s,Xo) C(s) 



< log(? 
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for cr > 1. By Exercise 6.5.8, 

“ (^) < (^) + 

Hence, if ^ Xo, 

^’^‘(a^l+2it) +C2l<>gWI‘l + 2))- 

When we insert this estimate into our previous calculations, we ob- 
tain 



< 



(3 (j — 1 



-f Re 






Let us write C for log(g(|t| + 2)). Taking ct = 1 + SjC and assuming 
7 > 5/£ gives 



o 



C 

^ T + M + 



so that 



^< 1 - 



4 — cs5 5 



16 + 5c3(^ C 

Hence if S is sufficiently small in relation to C3, we get the following: 

Theorem 6.5.11 There exists a constant c > 0 such that if 0 < 
6 < c and x 0 , real, nonprincipal character (modg), L{s,x) has no 
zeros in the region 



and 



a > 1 — 



\t\> 



AC 



logq' 



where C = log(g(|t| + 2)). 

The case where |t| < 5/logg still needs to be considered. We will 
show that for suitable (i (independant of g) there is at most one zero 
in the region and this zero is simple and real. Such a zero, if it exists, 
is called a Siegel zero in the literature. 

Theorem 6.5.12 There exists a positive absolute constant c such 
that if 0 < 5 < c, then L{s,x) has no zeros in the region 

c 



S>1- 



logg(lt| + 2) 
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except possibly if x is real and nonprincipal, in which case there is 
at most one simple, real zero in the region. 



Proof. We need only consider the case where x is real and nonprin- 
cipal and I 7 I < 6/logq. First suppose there are two complex zeros 
in the region. We have 



L'ia,x) 

L{(^, X) 



<ci logq-'^ 

p 



1 

cr-p’ 



the sum over the zeros being real, since they occur in complex con- 
jugate pairs. If P±i'y are zeros of L{s, x), with 7 / 0, then 



L'{a,x) 

X) 



< cilogq - 



2(a-^) 

(a - /3)2 -h 72 ■ 



Also, 

L'(c^, X) ^ x(n)A(n) ^ C'(^) 

M(^,X) ~ Cicr) 

for some constant cq. Thus 



1 



a — 1 



< C2\ogq- 



2{cr-P) 

(cr - ^)2 -h 72 ’ 



and taking cr = 1 + 26/ log q gives 



because 



Therefore, 



1 

a — 1 



< C 2 logq~ 



8 

5(a-^) 



ItI < 



log? 



1 ) < 



^< 1 - 



6 

log? 



for a sufficiently small 6. The argument for two real zeros or a double 
real zero is the same. This completes the proof. □ 




6.6 Supplementary Problems 99 



6.6 Supplementary Problems 

Exercise 6.6.1 Prove that r(5) has poles only at s — 0,-1,— 2, 
. . . , and that these are simple, with 



ReSs=-kT{s) = 



Exercise 6.6.2 Show that 




for any a > 1 and x > 1. 

Exercise 6.6.3 Let f{s) = be an absolutely convergent 

Dirichlet series in the half-plane Re(5) > 1. Show that 



oo 



^ ^ 6^-72 6 

n=l 





for any a > 1. 

Exercise 6.6.4 Prove that 

oo 2 

n=l 



Exercise 6.6.5 Using the previous exercise, deduce that 
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Explicit Formulas 



In this chapter our goal is to derive the explicit formula 
i;{x) = x-2) , 

where the sum is over the nontrivial zeros p of C(s). The method will 
then be used to derive the result 

'0(x) = X -h O log^ 

assuming the Riemann hypothesis. A similar result can be obtained 
for primes in arithmetic progressions. 

7. 1 Counting Zeros 

If f{z) is analytic in C, then the integral 

is equal to the number of zeros of / inside (7, counted with multi- 
plicity. This is easily seen by Cauchy’s theorem. 
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Since 



we have 



-Jogfiz) 



m 

fiz)' 



J^j{z)dz = Ac log/ (2), 



where Ac denotes the variation of log/ (2) around the contour C. 
Also, 

log/(^) = log|/(^)| +iaxg/(2r), 



and log I/I is single- valued. Thus, the formula can be rewritten as 



—Acavgfiz). 



Exercise 7.1.1 Let L be the line joining 2 to 2+iT and then ^+iT. 
Show that 

Aiarg(s-l) = ^ + 

Exercise 7.1.2 With L as in the previous exercise, show that 

T 

A^aigTr”"^/^ = — — logTT. 

Exercise 7.1.3 With L as in the previous exercise, show that 

^ ^/s \ T ^ T T 3 ^/1\ 

A, arg r (- + l) = - log - - - + -7T + 0 (-) . 

Exercise 7.1.4 Show that 

^ 1 + (T - 7)2 " 



where the sum is over the nontrivial zeros p — (3 + i'y of ({s). 

Exercise 7.1.5 Let N(T) be the number of zeros of ((s) with 0 < 
Im(s) < T. Show that 



N{T + l)-N{T) = Oi\ogT). 
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Exercise 7.1.6 Let s = a + it with t unequal to an ordinate of a 
zero. Show that for large |i| and — 1 < cr < 2, 

where the dash on the summation indicates that it is limited to those 
p for which \t — ^\ < 1. 

Theorem 7.1.7 Let N{T) be the number of zeros of ({s) in the 
rectangle 0<cr<l, 0<t<T. Then 

T T T 7 /1\ 

where 

ttS{T) = ALargC(s) 

and L denotes the path of line segments joining 2 to2 + iT and then 
to ^ + iT. We also have 



S{T) = 0{\ogT). 

Proof. Let R be the rectangle with vertices 2, 2 + iT, — 1 + iT, and 
— 1, traversed in the counterclockwise direction. Then 

27r7V(T) = Afiarg^(s). 

There is no change in the argument as s goes from —1 to 2. Also, 
the change when s moves from ^ + iT to -I + iT and then to -1 is 
equal to the change as s moves from 2 to 2 + iT and then to ^ + iT, 

since 

^(cr + it) = ^(1 - a - it) = ^(1 - cr + it). 

Hence nN{T) = ALarg^(s), where L denotes the path of line seg- 
ments joining 2 to 2 + iT and then to ^ + iT. By Exercises 7.1.1 and 
7.1.3, we deduce 

T T T 7 / 1 \ 



where 



7t 5(T) = ALargC(5). 
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Now, the variation of ^(s) along <r = 2 is bounded, since log^(5) is 
bounded there. Thus, 




ds. 



We now apply Exercise 7.1.6, which says that 



(is) 



s-p 



where the dash on the summation means [ Im(s — p)| < 1. Observing 
that 

a-2+zT / 1 \ 

/ Im ( ) = A arg(5 — p) 

i_j_onn \S — py 



L 



is at most tt and noting that the number of terms in the sum above 
is 0(log|t|) by Exercise 7.1.5 gives us 

S{T) = O(logT). 

This completes the proof. □ 



7.2 Explicit Formula for ifj{x) 



Our main tool in deriving the explicit formula for ipix) will be The- 
orem 4.1.4. Recall that this theorem says that 



1 pc+iR s 

I(x,R) = ^ —ds 

27T? Jc-iR S 



satisfies 



( a:‘^min(l,i? ^|logx| if x ^ 1, 



\I{x,R)-S{x)\ < { 



c 

V R 



if X = 1, 



where 



'0 if 0 < a; < 1, 

5(a:) = < 1/2 if a; = 1, 

,1 if aj > 1. 
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Exercise 7.2.1 Show that if x is not a prime power and x > 1, then 

rc+iR 






C(s) 5 
X\c 



ds 






Exercise 7.2.2 Prove that if x is not an integer, then 






^x<n<2x 



where \\x\\ denotes the distance of x to the nearest integer. 

Exercise 7.2.3 By choosing c = the penultimate exercise, 

deduce that 



f{x) 



^ pc-\~iR 

27Ti Jc-iR 



C{s) x‘ 
C(s) s 



ds + O 



X log^ X 

R 



if X — ^ is a positive integer. 

Exercise 7.2.4 Let C be the rectangle with vertices c — iR, c + iR, 
—U + iR, —U — iR, where c = 1 + 1/logx, and U is an odd positive 
integer. Show that 

27Ti Jr Cis) s ^ P C(0) ^ 2m ’ 

1 ^ 1 ^^ t' sv ; 0 < 2 m<c/ 

where we are writing the nontrivial zeros of ({s) as p = P + 27 . {R 
is chosen so that it is not the ordinate of any zero of C(<5).) 



Exercise 7.2.5 Recall that the number of zeros p = P + i^ satisfying 
| 7 -i?l < 1 is 0{\ogR). Show that we can ensure \ j-R\j^ {logR)~^ 
by varying R by a bounded amount. 

Exercise 7.2.6 Let U be a positive odd number. Prove that 



IC'(s)/C(s)l < (log2|5|) 

for —U<a<—1, provided that we exclude circles of a fixed positive 
radius around the trivial zeros s — —2, —4, ... of C^{s). 
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Exercise 7.2.7 In Exercise 7.2.4, letting [/ -> oo along the odd 
numbers and R oo appropriately (that is, as in Exercise 7.2.5) 
prove that 

-iPix) ^ + ^log(l - X-2), 

whenever x is half more than an integer. 

We use these ideas to prove the following result: 

Theorem 7.2.8 For some constant c\ > 0, 

'ip{x) = X + O (^x exp ^-ci \/logxj j 
Proof. By the solution to Exercise 7.2.7, we know that 



V’(x) 



— E 

\P\<R 



P 



m 

C(0) 



fllog (1 - 



x -^)+0 




xlog^ R\ 
Rlogx J 



By Theorem 6.5.6, we have Re(p) = j3 < 1 — so that the sum 
over the zeros is 



xexp 



(- 



c log x \ 
logi? / 



1 y — . 

^ IpI 

b\<R 



By partial summation and Theorem 7.1.7 we have 



The optimal choice for R satisfies 

logil = C2(logx)^/^ 

for some appropriate constant C 2 . It is now easily verified that this 
gives the desired result. □ 

Exercise 7.2.9 Assuming the Riemann hypothesis, show that 
ip{x) — X + 0 log^ xj 



as X oo. 
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Exercise 7.2.10 Show that if 

i^{x) = X + O log^ 

then ({s) has no zeros for Re(s) > 1/2. 



7.3 Weil’s Explicit Formula 



The general philosophy of explicit formulas is to relate the sum of a 
suitable function over prime powers to the sum of the Fourier trans- 
form of that function over the zeros of the zeta function. The same 
philosophy applies to any function of the Selberg class (see Chapter 
8). Here, we develop it only for the zeta function. In many applica- 
tions, such formulas are useful in establishing subtle information on 
the distribution of prime numbers by exploiting information about 
the zeros of C(s) or vice versa. 



Lemma 7.3.1 Let e > 0 and let h{s) be holomorphic in the strip 
e < Re(5) <\ + e and satisfy h{s) = h{-s), h{s) = 0{\s\~'^~^) 
as Isl ^ oo. Then 



1 

27ri 







h{s)ds = Y^h{i'y), 

7 



where ^(s) = s{s — 1)7t ^/^F(s/2)C(5), and the summation is over all 
7 such that ^ -f i'j is a zero of ({s) with Im(i 7 ) > 0- 



Proof. Recall that ^(s) is an entire function of order 1 and has the 
factorization 




where the product is over the nontrivial zeros p = ^ 4- 27 of ((s) in 
0 < Ke{s) < 1 (Exercise 6.4.3). 

Thus 









h 

p p 



\) 



= B + E 

P 



s 

p(s - p) ' 
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By the argument in Exercise 7.1.6, we see that 







s 

p(s - p) 



+ 0(log(|t| + 1)), 



where the dash on the summation means | Im(s — p) | < 1 and t — 
Im(s). For any given T we can vary T by a bounded amount to 
ensure that I7 - t| > (logT)“^ by the argument in Exercise 7.2.5. 
Thus the summation is 0(ls| log ls|) for Im(s) = T. 

Thus, by the hypothesis on /i(s), we can always find arbitrarily 
large T > 0 such that 

^(5 + 5) 



for s = (T + iT and —l — e<(r<l + e. Now let Rt be the closed 
rectangular contour described by traversing the vertices ^ + e — iT, 
i + e + iT, — ^ — e + iT, and — e — iT. Since the zeros of ({s) 
occur in pairs 1/2 ± 17, it follows by Cauchy’s theorem that 



1 

27ri 



L 



^ — h{s)ds = 2 /i(*7)- 



Rt ^(5 + 



0 <Im(z7) < T 



Since 



.. i'{o + iT 

lim — — - 

T->oo ^(cr + iT) 



h{a + iT) 



lim 0(T~^) = 0 

T^oo 



for — ^ — 6 <cr<^-|-e, it follows that the horizontal integrals tend 
to 0 as T 00. By the functional equation ^(5) = ^(1 — 5), we have 



C(| + 5) {'(1 - s) 

?(1 + S) «(!-«)’ 



SO that the vertical line integrals are equal to 



1 

2m ii+e-iT 



ai+s) 



h{s)ds. 



Now 

^i+f) 1 r(s/2 + 3/4) C^(^ + l/2) 

e(i + s) 5-1/2 2 ^ ^ 2T(s/2 + 3/4) ^ C(s + 1/2) ■ 
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On the vertical line Re(s) = ^ + e, the quantity 



1 

s - 1/2 



+ -l0g7T + 



C'js + 1/2) 
C(s + 1/2) 



is bounded by 



l/e + -l0g7T + 



C^(l + e) 
C(1 + e) 



Also, 

r'(s/2 + 3/4) 
r(s/2 + 3/4) 

is bounded according to Exercise 6.3.17 by 0(log(|s| + 1)). Since 
h{s) = 0(lsl“^“^), the above integral converges absolutely. Letting 
T ^ oo establishes the lemma. □ 



Theorem 7.3.2 (Weil’s explicit formula) Assume that h{s) sat- 
isfies the conditions of Lemma 7.3.1. In addition, assume thath{it) = 
ho(i/27r) is a real-valued function for t G K whose Fourier transform 

/ OO 
-OO 

satisfies the hound 

ho{y) = 0 (e-(H^) 2 /) 

for fixed e > 0 as y oo. Then we have 

7 n=l ^ 



= ^(^) - ^(logTr)ho(O) + j 



T'{lfA + iirt) 
r(l/4 + iirt) 



ho{t)dt, 



where the first sum is over all zeros 1/2 + 7 satisfying Im(7) > 0, 
and A(n) is the von Mangoldt function, so that the second sum is 
over all prime powers. 



Remark. The growth conditions on h and ho ensure that the inte- 
grals and sums in the formula converge absolutely. 




no 
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Proof. Recall that 



1 1 1, r'(l/4 + s/2) 

s + 1/2 s-1/2 2 ^ r(l/4 + s/2) 

so that inserting this into Lemma 7.3.1 we see that 

1 /■ r 1 1 1, 

2m 7 ( 1 +,) \ s + 1/2 s - 1/2 2 



OO 



E 



A(n) 

^s+l/2 ’ 



r'(l /4 + s/2) 
^r(i /4 + s/2) 



E 

72=1 



A(n) 



h{s)ds = E /j(i7) 



Observe that by the growth condition on /i, 




by moving the line of integration to the purely imaginary axis. Thus 



1 

2m j 


[ h(s)n ^ds = T 

'(i+e) 27T , 


roo 
' — OO 




11 


roo 

/ ho(i/27r)e-*“°S'^dt 

OO 




1 

2tt j 


roo 




' — OO 




= ho (log n). 



Similarly, we can also move the other integrals to Re(5) = 0, which 
gives rise to the other terms of the formula. This completes the 
proof. □ 
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7.4 Supplementary Problems 

Exercise 7.4.1 Using the method of Exercise 6.5.3, prove that for 
1 <a <2, \t\>2, 

where A\ is an absolute constant, and the summation is over all zeros 
p of L{s,x ) 7 X ^ primitive Dirichlet character (modg). (Of 

course, s = a + it, as usual.) 

Exercise 7.4.2 Let x be a primitive Dirichlet character {modq). If 
p — /3 + ij runs through the nontrivial zeros of L{s,x)j ihen show 
that for any real t, 

Exercise 7.4.3 With x o. primitive character (mod q) and t not co- 
inciding with the ordinate of a zero, show that for —3/2 < a < 5/2, 

\t\ > 2, 

y-(5,x) = ^ C)(logg(|i| + 2)), 

L s — p 

p 

where the dash on the sum means we sum over p — ^-\-ij for which 

I^-tI < 1- 

Exercise 7.4.4 Let x be a primitive Dirichlet character (modg). 
Let N{T,x) be the number of zeros of L{s,x) ^ Ibe rectangle 0 < 
cr < 1, |i| < T. Show that 

Ar(T,x) = ^logg-£ + 0(log9T) 

for T>2. 

Exercise 7.4.5 Let x be a primitive Dirichlet character (modq'). If 
X is not a prime power and x(-l) = -1, derive the explicit formula 

’>P{x,x) := X^xHA(n) 

n<x 

L'{0,x) ^ 

^ p L(0, x) ^ 2m - 1 ’ 

p V ?/v./ rn=l 
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where the first sum on the right-hand side is over the nontrivial zeros 

of L{s,x)- 

Exercise 7.4.6 Let x a primitive Dirichlet character (mod 9 ). If 
X is not a prime power and x(~l) — I 7 derive the explicit formula 

4’{x,x) = ~22 loga:- 6 (x) - - log(l - 

where b{x) = linis-+o ( ~ s)’ on the right-hand 

side is over the nontrivial zeros of L{s^x)‘ 

Exercise 7.4.7 Letx be a primitive Dirichlet character (mod 9 ) and 
set a = 0 or 1 according as x(~l) — ^ or —1. If x — 1/2 is a positive 
integer, show that 

V — > X^ 

'4’{x,x) = - — - ( 1 -a)(loga; + &(x)) 

b\<R ^ 

~ xO--'^rn / x\o^ qxR \ 
^2m-a^ \ R /’ 

m=l 

where the first summation is over zeros p = ^ i'y and R is chosen 
greater than or equal to 2 so as not to coincide with the ordinate of 
any zero of L{s,x)- 

Exercise 7.4.8 If we assume that all the nontrivial zeros of L{s,x) 
lie on Re( 5 ) — 1/2 (the generalized Riemann hypothesis), prove that 

= 0{x^^^log^ qx). 



Exercise 7.4.9 Let 



ip{x,q,a)= X] Hr)- 

n<x 

n=a(mod q) 



Show that the generalized Riemann hypothesis implies 



'ip{x,q, a) 



^ + 0(l'/2log2,^) 



when (a, q) = 1. 
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Exercise 7.4.10 Assuming the generalized Riemann hypothesis, 
show that there is always a prime p <C q^log^q satisfying p = 
a(modg) whenever (a, g) = 1. 

Exercise 7.4.11 Show that if q is prime, then 



y(g- 1) 

q - 1 



E 

d\q-l 



Kd) 

(p{d) 



o{x)^d 



1 if a has order q — I 
0 otherwise, 



where the inner sum is over characters x niodg whose order is d. 

Exercise 7.4.12 Letq he prime. Assuming the generalized Riemann 
hypothesis, 

show that there is always a prime p < q such that p is a primitive 
root (modq), for q sufficiently large. 

Exercise 7.4.13 Let q he a prime. Show that the smallest primitive 
root modg is O logg), where u{q - 1) is the number of 

distinct prime factors of q — 1. 

Exercise 7.4.14 Let q he a prime and assume the generalized Rie- 
mann hypothesis. Show that there is always a prime-power primitive 
root satisfying the hound O log^ g). 

Exercise 7.4.15 Let q he prime and assume the generalized Rie- 
mann hypothesis. Show that the least quadratic nonresidue (modg) 
is 0(log^ q). 

Exercise 7.4.16 Let q he prime and assume the generalized Rie- 
mann hypothesis. Show that the least prime quadratic residue (modg) 
is O(log^g). 

Exercise 7.4.17 Prove that for n> 1, 




where the summation is over zeros p = jd-\-i^, /3 E o/ the Riemann 
zeta function. 




8 

The Selberg Class 



The Selberg class S consists of functions F{s) of a complex variable 
s satisfying the following properties: 

1. (Dirichlet series): For Re{s) > 1, 



m = E 

71=1 






where ai = 1. (We will write an{F) — an for the coefficients of 
the Dirichlet series of F.) 



2. (Analytic continuation): For some integer m > 0, (s — l)’^F(s) 
extends to an entire function of finite order. 



3. (Functional equation): There are numbers Q > 0, Oj > 0, 
ri € C with Re(r i) > 0 such that 



d 

Hs) = Q^llT{aiS + ri)F{s) 

i=l 

satisfies the functional equation 

$(s) = w^(l - s), 

where w is a. complex number with |u;| = 1 and $(s) == ^(s). 




116 8. The Selberg Class 



4. (Euler product); For Re(s) > 1, 

V 

where 

OO 7 

Ep(s) = exp(j]^) 
k=\ ^ 

and bpk = 0(p^^) for some 0 < 1/2, and p denotes a prime 
number here. We shall write bp{F) = bp. 

5. (Ramanujan hypothesis): For any fixed e > 0, 



a„ = O(n^), 

where the implied constant may depend upon e. 

A prototypical example of an element of S is, of course, the Rie- 
mann zeta function. But more exemplary is the Ramanujan zeta 
function 



La(s) 



OO 




n—1 



where = T{n)/n}^‘^ and r is defined by the infinite product 



OO OO 

J]T(n)5" = ,n (!-«”)“ 

n=l 71=1 

Ramanujan established properties (i), (ii), and (iii) and conjectured 
(iv) and (v) . Property (iv) was proved by Mordell and (v) by Deligne. 



8.1 The Phragmen - Lindelof Theorem 

We discuss an important theorem that allows us to estimate the 
growth of a function in the region a < Re(5) < b just by knowing its 
behaviour on Re(s) = a and Re(s) = b. We first recall the maximum 
modulus principle. 
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Exercise 8.1.1 Let f{z) be an analytic function, regular in a region 
R and on the boundary dR, which we assume to be a simple closed 
contour. If \f{z)\ < M on dR, show that \f{z)\ < M for all z e R. 

Exercise 8.1.2 (The maximum modulus principle) If f is as in the 
previous exercise, show that \f{z)\ < M for all interior points z ^ R, 
unless f is constant. 

Theorem 8.1.3 (Phragmen - Lindelof) Suppose that f{s) is en- 
tire in the region 



S{a, b) = {s eC : a < Re{s) < b} 
and that as \t\ -> OC; 

|/WI = 0(eW") 

for some a>l. If f{s) is bounded on the two vertical lines Re(s) = a 
and Re(s) = b, then f{s) is bounded in S{a,b). 

Proof. We first select an integer m > a, m = 2 (mod 4). Since 
args — )• 7 t /2 as t — >■ oo, we can choose Ti sufficiently large so that 

I arg s — 7t/ 2| < 7r/4m. 

Then for |Im(s)| > T\, we find that args = 7r/2 — (i = 0 (say) satisfies 
cos mO = — cos mS < — 1 / \/2 . 

Therefore, if we consider 

9 e{s) = e-'^/(s), 



then 

Thus, l^e(s)| 0 as |t| -)• oo. Let B be the maximum of /(s) in the 

region 

a < Re(s) <6, 0 < |Im(s)| < T\. 

Let T 2 be chosen such that 



\9e{s)\<B 
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for |Im(5)| > T 2 . Thus, 



for |Im(5)| > T 2 . Applying the maximum modulus principle to the 
region 

a < Re(s) <6, 0 < | Im(s)| < T 2 , 

we find that |/(s)| < This estimate holds for all s in 5(a, h). 

Letting e — 0 yields the result. □ 

Corollary 8.1.4 Suppose that f{s) is entire in S{a, b) and that [/(s)| 
= for some a > 1 as |t| — > 00 . If f{s) is 0(lt|"^) on the two 

vertical lines Re(s) = a and Re(s) = b, then f{s) — 0(|t|"^) in 

5(0,6). 

Proof. We apply the theorem to the function g{s) = /(s)/(s — 
where u > b. Then g is bounded on the two vertical strips, and the 
result follows. □ 

Exercise 8.1.5 Show that for any entire function F € S, we have 

F{s) = O (|t|^) , 

for some A > 0, in the region 0 < Re(s) < 1. 



8.2 Basic Properties 

We begin by stating the following theorem of Selberg: 

Theorem 8.2.1 (Selberg) For any F G <S, let Nf{T) be the num- 
ber of zeros p of F{s) satisfying 0 < Im(p) < T, counted with multi- 
plicity. Then 

as T oo. 

Proof. This is easily derived by the method used to count zeros of 
C(s) and L{s,x) in Theorem 7.1.7 and Exercise 7.4.4. 

□ 
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Clearly, the functional equation for F € <S is not unique, by 
virtue of Legendre’s duplication formula. However, the above the- 
orem shows that the sum of the a^’s is well-defined. Accordingly, we 
define the degree of F by 



d 

degF := 2 

i=l 

Lemma 8.2.2 (Conrey and Ghosh) If F € S and degF = 0, 
then F = 1. 



Proof. We follow [CG]. A Dirichlet series can be viewed as a power 
series in the infinitely many vaiables as we range over primes p. 
Thus, if deg F = 0, we can write our functional equation as 






n—l 



n=l 



n 



where \w\ = 1. 

Thus, iian ^ 0 for some n, then is an integer. Hence is an 

integer. Moreover, an ^ 0 implies so that our Dirichlet series is 

really a Dirichlet polynomial. Therefore, if = 1, then F = 1, and 
we are done. So, let us suppose q ~ Q‘^ > 1. Since ai = 1, comparing 
the term in the functional equation above gives |a^| = Q. Since 
an is multiplicative, we must have for some prime power p'^\\q that 
^ Now consider the p-Euler factor 

3 = 0 ^ 

with logarithm 

OO 7 

= E A- 

1 = 0 ^ 

Viewing these as power series in x = p~^, we write 

p{^) = 

logP(x) = 
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where Aj = Bj = b^j. Since ai = 1, we can factor 

r 

j=i 



so that 



We also know that 



so that 



But 



2 = 1 



2=1 



\Ri\ 

Ki<r 



i=l ^ 



tends to maxi<j< 7 - \Ri\ as j ^ oo, which is greater than or equal to 
This contradicts the condition that bn = O(n^) with 6 < 1/2. 
Therefore, Q = I and hence F = 1. □ 



We can now prove the following basic result: 

Theorem 8.2.3 (Selberg) If F e S and F is of positive degree, 
then degF > 1. 

Proof. We follow [CG]. Consider the identity 
00 

n=l •' 

Because of the Phragmen - Lindelof principle and the functional 
equation, we find that F{s) has polynomial growth in | Im(s)| in any 
vertical strip. Thus, moving the line of integration to the left, and 
taking into account the possible pole at s = 1 of F{s) as well as the 
poles of r(s) at s = 0, —1, —2, . . . , we obtain 



n=l 



e~nx ^ 



P(logrc) P(-n)(-l)"P 



72=0 



n! 
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where P is a polynomial. The functional equation relates F{—n) to 
F{n + 1) with a product of gamma functions. If 0 < degP < 1, 
we find by Stirling’s formula that the sum on the right-hand side 
converges for all x. Moreover, P(logx) is analytic in C\{rr < 0 : x G 
E}. Hence the left-hand side is analytic in C\{x < 0 : x G M}. But 
since the left-hand side is periodic with period 27rz, we find that 

oo 

/(z) = 5]a„e— 
n=l 



is entire. Thus, for any x, 

27T 

/(x + iy)F'^'^dy <C 

by integrating by parts. Choosing x — 1/n gives 
Hence the Dirichlet series 




= E 






0(l/n2). 



converges absolutely for Re5 > -1. However, relating P(-l/2 + it) 
to P(3/2— it) by the functional equation and using Stirling’s formula, 
we find that P(— 1/2 Fit) is not bounded. This contradiction forces 
degP >1. □ 



An element P G 5 will be called primitive if P 7^ 1 and F = F1F2 
with Pi, P2 G 5 implies Pi = 1 or P2 = 1. 

Thus, a primitive function cannot be factored nontrivially in S. 

Exercise 8.2.4 Show that 



degPiP2 = deg Pi + degP2. 

Exercise 8.2.5 If F ^ S has degree 1, show that it is primitive. 

Exercise 8.2.6 Show that any P G 5, P 7^ 1, can be written as a 
product of primitive functions. 

Exercise 8.2.7 Show that the Riemann zeta function is a primitive 
function. 

Exercise 8.2.8 If x ^ primitive character (modq), show that 
L{s^x) ^ primitive function of S. 
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Exercise 8.2.9 If F G S, show that \an\ < c{e)n^ implies that 

\b^,\<c{e)(2'^-l)p>^yk. 

Exercise 8.2.10 Prove the asymmetric form of the functional equa- 
tion for C(-5).' 



C(l-S)=2^ % ^(^COS y)r(s)C(s). 
Exercise 8.2.11 Show that for € N, 



\a-k)\ < Ck\/{2ir)^ 
for some absolute constant C. 

Exercise 8.2.12 Show that 









n=l 



k=0 



k\ 



Deduce that for = 2, 3, . . . 

C(1 -k) = -Bk/k 



and C(0) = — 1/^7 where Bj^ denotes the kth Bernoulli number. 

Exercise 8.2.13 Let x be a primitive Dirichlet character (modg) 
satisfying x(~l) — 1* Prove that 



-C'(l - s,x) = 




y)r(s)L(s,x), 



where r{x) denotes the Gauss sum. 



Exercise 8.2.14 Let x be a primitive character (modg)^ satisfying 
x(— 1) == 1. Show that for k eN, 

\L{~k,x)\<Ck\{q/2ir)>^ 



for some constant C = 0{y/q). 
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Exercise 8.2.15 Let x ^ primitive character {modq)^ satisfying 
x(— 1) = 1- Show that 

L(1 - s,x) = ' (sinyjr(s + l)L{5,x)- 

Exercise 8.2.16 Let x a primitive Dirichlet character (modg) 
satisfying x(~l) — Show that for k gN, 

\L{-k, x)\<C{k + l)!(g/27r)^ 

for some constant C = 0{y/q). 

Exercise 8.2.17 Prove that 

n—l /c=0 

Deduce that for n>l, 

i(l - «,X) = -Bnjn, 
where ^ 

Bn,x = 9""^ XI X(a)^n (-) , 

a=l ^ 

with bn{x) denoting the nth Bernoulli polynomial. 



8.3 Selberg’s Conjectures 

We have seen in the previous section that ({s) and Dirichlet’s L- 
functions L{s^x) ^re primitive since they are of degree 1. Selberg [S] 
conjectures that as x -> oc: 

(a) for any primitive function F, 

^ KXIL = loglogx + 0(l); 

p<x 

(b) for two distinct primitive functions F and G, 

M£SM = o(i). 



p<x 




p 
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We have also seen that any function of S can be factored into prim- 
itive functions. Two of the important consequences of conjectures (a) 
and (b) are contained in the following exercises. 

Exercise 8.3.1 Assuming (a) and (b), prove that any function F C 
<S can be factored uniquely as a product of primitive functions. 

Exercise 8.3.2 Suppose F^G e S and ap{F) = ap{G) for all but 
finitely many primes p. Assuming (a) and (b), prove that F = G. 

This exercise shows that a form of “strong multiplicity” holds for 
the Selberg class. It is possible to prove a slightly stronger version 
of this fact without assuming (a) and (b). This is the goal of the 
exercises below. 



Exercise 8.3.3 If F{s) = ^ ci'^d a — Re( 5 ) > aa{F), the 

abscissa of absolute convergence of F, then prove that 



rp 

lim i / F{a + it)y‘-*"dt 

T—^oo Z1 J —j' 



{ an{F) if n = y, 
0 otherwise. 



for any real y. 

Exercise 8.3.4 Prove that 



2m J(c 



y^ds 



2m Jf^c) («s + 
for c > 0 and a,/3 > 0. 



a ‘^y ^/“logy if y > 1, 

0 */ 0 < y < 1, 



Exercise 8.3.5 Let f{s) be a meromorphic function on C, analytic 
for Re(s) > and nonvanishing there. Suppose that log/(s) is a 
Dirichlet series and that f{s) satisfies the functional equation 

H{s) = wH{l - s), 

where w is a complex number of absolute value 1, and 
H{s) = + 

n£i r(7i» + ii) 

with certain A, ai, 7 ^ > 0 and Re{Pi), Re(5i) > 0. Show that f{s) is 
constant. 
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Exercise 8.3.6 Let F,G e S. Suppose ap{F) = ap{G), ap 2 {F) — 
ap 2 {G) for all but finitely many primes p. Show that F — G. 

Exercise 8.3.7 Assume Selberg’s conjectures (a) and (b). If F ^ S 
has a pole of order m at s = 1, show that F{s)/({s)'^ is entire. 

Exercise 8.3.8 Assume Selberg^s conjectures (a) and (b). Show that 
for any F ^ S, there are no zeros on Re(s) = 1. 



8.4 Supplementary Problems 

Exercise 8.4.1 Verify that the primitive functions ({s) and L{s^ x); 
where x a primitive character {modq)^ satisfy Selberg^s conjectures 
(a) and (b). 

Exercise 8.4.2 For each F , G in define 
{F^G){s) = l[H,{s), 

P 

where 

oo 

Hp{s) = exp ( ^ A: V V (G)P~''') ■ 

A:=l 

If Fp{s) — det(l - App~^)~^ and Gp{s) = det(l - Bpp~^)~^ for 
certain nonsingular matrices Ap and Bp, show that 

Hp{s) = det(l - (Ap 0 Bp)p~^)~^. 

Exercise 8.4.3 With notation as in the previous exercise, show that 
if F,G G S, then F ® G converges absolutely for Re(5) > 1. 

Exercise 8.4.4 If F E S and F®F extends to an analytic function 
for Re(s) > \/2, except for a simple pole at s — 1, we will say that 
F is 0-simple. Prove that a 0-simple function has at most a simple 
pole at s = 1. 

Exercise 8.4.5 If F e S and 

F = Ff^F^^--F^^ 

is a factorization of F into distinct primitive functions, show that 
^ = (e? + ei + --- + e|)loglogx + 0(l), 

p<x 
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assuming Selberg ^s conjectures (a) and (b). 

Exercise 8.4,6 If F £ S and F ^ F e S show that F is ®-simple 
if and only if F is primitive, assuming Selberg ’s conjectures (a) and 
(b). 

Exercise 8.4.7 If F £ S is ^-simple and entire, prove that F{1 + 
it) / 0 for all t 

Exercise 8.4.8 Let F £ S and write 

f' 

-y(«) = 

n=l 

For T > 1 and n G N, n > 1, show that 

y~] Ap(n) + O log^ Tj , 

l7l<r 

where p — p + ij, P > 0, runs over the nontrivial zeros of F{s). 
Exercise 8.4.9 Suppose F,G e S. Let 

Zf{T) =^{p^p + i'y,p>Q, F{p) = 0 and |7| < T}. 

Suppose that as T oo, 

\ZFiT)AZG{T)\=o{T), 

where A denotes the symmetric difference AAB — {A\B)U{B\A). 
Show that F = G. 
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Sieve Methods 



9.1 The Sieve of Eratosthenes 

The basic principle of a sieve method is the following: Given a finite 
set of natural numbers, estimate its size (from above and below) 
given information about the image of the set modp for a given set 
of primes p. For example, let S be the set of primes in the interval 
[^/x, x]. We know that for each prime p < yjx, the image of S modp 
fails to contain the zero residue class. Given this information, the 
estimation of S from above and below gives us estimates for 7t(x) — 
vr(V^). 

The oldest method to attack this question is the sieve of Eratos- 
thenes (300 B.C.). It was formally written in the following form by 
Legendre in the eighteenth century. 



Example 9.1.1 (Eratosthenes-Legendre) Let Pz be the product of 
the primes p < z, and 7 t{x^z) the number of n < x that are not 
divisible by any prime p < z. Then 



d\P, 
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Solution. Clearly, 

n<x d\{n,Pz) 

= E'‘ME‘ = E'‘M[g 

d\Pz "<^ d\Pz 

d\n 

as required. 



□ 



We saw in Exercise 1.5.10 that 

tt{x, z) = X U (l - -) + 0(2^), 

p<z ^ 

and in Exercise 1.5.11 that 

p<z ^ 

This gives the estimate (Exercise 1.5.12) 

n{x,z) <€. T-^ — I- 0(2^). 
log 2 : 

Choosing z = logs, we obtain 

Exercise 9.1.2 Prove that there is a constant c such that 




There is a famous theorem of Mertens that shows that the constant 
c in the previous exercise is Euler’s constant 7 , given by 

n<t 

This is proved in the following way. For cr > 0 , we have 

00 ^ 
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Now consider 



f{a) = ^ogC{l + a)-^^ 

P ^ 

p 

In Exercise 9.1.2 it was proved that c = cq + ci, where 



P 

and 

Cl = lim ( V - - loglog^j. 

p<z ^ 

Hence cq == lim^_).o / (o’). It is clear that as a ^ 0+, log((l + <t) = 
log ^ + 0{a). Now, as (7 -> 0+, log(l - e~'^) = logo- + 0{a), so that 
as O' — >• O'*', 



logC(l+cr) = - log(l - e ‘^) + 0 (ct) 

^—crn 

= 5; — + OW. 



n=l 



Put H{t) = Y,n<t h p- partial summation, 






P{u) 



u 



1+(J 



du 



e ^^dt. 



Similarly, 



POO 

= a/ P(eO 



POO 

log C(1 + a) = a / e~^^H{t)dt + 0(a) 

Jo 



as (7 0“^. Hence, 




130 



9. Sieve Methods 



Since H{t) = logt + 7 + 0{l/t) by Example 2.1.10, and P(e*) = 
logt + Cl + 0{l/t), we deduce 

/(o') = - ci + 0(^j^'j^dt + 0{a) 

An easy integration by parts shows that the integrand is 0(a), so 
that /(O) — Co = 7 — Cl- This proves the following theorem: 

Theorem 9.1.3 (Mertens) 




Exercise 9.1.4 For z < logx, prove that 

tt{x,z) = (1 + o ( l ))^^ 
logz 

whenever z — z{x) oo as x oo. 

We now define ^{x^z) to be the number of n < a; all of whose 
prime factors are less than or equal to z. This function, along with 
7t(x,z), plays an important role in sieve problems. 



Exercise 9.1.5 (Rankin’s trick) Prove that 

p<z ^ 



for any <5 > 0. 



Exercise 9.1.6 Choose 5 = 1 — 

logz 

deduce that 

$(rc, z) <€. a: (log z) exp 



in the previous exercise to 

f _ 

V log z / ’ 



Exercise 9.1.7 Prove that 



■jr{x,z) =x'^ + 0 ^a;(log 2 ;)exp ^ - j^)) 

d<x 



for z = z{x) oo as X ^ oo. 
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Exercise 9.1.8 Prove that 



d\Pz P<Z 



log z/ y 



with z = z{x) — > oc as X ^ oc. 



Exercise 9.1.9 Prove that 

tt{x, z) = xV {z) + 0 (^a;(log zf exp ) , 

where 

F(.)=n(i-j) 

p<z 

and z = z{x) oo as x ^ oo. 

Exercise 9.1.10 Prove that 

X 

Tlix) < log log X 

logx 

hy setting logz = elogx/ log log a; for some sufficiently small e in the 
previous exercise. 



Exercise 9.1.11 For any A > 0^ show that 
as X ^ oo. 



The estimate of Exercise 9.1.9 for tt{x) w^ill be seen to be as good 
as the one obtained by the elementary Brun sieve of the next section. 

Let A be any set of natural numbers and let P be a set of primes. 
To each prime p G P, let there be w{p) distinguished residue classes 
modp. Let Ap denote the set of elements of A belonging to at least 
one of these distinguished classes modp. For any square-free number 
d composed of primes p G P, let 

We denote by S{A, V, z) the number of elements of 

^ \ ^p£V,p<z^p’ 

Let w(rf) = Up\d^(p)^ and P{z) = Up<z,pevP- 
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Exercise 9.1.12 Suppose that 



ui{p) logp 

p<z P 

pev 




< 



Klogz 0(1). 



Show that 

F^{t,z):= ^ u}{d) 

d<t 

d\P{z) 

is bounded by O^i(logz)'^ exp ^ — j^))- 



Exercise 9.1.13 Let C be a constant. With the same hypothesis as 
in the previous exercise, show that 




dyCx 



We are now ready to prove our version of the sieve of Eratosthenes. 
We follow [MS]. We suppose there is an X such that 



\M = 






with Rfi — 0(uj(d)). We also assume 



^ "(^)- . g?’ <;dogz + 0(l) 

p<z ^ 

pev 



and set 



W{z) = 



n 

p<z 

per 




Exercise 9.1.14 (Sieve of Eratosthenes) Suppose there is a con- 
stant C > 0 such that = 0 for d > Cx. Then 



5(.4, V, z) = XW{z) + O (a:(log z)'^+^ exp ( - ) . 

We can apply this to the problem of estimating the number of twin 
primes and prove Brun’s theorem (Exercise 9.1.16) using only the 
sieve of Eratosthenes. 
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Exercise 9.1.15 Show that the number of primes p < x such that 
p-\-2 is also prime is x(loglogrr)^/(logrz;)^. 



Exercise 9.1.16 (Brun, 1915) Show that 



E 



,1 

- < oo, 
P 



where the dash on the sum means we sum over primes p such that 
p + 2 is also prime. 



9.2 Brun’s Elementary Sieve 



By comparing coeffients of x'^ on both sides of the identity 
[I - x)-^{i - xY ^ {I - xY~^ 

we deduce 
This implies that 

d\n ^ ^ 

i /( d)<r 

where iy{n) is the number of prime factors of n. This observation is 
the basis of Brun’s elementary sieve. Namely, let 



r /i(d) if ^{d) < r 
Hr { d ) = I 

[ 0 if u{d) > r. 

Then setting 

i>r[n) = 'Y^Prid), 
d\n 

we find that if r is even, p{d) < ipr{n) and if r is odd, P-{d) > 

•lpr{n). Thus 



Yp(d) =A{n) + 0(^ Y 

d\n d\n 

i/{d)=r-\-l 
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Exercise 9.2.1 Show that for r even, 

( \ ^ 

tt{x,z) <x2_^—^ 
d\P, 

We now turn our attention to 



E 



Idrjd) 

d ■ 



o{zn. 



By Mobius inversion, 



so that 



t^rid) ='^li{d/S)i>r{S), 

S\d 



E h-rjd) 

d 

d|Pz 



d\P, ^ 5|d 

’fprjS) fdjd) 

^ 5 ^ d 

5\P^ d\Pz!5 



vwE 

5 |Pz 



• 0 r( 5 ) 

m' 



where V (z) is as in the previous section and ^ denotes Euler’s func- 
tion. Let us note that 



E 



l^r {d) 

d 



V{z) + V{z)Y, 



S\Pz 

5>1 



m ■ 



We now want to estimate the last sum. Observe that 



'lpr{5) < 



C'ro 



so that the sum under consideration is bounded by 




s E 

r<m< 7 r(z) 



);^(E, 4 t)’ 

p<z 



< — (loglog^r + ci)’’exp(loglogz + ci), 

r! 
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where we have utilized the elementary estimate 



E 



1 

P 



< log log Z + Cl 



for some constant ci- Since o'" > we can write 1/r! < (e/r)'", and 
thus 



n^)E 



S\Pz 

6>l 



m 



< C 2 exp(r — r log r + r log A) , 



where A = log log z + c\, and we have used the estimate 



V{z) < 



1 

logz' 



The idea is to choose r so that the rlogr term dominates. This 
will minimize the error term. Indeed, choosing r to be the nearest 
even integer to a log x/ log 2:, with a < 1, gives an error term of 



O 




- C3 



log:r 
log 2: 



for some constant C3, and we impose 



a log a: , 

> 2(loglogz + ci) 

logz 

to ensure that the error term is sufficiently small. This proves the 
following theorem: 

Theorem 9.2.2 There is a constant C4 > 0 such that for 



logz < C4 log a;/ log log 2; , 



we have 



'k{x,z) < xV {z) + O exp ^ 



-C3 



loga: \\ 
log z) ) 



Remark. Observe that this is comparable to the estimate obtained 
earlier by using the sieve of Eratosthenes combined with the careful 
application of Rankin’s trick (Exercises 9.1.8 and 9.1.9). 

Also note that Theorem 9.2.2 gives us the upper bound 



7r(a:) <C 



(log log x), 

logx 
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which is comparable to the estimate we obtained in Exercise 9.1.10. 

Brun used his method described above to deduce that the number 
of primes p < x such that p H- 2 is also prime is bounded by 

From this, it is easy to deduce by partial summation that 

^ 

> - < oo, 

p 

where p is such that p + 2 is prime, a result that created a sensation 
at the time it was proved by Brun. We have derived this using only 
the sieve of Eratosthenes in the previous section. 

Let A be a finite set of natural numbers, V a set of primes. For 
square-free d composed of primes from P, let Ad be the set of ele- 
ments of A divisible by d. For some uj{d) multiplicative, suppose 

1^,1 = 1 ^ 1 + j ?,. 

Let S{A^V^z) denote the number of elements of A coprime to 

p{z) =Y[p. 

p<z 

pev 

As above 

S{A,V,z) = E E 

n^A d\{n,P{z)) 

= Yl{^r{n,P{z)) + o(^ E l)) 

neA d\{n,P{z)) 

i^{d)=r+l 




We make the hypothesis \Rd,\ < uj{d). Then 



S(A,V,z) 



1^1 ^ p.r{d)u){d) 
d\P{z) ^ 



+ 0 



+ o(i + E‘^(p)) ■ 

p<z 
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Exercise 9.2.3 Show that 



E 

d\P{z) 



Hr{d)ljj{d) 

d 



n(i 

p<z 

pEV 




E 

S\P(z) 



'tpr{d)oj{S) 

n{S) 



where Q{S) = Up\s(P “ ^(p))- 

Exercise 9.2.4 Suppose that Lo{p) < c, and that 



E 

p-^z 

per 



^{p) 

p 



< Cl log log Z + C2 



for some constants c, c\, and C 2 - Show that there are constants 
C 4 , and C 5 such that 

s ^ ^ Z+C4Y (log zf" • 

6\P(z) ^ ) 

S>1 



We can put these inequalities together in the following form: 



Theorem 9.2.5 (Brun’s elementary sieve) Suppose thatuj{p) < 
c and that 



y-> Uj{p) 

p 

p<z ^ 

pev 



< Cl log log Z -\-C2 



for some constants c, ci, and C 2 - Suppose further that = 0{<jj{d)). 
Then there are constants C 3 and C 4 such that 



S{AV,z) 



per 



for any even number r. 

To make this amenable for applications, we use the inequality 

1 < 



to obtain 

S{A,V,z) = \A\{W{z) + 0(exp(-rlogr + r logz + r))) + 0(z''). 
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9.3 Selberg’s Sieve 



The key idea of Selberg is to replace the use of the Mobius function 
that appears in Brun’s sieve as well as the sieve of Eratosthenes by 
another sequence optimally chosen so as to minimize the resulting 
estimates. The method is best illustrated by the example below. 

Let Ai = 1, and let us set == 0 for d > z. Let us now consider 
the problem of estimating 7t{x,z). 

Exercise 9.3.1 Let Pz = Ylp^zP product of the primes p < z. 
Show that 

T^{X,Z) <J2{ E ’ 

n<x d\{n,Pz) 

for any sequence of real numbers satisfying Ai = 1. 



Exercise 9.3.2 Show that if |A<^| < 1, then 

d\42<Z 

where [di,d2] is the least common multiple of d\ and d 2 - 



The main idea is to notice that we have a quadratic form on the 
right-hand side, given by 



E 

di ^d<2<z 



^d\ ^d2 
[^1,^2]’ 



and we seek to minimize it. We will show that there is a choice of A^’s 
such that |Adl < 1, as required in Exercise 9.3.2. It should also be 
noted that the error term here is 0{z^) in contrast to 0(2^), which 
we obtained in the simplest form of the sieve of Eratosthenes. 



Exercise 9.3.3 Prove that 



[di,d2]{di,d2) = did2, 

where (di,d 2 ) is the greatest common divisor of d\ and d 2 - 



Exercise 9.3.4 Show that 



E 

di jd2‘^z 



^di ^d2 

[di,d2] 



E«^)(E 

5<z iW 



d ) 
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We now use the method of Lagrange multipliers to minimize the 
quadratic form of the previous exercise. 



Exercise 9.3.5 If 



show that 



E ^d 

-d 

S\d 

d<z 



y = Y^t^{d/S)ud. 

5\d 

(Note that us = 0 for S > z, since = 0 for d > z.) 
Exercise 9.3.6 Show that if Xi — 1, then 

Xdi Ac?2 



E 



[di,d2] 



di,d2<z 

attains the minimum value 1/V{z), where 

d^{d) 

m ■ 



'"w = E 



d<z 



By Exercise 9.3.4, we must minimize 

A. 



E^w(E^ 



6<z 



6\d 

d<z 



subject to the constraint Ai = 1. 

Exercise 9.3.7 Show that for the choice of 

U5 = td{8)l{mv{z)\ 



we have |Arf| < 1. 

This leads to the following problem: 

Exercise 9.3.8 Show that 

Tr{x,z) < + 

Deduce that tt{x) = 0{xjlogx) by setting z = 
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Exercise 9.3.9 Let f be a multiplicative function. Show that 

f{[d,,d2])f{{dud2)) = f{di)f{d2). 

Let P be a set of primes. Suppose that we are given a sequence 
of integers A = and we would like to count the number 

N{x,z) oin < X such that (an,P(z)} = 1 where P(z) is the product 
of the primes p < z, p £ V. We now derive a more formal version 
of Selberg’s sieve. For convenience, we write N (d) for the number of 
n < X such that d\an, and assume 

for some multiplicative function / and some X. 

Theorem 9.3.10 (Selberg’s sieve, 1947) 

^ di,d2<z 



where 



and 



Proof. We have 



m = E 

d<z 



p\d) 

hid) 



fin) = '^hid). 

d\n 



Nix, ^) < X] ( ’ 

n<3: d\{an,P{z)) 

dn e.4 



where Ai = 1 and Ad are real numbers to be chosen. We will set A^ = 
0 for d > z. Expanding the right-hand side of the above inequality, 
we get 



Nix,z) < Y1 E l) 






di,d2\an 

n<x 



- ^ Y /([di,d2]) Y I^dill^<i2ll^[dx,d2]l)- 



di,d2<z 



d\,d2^z 
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By Exercise 9.3.8, we have 

f{[di,d2\) = f{di)f{d2)/f{{di,d2)). 

Hence, the first sum can be rewritten as 

Rearranging, we get 

S<z 



f{di)nd2) 



5|d 

d<z 



f{d)J ’ 



which we seek to minimize subject to the condition Ai 
we set 



Us 



E 

(5|d 

d<z 






f{d\ 



By Mobius inversion (Exercise 1.5.16) 

^5 



f{S) 






5\d 



Thus, we must minimize 






S<z 



subject to the condition 

1 = '^Md)ud- 

d 

By the Lagrange multiplier method, 

Vi{d)us = \n{8) 

for some scalar A. Thus, 

_ A^(5) 

2 /,(«)’ 



E !dS)- 

8\di42 



= 1. As before, 
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so that 



- _ 1 



Therefore, the minimum is 









5<z 



4/2(^) U{zy 



In addition, we have 
Ad 



f{d) 



= Y^n{t)udt 



Hence, 



(ir=i 

t<z/d 






t<z/d 



Now, for d square-free, 

fid) 

hid) 



fip) _ TT fip) 

hip) M/(p)-l 



= TTMW ^TT 

ii! 

= nf'+ 7 ?^T 

p\d 



fip) - 1 



Therefore, 



U{z)\d = idid) I 



(5|d 



P^i^) 

hiS) 



\ 

pHt) 

hit) 

\ {d,t)—l . 

\ t<z/d / 



E 



from which we see that |A^| < 1. Hence, the error term is 



o\ E I%.^2]1|- 

y[di,d2]<z 
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We have therefore proved 

N{x, z) < + O ( l%i .d 2 ] l) ^ 

[di,d2]<z 



as desired. 

Exercise 9.3.11 Show that 



u{z) > x; 

6<z 



1 

Wy 



□ 



where f{n) is the completely multiplicative function defined by f{p) = 

fip)- 



Exercise 9.3.12 Let'K 2 {x) denote the number of twin primes p < x. 
Using Selberg^s sieve, show that 



7T2{x) = O 




Exercise 9.3.13 (The Brun - Titchmarsh theorem) For {a,k) = 1, 
and k < X, show that 



7t(x, k, a) < 



(2 + e)x 
ip{k) \ogi2xjk) 



for X > xo{e), where 7r{x,k,a) denotes the number of primes less 
than X which are congruent to a (mod A:). 



Exercise 9.3.14 (Titchmarsh divisor problem) Show that 

'Y^d{p - 1) = 0{x), 

p<x 

where the sum is over primes and d{n) denotes the divisor function. 
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Exercise 9.4.1 Show that 



E 

p<x 

p=l (mod k) 



1 

- < 

p 



log log X + log k 
(f{k) 



where the implied constant is absolute. 
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Exercise 9.4.2 Suppose that P is a set of primes such that 

Vi = +oo. 

Z--/ qn 



peP 



p 



Show that the number of n < x not divisible by any prime p ^ P is 
o{x) as X oo. 

Exercise 9.4.3 Show that the number of solutions of [di,c? 2 ] < z is 
Oizilogzf). 



Exercise 9.4.4 Prove that 



E 

p<x/2 



= 0 



f log log X 



p\og{x/p) V 



where the summation is over prime numbers. 

Exercise 9.4.5 Let 7Tk{x) denote the number of n < x with k prime 
factors (not necessarily distinct). Using the sieve of Eratosthenes, 
show that 

, . ^ o:(Aloglogx 4- B)^ 

< - 



k\ logx 



for some constants A and B. 



Exercise 9.4.6 Let a be an even integer. Show that the number of 
primes p < x such that p + a is also prime is 



< 



X 



(logo:)' 



p\a 



where the implied constant is absolute. 

Exercise 9.4.7 Let k be an even integer greater than 1. Show that 
the number of primes p < x such that kp + 1 is also prime is 






X 



{logxf 



p\k 



Exercise 9.4.8 Let k be even and satisfy 2 < k < x. The number 
of primes p < x such that p — 1 = kq with q prime is 



<C 



X 



(p{k) \og^{x/k) 
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Exercise 9.4.9 Let n be a natural number. Show that the number 
of solutions of the equation [a, 6 ] == n is d[n^), where d{n) is the 
number of divisors of n. 

Exercise 9.4.10 Show that the error term in Theorem 9.S.10 can 
be replaced by 

o( 

a<z^ 

Exercise 9.4.11 Show that 

V =of— 'I 

(p{p - 1 ) Vloga;/ ’ 

where the summation is over prime numbers. 

Exercise 9.4.12 Prove that 

n ^ (logx)’’ 

r<p<x VO/ 

Exercise 9.4.13 Prove that for some constant c> 0, we have 

S ~ + 0(log^ i). 

Exercise 9.4.14 Let d{n) denote the number of divisors of n. Show 
that 

— 1) — O(rrlog^xloglogx), 

p<x 

where the summation is over prime numbers. 

Exercise 9.4.15 Show that the result in the previous exercise can be 
improved to 0{xlog^ x) by noting that d^{n) < d 4 ^{n), where 0 ^ 4 ( 72 ) is 
the number of ways of writing n as a product of four natural numbers. 
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p-adic Methods 



10.1 Ostrowski’s Theorem 

Recall that a metric on a set X is a map d : X x X -> such that 

1. d{x,y) x = y; 

2. d{x,y) = d(y,x); 

3. d{x, y) < d{x, z) + d{z, y) Vz € X. 

Property (3) is called the triangle inequality. The pair (X,d) is 
then called a metric space, with metric d. 

A norm on a field F is a map 1 1 • 1 1 : F — >■ IR_i_ such that 

(1) ||a:|| = 0 X = 0; 

(2) IN|| = |N|||y||; 

(3) ||x + y|| < ||a;|| + ||y|| (triangle inequality). 

Exercise 10.1.1 If F is a field with norm || • ||, show that d{x,y) = 
||a; — y|| defines a metric on F. 

The well-known norm on the field of rational numbers is, of course, 
the usual absolute value | ■ |. The induced metric \x — y\ is the usual 
distance function on the real line. But there are other norms that we 
can define on Q that give rise to other metrics and “new” notions of 
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distance. For each prime p and any rational number x 7 ^ 0, we can 
write X = where xi is a rational number coprime to p (that 

is, when xi is written in lowest terms, neither the numerator nor the 
denominator is divisible by p). Define a norm | * |p by 

for X / 0 and for x = 0, |0|p = 0. 

Exercise 10.1.2 Show that \ ■ |p is a norm on Q. 

A norm safisfying 



||x + y|| < max(||x||,||y||) 

is called a nonarchimedean norm (or a finite valuation). The solu- 
tion of Exercise 10.1.2 shows that the p-adic metric | • |p is nonar- 
chimedean. A metric that is not nonarchimedean is called 
Archimedean (or an infinite valuation) . 

Exercise 10.1.3 Show that the usual absolute value on Q is archi- 
medean. 



The celebrated theorem of Ostrowski states that essentially the 
only norms we can define on Q are the p-adic norms and the usual 
absolute value. To make this precise, we need the notion of equiva- 
lence of two norms. 

Given a metric space X, we can discuss the notion of a Cauchy 
sequence. This is any sequence of elements of X such that 

given any e > 0, there exists an N (depending only on e) such that 
d{am,o,n) < e for m,n > N. 

Two metrics di , ^2 on X are said to be equivalent if every se- 
quence that is Cauchy with respect to d\ is also Cauchy with respect 
to d 2 - Two norms on a field axe said to be equivalent if they induce 
equivalent metrics. 



Exercise 10.1.4 IfO<c<l and p is prime, define 



IN1 = { 



(fp{x) 



0 



*/ 

*/ 



X 0, 



X = 0 



for all rational numbers x. Show that 



1 1 is equivalent to | • |p on Q. 
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The usual absolute value on Q we will denote by | • |oo to distinguish 
it from the j9-adic metrics. Note that we can always define a “trivial” 
norm by setting ||0l| = 0, and \\x\\ = 1 ior x ^ 0. We also note that 
II — x\\ = ||x|| follows from the axioms. 

Theorem 10.1.5 (Ostrowski) Every nontrivial norm || • || on Q 
is equivalent to \'\p for some prime p or \'\^. 

Proof. Case (i): Suppose there is a natural number n such that 
||n|| > 1. Let no be the least such n. We know that no > 1, so we 
can write ||no|| = '^o some positive a. Write any natural number 
n in base no: 



n — oo + nino H h a5no, 0 < < no, 

and Os ^ 0. Then, by the triangle inequality, 

ll^ll ^ ll^oll + lluinoll + • • • + lla^noll 
< llaoll + l|ai||^o Iksll^o^- 

Since all the are less than no, we have ikii < 1. Hence, 

|ln|l < 1 + no + h no® 

Since n > ng, we deduce ||n|| < Cn^ for some constant C and for all 
natural numbers n. Thus, |ln^|| < so that ||n|| < 

Letting TV -> oo gives ||n|| < n^ for all natural numbers n. We can 
also get the reverse inequality as follows: since np'^ > n > ng, we 
have 

< ||n|| + ||no"''^ - n||, 

SO that 

IWI > IK+‘II-IK+‘~»1I 

> - nf. 



Thus, 
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since n > ng, so that 

IHI > 

> Cm^ 

for some constant Ci. Repeating the previous argument gives ||n|| > 
n" and therefore ||n|| = for all natural numbers n. Thus, || • 1| is 
equivalent to | • |oo- 

Case (ii): Suppose that ||n|| < 1 for all natural numbers. Since 
the norm is nontrivial, there is an n such that ||n|| < 1. Let no 
be the least such n. Then no must be prime, for if no = then 
IKII = IH1I16II <C 1 implies ||n|| <C 1 and ||6|| < 1, contrary to the 
choice of no- Say no = p. If g is a prime not equal to p, then we 
claim l|g|| == 1. Indeed, if not, then \ \q\\ < 1, and for sufficiently large 
Ik^ll ^ 1/2- Similarly, for sufficiently large M, ||p^|| < 1/2. 
Since are coprime, we can find integers a and b such that 

ap^ + bq^ = 1. Hence 

1 = l|ap"+(»,''||<|M|||p"|| + ||6||||9''|| 

< 1/2 + 1/2 = 1 , 

a contradiction. Therefore, \\q\\ = 1. Now write C = ||p||. Since 
any natural number can be written uniquely as a product of prime 
powers, we get 

||n|| 

By Exercise 10.1.4, this metric is equivalent to [ • jp, which com- 
pletes the proof. □ 

Exercise 10.1.6 Let F be a field with norm || • || satisfying 
\\x + y\\ < max(||x|l,l|t/l|). 

IfaeF, andr > 0, let B {a, r) be the open disk, {x e F : l|x-aH < 
r}. Show that B{a,r) = B{b,r) for any b G B{a,r). (This result says 
that every point of the disk is the “center” of the disc.) 

Exercise 10.1.7 Let F be a field with jj • ||. Let R be the set of 
all Cauchy sequences Define addition and multiplication of 
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sequences pointwise: that is, 

= {o^n + 

Show that (i?, +, x) is a commutative ring. Show further that the 
subset R consisting of null Cauchy sequences (namely those satisfying 
ll^nll “^0 as n oo) forms a maximal ideal m. 

We can embed our field F in i? by the map a (a, a, . . . ), which 
is clearly a Cauchy sequence. Since m is a maximal ideal, i?/m is a 
field. R/m is called the completion of F with respect to H • jj. In the 
case of F = Q with norm | ■ |p, the completion is called the field of 
p-adic numbers, and denoted by Qp. 

We can extend the concept of norm to Qp by setting 

\a\p — lim [unlp 

^ n-^oo ^ 

for any Cauchy sequence a = It is easily seen that this is 

well-defined. 



Theorem 10.1.8 Qp is complete with respect to | • |p. 

Proof. Let be a Cauchy sequence of equivalence classes 

in Qp. We must show that there is a Cauchy sequence to which it 

converges. We write and set s = the 

“diagonal” sequence. First, observe that 5 is a Cauchy sequence, 
since is Cauchy, so that given e > 0, there is an N{e) such 

that for j, k > N{e), we have - a^^^p < e. This means that for 
j,k,n > Ni{e) for some Ni{e), we have 

- «n ^ < e- 

P 

In particular, 





\p 



< max 




for j,k > Ni{e). Therefore, s is a Cauchy sequence. We now show 
that limj_>oo = s. That is, given e > 0, we must show that there 
is an iV 2 (e) such that for j > iV 2 (e), we have 

— s|p < e. 
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This means that we must show that for some iV 3 (e) and n > N^ie), 
we have \an^ — a^^\p < e. But this is clear from the above for iV 3 (e) = 
iVi(e). □ 

When we complete Q with respect to the usual absolute value 
I ■ |oo) we get the real number field M, which is complete. When we 
complete Q with respect to | • [p we get Qp, which we just proved to 
be complete. It is this point of view that motivates p-adic analysis. 
Real analysis is seen to be the special case of only one completion of 
Q. As we shall see, it is fruitful to develop p-adic analysis on an equal 
footing. When applied to the context of number theory, we get an 
important theme of p-adic analytic number theory, which is playing 
a central role in the modern perspective. 

Exercise 10.1.9 Show that 

Zp = {x eQp : \x\p < 1} 

is a ring. (This ring is called the ring of p-adic integers.) 

Exercise 10.1.10 Given x & Q satisfying \x\p < 1, and any natural 
number i, show that \x — a^jp < p~*. Moreover, we can choose a{ 
satisfying 0 < < p®. 

Just as it is impractical to think of real numbers as Cauchy se- 
quences, it is impractical to think of elements of Qp as Cauchy se- 
quences. It is better to think of them as formal series 

OO 

XI 0 < < p - 1, 

n=-N 

as the following theorem shows. 

Theorem 10, 1.11 Every equivalence class s in Qp for which 
1 5 Ip < 1 has exactly one representative Cauchy sequence sat- 
isfying 0 < and ai = ai^i{modp'^) for i = 1 , 2, 3, . . . . 

Proof. The uniqueness is clear, for if is another such se- 

quence, we have = a^(modp^), which forces ai — a[. Now let 
be a Cauchy sequence of Qp in 5. Then for each j, there is 
an N{j) such that 

h - Chip <p~^ 
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for i^k > N{j). Without loss of generality, we may take N{j) > j. 
Since \s\p < 1, we have \ci\p < 1 for i > N{1) because 

^ \c{ 

< max(|cA;|p,l/p), 

SO that by choosing a sufficiently large k we are ensured that 
\ck\p < I 7 since \s\p = limj^^oo |cA:|p < 1. By Exercise 10.1.10, we 
can find a sequence of integers aj such that 

\aj — Cjv(j)|p P ^ 

with 0 < aj < . The claim is that is the required sequence. 

First observe that by the triangle inequality, 

\cLjj^i — aj\p < max(|aj-|_i — c^vy+i)!^ ’ ~ ^^{j)\p ’ 

kiVO) - aj\p) 

< max ^p~^) = p~^ ^ 



so that 
for i = 1 , 2 , 



aj = aj+i(modp^). 

Second, for any j, and i > iV(j), we have 



^i\p — max(|u^ ^N{j)\p'^\^N(j) 

< max(p~-^ , p~^ , p ~^ ) = p~^ 



so that lim ^-^00 \^i ~ Ci\ = 0 . 



□ 



The above theorem says that Z is dense in Zp, the ring of p-adic 
integers. Now writing each ai of Theorem 10.1.11 in base p, we see 
that 

di — hQ + h\p + • • • + bi-ip^ 

where 0 < 6 ^ < p. The condition ai = a^+i (mod p*) means that 

<^z+i = ^0 + bip + * • * + bi-ip^ ^ + bip^ 

in base p. Therefore, every element of Zp can be written as Yl^=o ^nP^i 
0 < &n < P- If ^ ^ Qp 7 we can always multiply x by an appropriate 
power of p (say p^) so that |p^:r|p < 1. Then, we can expand p^x 
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as above to deduce that every p-adic number has a unique expansion 

as 0<bn<p-l. 

It is useful to observe the analogy with Laurent series and the 
field of meromorphic functions of a complex variable. At each point 
z e C, the meromorphic function has a Laurent expansion, which is 
unique. Thus, if a rational number has denominator divisible by p, 
we can think of it as having a “pole” at p. This analogy has been a 
guiding force for much of the development in p-adic theory. 

Exercise 10.1.12 Show that the p-adic series 

oo 

^ ^ 7 ^ Qp 7 

n=l 

converges if and only if \cn\p -> 0. 

Thus convergence of infinite series is easily verified. Note, however, 
that the analogue of Exercise 10.1.12 is not true for the real numbers, 
as the example of the harmonic series shows. 

Exercise 10.1.13 Show that 

oo 

n=l 



converges in (Q,. 

Exercise 10.1.14 Show that 

OO 

n • n! = — 1 

n=l 



in Qp. 

Exercise 10.1.15 Show that the power series 



E X 

n\ 



converges in the disk \x\p <p . 
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Exercise 10.1.16 (Product formula) Prove that for x G Q; 

p 

where the product is taken over all primes p including oc. 

Exercise 10.1.17 Prove that for any natural number n and a finite 
prime p, 



10.2 Hensers Lemma 

In many ways Qp is analogous to R For example, R is not al- 
gebraically closed. The exercises below show that Qp is not alge- 
braically closed. However, by adjoining i = ^/^ to R, we get the 
field of complex numbers, which is algebraically closed. In contrast, 
the algebraic closure of Qp is not of finite degree over Q. More- 
over, C is complete with respect to the extension of the usual norm 
of R. Unfortunately, Qp is not complete with respect to the exten- 
sion of the p-adic norm. So after completing it (via the usual method 
of Cauchy sequences) we get a still larger field, usually denoted by 
Cp, and it turns out to be both algebraically closed and complete. 
It is this field Cp that is the p-adic analogue of the field of complex 
numbers. Very little is known about it. The topic of rigid analytic 
spaces in the literature refers to its study, which we will not cover 
in this chapter. We confine much of our study to Qp. 

Exercise 10.2.1 Show that — 7 has no solution in Q 5 . 

Example 10.2.2 Show that = 6 has a solution in Q 5 . 

Solution. The equation x^ = 6 (mod 5) has a solution (namely x = 
1 (mod 5)). We will show inductively that x‘^ = 6(mod5’^) has a 
solution for every n > 1. Suppose 

= 6 (mod5’^). 

We want to find = 6 (mod 5^+^). Write = S^t + Xn- So we 
must have 



(5^t + x^)2 = 6(mod5^+^), 
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which means that 2 • b'^txn x^ = 6(mod5^“^^). This reduces to 
2ia:n + ^ = 0(mod5), 

SO that we can clearly solve for t. The method produces a sequence of 
integers such that x‘^ = 6 (mod5’^) and Xn+i = ^^^(modS’^). 

The sequence is therefore Cauchy and its limit x (which exists in Qp 
by completeness) satisfies x^ = 6. □ 

The method suggested by the previous example is quite general. 
It is the main idea behind Hensel’s lemma which is the following 
theorem. 

Theorem 10.2.3 Let f[x) G Zp[x] be a polynomial with coefficients 
in 7jp. Write f'{x) for its formal derivative. If f(x) = O(modp) has 
a solution oq satisfying f'{ao) ^ O(modp), then there is a unique 
p-adic integer a such that f[a) = 0 and a = oq (modp). 

Proof. We imitate the construction suggested by the example. Sup- 
pose 

f{x) = 0 (modp^) 

has a solution a^. We claim that there is a unique solution 

a„+i (modp"'''^) 



such that 

/(on+i) = 0 (modp"+^) 

and a„+i = a„(modp”). Indeed, writing a^+i = p"t + a„, we require 
fip^t + On) = 0 (modp”'*'^). We write f{x) = Cjo:*, so that 

fip'^t + an) = ^Ci(a„+p"t)* 

i 

= ^ Cj(a^ + iaJi" V*) (modp”+^) 

i 

= f{an) +P^tf{an) (modp”+^). 

We need to solve for t in the congruence 



P^'tf'ian) + /(a„) = 0 (modp"+^). 
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Since /(a^) = 0 (modp^), this reduces to 

tf'{an) = -{f{an)/p’^) (modp), 

which has a unique solution (modp), since f'{an) ^ O(modp), be- 
cause an = ao(modp). This proves the claim. As before, {an}^^i is 
a Cauchy sequence, whose limit is the required solution. Since an-^-i 
is a unique lifting (modp^"^^) of (modp^), the uniqueness of the 
solution is now clear. □ 

Exercise 10.2.4 Let f{x) G Zp[x]. Suppose for some N andao G Zp 
we have f{ao) = 0 (modp^^”^^), f'{ao) = O(modp^) but /'(^o) ^ 
0 (modp^”^^). Show that there is a unique a G such that f{a) = 0 
and a = ao (modp^“^^). 

Exercise 10.2.5 For any prime p, and any positive integer m co- 
prime to Pj show that there exists a primitive mth root of unity in 
Qp if and only if m\{p — 1). 

Exercise 10.2.6 Show that the set of {p — l)st roots of unity in Qp 
is a cyclic group of order {p — 1). 

Remark. The previous exercise shows the existence of p-adic num- 
bers ao,ai, . . . ,ap_i that are roots of the polynomial rr^ — rr = 0 
such that Oi = i(modp). These roots are called the “Teichmiiller 
representatives.” 

Exercise 10.2.7 (Polynomial form of Hensel’s Lemma) Suppose 
f{x) G Zp[x] and that there exist gi^hi G {Z/pZ)[x] such that 

f{x) = gi{x)hi{x) (modp), 

with = 1, gi{x) monic. Then there exist polynomials g{x), 

h{x) e Zp[x] such that g{x) is monic, f{x) — g{x)h{x), and g{x) = 
gi{x) (modp), h{x) = hi{x) (modp). 

We now consider Qp, the algebraic closure of Qp. The p-adic norm 
extends uniquely to Qp in the obvious way, which we will also denote 
by I • Ip. Indeed, if K/Qp is a finite extension of degree n, we have 
for X E K, 

Theorem 10.2.8 | • |p is a nonarchimedean norm on K. 
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Proof. It is clear that |a:|p = 0 if and only if a; = 0. It is also clear 
that \xy\p — |a;|p|y|p, since the norm is multiplicative. To prove that 

\x + y\p < max(|a;|p, |y|p) 

we see (upon dividing by y) that it suffices to prove for a E K, 

|q! + l|p < max(|a;|p, 1). 

It is easily seen that this follows if we can show 

|q;|p < 1 => |q; — l|p < 1. 

That is, we must show 



l-^/£'/Op(“)lp < 1 l■^A^/Qp(« - l)|p < 1- 

This reduces to showing 

^K/Qp («) e Zip => ^K/Qp (o - 1) e Zp. 

It is now necessary to use a little bit of algebraic number theory. 
Clearly, Qp{a) = Q,(o; — 1). Now let 

/ (a;) = x’^ + djj—xa;” ^ + • • • + aix + oq 

be the minimal polynomial for a. The minimal polynomial for o; — 1 
is clearly 

/(a; + 1) = a;” + (on— i + n)x^ ^ + • • • + (1 + On— i + • ■ • + + ao). 

Now Nk/q^{o) = (-l)”ao and 

^K/Qp{<^ “ 1) = + 0-n-l H + Ol + Oo)- 

We now use the polynomial form of Hensel’s lemma. If all the coef- 
ficients of f{x) are in Zp, we are done. So, assume that 

f{x) = a:"' + o„_ia:"“^ -| h uia; -|- uq 

is such that oq 6 Zp but some ai ^ Zp. Choose m to be the smallest 
exponent such that p^ai G Zp for all i and now “clear denominators” : 

g{x) - p^f(x) = bnX^ + bn-\x^~^ H h 6ix -1- 6o 
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with bi = p'^ai- Since f{x) is monic, = p”*, and bo = p”*oo- By 
assumption, at least one bi is not divisible by p. Thus 

g{x) = {bnX^~’" + • • • + bk)x’" (modp), 

where k is the smallest index such that bk is not divisible by p. 
By Exercise 10.2.7 (the polynomial form of Hensel’s lemma) this 
lifts to a factorization in Zp[a;], which means that g{x) = p^f{x) is 
reducible, a contradiction, since f{x) is the minimal polynomial of 
a. This completes the proof. □ 

Exercise 10.2.9 Show that for p ^ 2, the only solution to x^ = 
1 (modp”) is X — ±1, for every n > 1. 



10.3 p-adic Interpolation 

The notion of p-adic continuity is evident. We say that a function 
f • Qp Qp continuous if f{xn) — > f{x) whenever Xn x. 

The problem of interpolation is this: Given a sequence oi, 02 , as, . . . 
of elements in Qp , does there exist a continuous function / : Zp Qp 
such that /(n) = a„? Since the set of natural numbers is dense in 
Zp, there can exist at most one such function. 

The classic example of interpolation is given by the F-function: 

noo 

r(n + 1) = / e~^x'^dx = n\. 

Jo 

Hence 

roo 

r(5 + 1 ) == / e~^x^dx 

Jo 

interpolates the sequence of factorials. 

Exercise 10.3.1 Show that there is no continuous function f : Zp ^ 
such that f{n) = n\ 

The difficulty in interpolation stems from n! being highly divisible 
by p. Thus, a natural idea is to consider the sequence 

n ^ 

l<j<n 

0'.p)=i 
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instead of the factorials and hope that this works. 

A celebrated theorem of Mahler states that a continuous function 
/ : Zp ^ Qp is in fact determined by its restriction to natural 
numbers. Thus given a sequence of integers 

verify that for any natural number m, there is an integer N = N{m) 
such that 

k = k' (modp^) ^ Ufc = ak> (modp”®). (10.1) 

That is, whenever k and k' are close p-adically, then Cfc and 
are close p-adically. 

We first begin by showing that the sequence defined by 

ak= ]][ ^ 
j<k 
0',p)=i 

has almost the property (10.1). As we shall see, this is essentially 
Wilson’s theorem of elementary number theory. 

Exercise 10.3.2 Let p ^ 2, be prime. Prove that for any natural 
numbers n, s we have 



JJ (»^ + j) - -1 (modp^). 

j=i 

(n+i,p)=l 

Exercise 10.3.3 Show that if p ^ 2, 

ofc = n 1'’ 

j<k 

0’,p)=i 



then Ufe^-pi = —Ok (modp^). 

The previous exercise almost satisfies (10.1) apart from the sign. 
This motivates the definition of the p-adic gamma function: 

rp(n)~(-l)» JJ j. 



j<n 



Exercise 10.3.4 Prove that for p ^2, 



rp{k+p^) = Tp{k) (modp^). 
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We now prove Mahler’s interpolation theorem. As will be seen, the 
essential idea is combinatorial analysis based on a simplification due 
to Bojanic. 

Exercise 10.3.5 Let 



n = ao + aip + a 2 P H , 

k = bo + bip + b2P^ H , 

be the p-adic expansions of n and k, respectively. Show that 
Exercise 10.3.6 If p is prime, show that 



^ ^ = O(modp) 



for 1 < k < p‘^ — 1. 

Exercise 10.3.7 (Binomial inversion formula) Suppose 



Show that 



k=o ^ ^ 



and conversely. 

Exercise 10.3.8 Prove that 



S (:)-■>' 



k 



m 



= < 



{ (-ir if n = m, 
0 otherwise. 



Exercise 10.3.7 suggests the following. If / : Zp — >■ Qp 
ous, then let 



is continu- 



«»(/) = 
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so that 

«") = E (!)“*(/)• 

If we can show that the function 

OO / \ 

so-'" 

is p-adically continuous, then this solves the interpolation problem. 
That is, if we can show that the series converges, we are done. This is 
the key idea of Mahler’s theorem, namely, to show that \ak{f)\p 0 
if the sequence {/(fc)}^i satisfies condition (10.1). 

Exercise 10.3.9 Define 
Show that 

A"/(a:) = 5 ]r' A-+V(a;-m). 

j=o ^ 

Exercise 10.3.10 Prove that 

E + ”•> 

with Onif) defined by 

an(/)=p-ir‘(”)/(fc). 



Exercise 10.3.11 Show that the polynomial 




x{x-l)--(x-n+l) . 

^ if n > 1 , 
,1 n = 0, 



takes integer values for x £ Z. Deduce that 




for all X £ Zp. 
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Theorem 10.3.12 (Mahler, 1961) Suppose / : Zp Qp 
tinuous. Let 



««(/) = 

A:=0 



/w. 



is con- 



Then the series 




converges uniformly in Zp and 



OO / \ 

Proof. We know that given any positive integer s, there exists a 
positive integer t such that for x,y £ Zp, 

\x - y\p < => \ f{x) - f{y)\p < p-\ 




In particular, 

\f{k+p^) - f{k)\p <p-^ 

for A: = 0, 1, 2, . . . . 

Since / is continuous on Zp, it is bounded there (recall that Zp 
is compact), and so we may suppose without loss of generality that 
\f(x)\p < 1 for all X G Zp. Hence, 

|an(/)|p < 1 for n = 0,l,2,.... 

Now by Exercise 10.3.10, 

w(/) = - E {/(i+p*)-/®}- 

j=l k=0 ^ 

By Exercise 10.3.6, p\{^j) for 1 < i < P* - 1, so that 

|o„+pt(/)|p < max {p"Vn+j(/)|p,P""}- 

1<J<P^ 

Since |an(/)lp < 1, we obtain 

\an{f)\p<P~^ for n>p*. 
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Replacing n by n + pMn the penultimate inequality and using the 
above inequality, we obtain 

\an{f)\p < P~^ for n > 2pK 

Repeating the argument (^ — 1) times gives 

\an{f)\p < for n > sp\ 

This proves a„(/) — >■ 0 as n -4 oo. By Exercise 10.3.11, we have 




for X G Zp. Therefore, the series 

°° / \ 

E : -(/) 

A :=0 ^ ^ 

converges uniformly on Zp and thus defines a continuous function. 
Since this function agrees with /(n) on the natural numbers and N 
is dense in Zp, we deduce the result. □ 

Exercise 10.3.13 If f{x) E C[x] is a polynomial taking integral 
values at integral arguments, show that 

/(x) = E<=‘(fc) 

for certain integers c^. 

Exercise 10.3.14 Ifn = 1 (modp), prove thatn^"^ = 1 (modp"^+^). 
Deduce that the sequence can be p-adically interpolated. 

The previous exercise shows that if n = 1 (modp), then f{s) = n^ 
is a continuous function of a p-adic variables s. The next exercises 
show how this can be extended for other values of n. 

Exercise 10.3.15 Let (n,p) = 1. If k = A:' (mod (p — l)p^), then 
show that 

n* = n^' (modp^+^). 

Exercise 10.3.16 Fix sq E {0,1,2,... ,p — 2} and let Asq be the 
set of integers congruent to sq (modp — 1). Show that is a dense 
subset of Zp. 
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Exercise 10.3.17 If {n,p) = 1, show that f{k) = vf can be ex- 
tended to a continuous function on . 

Remark. By Exercise 10.3.16, we see that f{s) = n® is a continuous 
function fg^ : Zp — >• Zp that interpolates n®, for s = so(modp — 1). 



10.4 The p-adic Zeta-Function 

We begin with a brief description of p-adic integration theory. For 
further details we refer the reader to Koblitz [K] . A p-adic distribu- 
tion p on Zp is a Qp -valued additive map from the set of compact 
open subsets in Zp. It is called a measure if there is a constant 
B eR such that 

HU)\p<B 

for all compact open U C Zp. 

To define a distribution or measure on Z^, it suffices to define it 
on subsets of the form 

/={a + p^Zp, 0<a<p^-l, 1V = 1,2,...}, 

since any open subset of Qp is a union of subsets of this type. 

It is not difficult to verify that a map p : / — )■ Qp satisfying 

p-i 

p(a + p"Zp) = p(o + 6p" + p”+^Zp) 

extends uniquely to a p-adic distribution on Zp. 

We define the Bernoulli distributions. Let 

1 1 
6o(a:) = 1, bi{x)=x-~, b 2 {x) = x'^ - x + -, 

be the sequence of Bernoulli polynomials. Define 

Exercise 10.4.1 Verify that p^ extends to a distribution on Zp. 

If p is a p-adic measure, one can define a good theory of integra- 
tion: 




166 



10. p-adic Methods 



Theorem 10.4.2 Let /i be ap-adic measure on Ijp, and let f : 

Qp be a continuous function. Then the ^^Riemann sums’’ 

Sn ■= f{^a,N)fJ’{a+p^1p), 

a<a<p^ —1 

where Xa,N 'Is any element in the interval” a +p^Z, converge to a 
limit in Qp as N oOj and this limit is independent of the choices 

Proof. We first show that the sequence of Sn is Cauchy. By the con- 
tinuity of /, we assume that N is large enough so that 
1 /( 2 :) - /(y)| < e whenever x = y{modp^). Now let M > N. By 
the additivity of p, we can rewrite 

Sn ^ f{xa,N)p {a+p^Zp ) , 

0<a<p^-l 

where a denotes the least nonnegative residue of a (modp^) . Since 
Xa,N = Xa,M (modp^) , 

== XI if{Xa,N) - f{Xa,M))t^{(^+P^'^p) 

0<a<p^-l p 

< Be, 

where \p{U)\p < B for all compact open U. Since Qp is complete, 
the sequence of 5jv’s converges to a limit. This limit is easily seen to 
be independent of the choice of the Xa^^^s. □ 

If p is a measure on Zp and / ; Zp Qp is a continuous function, 
we denote by f{x)dp{x) the limit of the “Riemann sums” of 
Theorem 10.4.2. 

We now introduce the Mazur measure. Let a 6 Zp. We let (a) at 
be the rational integer between 0 and p^ — 1 that is congruent to 
a (modp^). If p is a distribution and a G Q,, it is clear that ap is 
again a distribution. If a G Z*, then p' defined by p'{U) = p{aU) is 
again a distribution. Now let a be any rational integer coprime to p 
and unequal to 1. We define the “regularized” Bernoulli distribution 
by setting 

PkAU)=Pk{U)-a-^Pk{aU) 

for any compact open set U. It can be shown that is a measure. 
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Exercise 10.4.3 Show that /ii^^ is a measure. 

The measure is called the Mazur measure. Its significance is 
disclosed by Theorem 10.4.7. 



Exercise 10.4.4 Let dk be the least common multiple of the denom- 
inators of coefficients of bk (x ) . Show that 

dklJ’k,a{0'+p^'^p) = dfcA:a^“Vi,Q(« + P^^p) (modp^). 



Exercise 10.4.5 Show that 



I dfJtkya — hi X 

JZr, Jl„ 



For any /x-measurable set U and a continuous function / : X — > 
<Qp, we define 

[ fdp= [ f{x)xu{x)dii. 

Ju JZp 

Exercise 10.4.6 If Z* is the group of units of Zp, show that 
where Bk is the kth Bernoulli number. 



Putting these two exercises together gives the following important 
theorem: 



Theorem 10.4.7 (Mazur, 1972) 

-(1 - p’^-^)Bk/k = -f — [ 

O! - r Jz; 

By Exercise 8.2.12, we can interpret the left hand side of the equa- 
tion in Theorem 10.4.7 as 

(i-p^-i) c{i-k). 

The theorem allows us to show that these vdlues can be p-adically 
interpolated, provided that k lies in a fixed residue class (modp - 1). 

Exercise 10.4.8 (Kummer congruences) // (p — 1) j i and i = 
j (modp”), show that 

(1 -p^-^)Bili = (1 (modp”+^). 




168 



10. p-adic Methods 



Exercise 10.4.9 (Kummer) If {p — 1) show that \Bi/i\p < 1. 

Exercise 10.4.10 (Clausen and von Staudt) If (p — l)|z and i is 
even, then 

pBi = —I (modp). 

Theorem 10.4.7 and the Kummer congruences motivate the def- 
inition of the p-adic (-function. If A; is in a fixed residue class sq 
(modp — 1), then the Kummer congruences imply that the numbers 

can be p-adically interpolated. By Theorem 10.4.7 we see that this 
function must be 



1 

q;-(so+(p-1)s) _ 1 




^so+(p-l)s-l 






and we designate it as Cp,soi^)-i call it the p-adic zeta function. 
One can show that (^p^so (^) does not depend on the choice of a. 

This observation of Kubota and Leopoldt in 1964 initiated a rich 
theory of p-adic zeta and L-functions. We refer the reader to Koblitz 
[K] and Washington [W] for further details. 
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Exercise 10.5.1 Let 1 < a < p — 1, and set 0(a) = (a^ ^ — l)/p. 
Prove that 0(a6) = 0(a) + 0(6) (modp). 

Exercise 10.5.2 With 0 as in the previous exercise, show that 



0(a + pt) = 0(a) — at (modp), 



where aa= I (modp). 

Exercise 10.5.3 Let [x] denote the greatest integer less than or 
equal to x. For 1 < a < p — 1, show that 



oP — a 
P 



p-i 










10.5 Supplementary Problems 169 



Exercise 10.5.4 Prove the following generalization of Wilson^s the- 
orem: 



{p ~ k)l{k — 1)! = (—1)^ {modp) 



for 1 < k < p — 1. 

Exercise 10.5.5 Prove that for an odd prime p, 
2P-1-1 

= 2^ — — (modp). 



P 



j-l 



2i 



Deduce that 2^ ^ 



= 1 (modp^) if and only if the numerator of 



1 - 



1 1 1 
2^3 p-1 



is divisible by p. 



Exercise 10.5.6 Let p be an odd prime. Show that for all x E 
rp(x + 1) = hp{x)Vp{x), where 



hp{x) 



^ ^f \^\p ^5 

^ -1 if \x\p < 1. 



Exercise 10.5.7 For s > 2, show that the only solutions of x‘^ = 
1 (mod 2^) are x = I, —1, 2^“^ — 1, and 2^“^ + 1. 

Exercise 10.5.8 (The 2-adic P-function) Show that the sequence 
defined by 

r2(n) = (-!)" n ^ 

l<j<n 
(j, 2 ) = l 

can be extended to a continuous function on Z 2 . 



Exercise 10.5.9 Prove that for all natural numbers n, 
rp(-n)rp(n + l) = (-l)f"/^]+”+i. 

Exercise 10.5.10 If p is an odd prime, prove that for x € Zp, 

rj,{x)rp{i-x) = {-iY^^\ 

where £(x) is defined as the element of {1, 2, . . . ,p} satisfying i{x) = 
X (modp). (This is the p-adic analogue of Exercise 6.3.4.) 
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Exercise 10.5.11 Show that 






1 if p = 3(mod4), 
^ -1 if p=l(mod4). 




Part II 



Solutions 




1 

Arithmetic Functions 



1.1 The Mobius Inversion Formula and 
Applications 

1.1.1 Prove that 






' 1 if n = 1, 

< 

0 otherwise. 



Let n = be the unique factorization of n as a product 

of powers of primes. Let N = pi- • Then 

d\n d\N 

since the Mobius function vanishes on numbers that are not square- 
free. Any divisor of N corresponds to a subset of {pi, ... ,Pk}- Thus, 
for n > 1, 

E''» = EC)(-V = (i-i)‘ = o. 

d\n r=0 ^ ^ 



The result is clear if n = 1. 



□ 
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1.1.2 (The Mobius inversion forumla) Show that 

/w ^ Y^oid) 

d\n 

if and only if 

9{n) = Y9'{d)f{nld). 

d\n 

We have 

d\n d\n e\j 

= Y 9'(d)g{e) 

des=n 

= 

e\n d\j 

= g{n), 

since the inner sum in the penultimate step is zero unless n/e = 1. 
The converse is also easily established as follows. Suppose 

d\n 

Then 

Y^id) = 

d\n d\n e\d 

= Y 9{e)f{s) 

est=n 

s\n e|f 

= f{n), 

since the inner sum is again by (1.1.1) equal to zero unless 
n/s = 1. □ 

1.1.3 Show that 

Y 

d\n 
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We shall count the residue classes (mod n) in two different ways. 
On the one hand, there are n residue classes. Each residue class 
representative u can be written as dno, where d = (u,n). Thus 
{noTu/d) = 1. Thus, we can partition the residue classes n(modn) 
according to the value of gcd(u,n). The number of classes corre- 
sponding to a given d\n is precisely (p{n/d). Thus 

n = '^(p{n/d) = Y^ip{d), 

d\n d\n 

as desired. □ 

1 . 1.4 Show that 

f-jd) 

n ^ d 

d\n 

This is immediate from the Mobius inversion formula and Exercise 
1.1.3. 

1 . 1.5 Let f be multiplicative. Suppose that 

p^\\n 

is the unique factorization of n into powers of distinct primes. Show 
that 

XI = n + • • • + /(p“))- 

d\n p^\\n 

Deduce that the function g{n) = Y!,d\nfid) is also multiplicative. The 
notation p“||n means that is the exact power dividing n. 

A typical divisor d of n is of the form d = Y[p\nP^^^\ where /3(p) < 
a and p“||n. Thus /(d) = U.p\n f ^ which is a typical term 

appearing in the expansion of the product on the right-hand side. 
Clearly, if ni and ri 2 are coprime, then 

g{nin2) = P (l + /(p)H + /(p“)) 

p°^\\nin2 

= g{ni)g{n2), 

since we can decompose the product into two parts, namely those 
primes dividing ni and those dividing ri 2 . (This result can be used 
to give an alternative solution of Exercise 1.1.4.) □ 
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1 . 1.6 Show that 

5^A(d) = logn. 

d\n 

Deduce that 



d\n 



This is immediate from the unique factorization theorem: 






where the pi are distinct primes. Then 

k 

logn = logpi = ^ A(d). 

^=1 d\n 



The equality 

d\n 

follows from Mobius inversion. Therefore, 

A(ra) = -Y^p{d)\ogd, 

d\n 

since ~ ^ unless n = 1 (by Exercise 1.1.1). 

1 . 1.7 Show that 



d^\n 



1 ifn is square- free 
0 otherwise. 



Clearly, the sum on the left-hand side is a multiplicative function. 
It therefore suffices to evaluate it when n is a prime power. If n = 
we see that 






'1 if a < 1, 

< 

^ 0 otherwise. 
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The result is now clear from this fact. 
1.1.8 Show that for any natural number k, 



d^\n 



1 ifniskth power- free, 
0 otherwise. 



□ 



Since the left-hand side is a multiplicative function of n, it sufiices 
to evaluate it when n is a prime power. Thus 



\p^ 



'I if a < A: — 1, 

< 

^ 0 otherwise, 



from which the result follows. 



1.1.9 If for all positive x, 



n<x 



□ 



show that 

n<x 

and conversely. 

We have 



EMn)G0 

n<x 



E'-w E 



n<x 



m<^ 

— n 



mn<x 



= E^OEMn) 

r<x n\r 



= T’(rr) 
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by an application of Exercise 1.1.1. For the converse, 

= E E 

n<x n<xm<x/n 

r<x m\r 

= G{x), 

as required. □ 

1.1.10 Suppose that 

OO 

Y^d.3{k)\f{kx)\ < OO, 

A;=l 

where ds{k) denotes the number of factorizations of k as a product 
of three numbers. Show that if 

OO 

9{x) = Yh 

m=l 

then 

OO 

/(^) = 

n=l 

and conversely. We have, by absolute convergence of the series in- 
volved, 

OO OO OO 

f{mnx) 

n=l n=l m=l 

OO 

= X^/M5^/i(n) 

T=1 n\r 

= fix) 
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by Exercise 1.1.1. For the converse, 



oo 

X! f{mx) 

m=l 



oo oo 

EE fi{n)g{mnx) 

771=1 n=l 



oo 

r=l n\r 

= g{x), 

as required. In the first case, the rearrangement of the series is jus- 
tified by the absolute convergence of 

OO 

'^f{mnx) = '^d{k)f{kx), 

m,n k=l 

where d{k) is the number of divisors of k. In the second case, the 
absolute convergence of 

Y^g{mnx) 

m,n 

follows from the convergence of 

J2dz{k)\f{kx)\. 

k 

□ 

1.1.11 Let A(n) denote Liouville^s function given by A(n) = (— 
where ft{n) is the total number (counting multiplicity) of prime fac- 
tors of n. Show that 



E-'W 



1 if n is a square^ 
0 otherwise. 



The left-hand side is multiplicative and therefore it suffices to com- 
pute it for prime powers. We have 



E = 



1 if a is even. 



0 if a is odd, 
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= E E 

d\n l<^l<ni ^ 

(/il,ni) = l 

where we have written h — dhi, n = dni with {hi,ni) — 1 in the 
last sum. Thus, 

9{n) - '^Cn/d{m), 
d\n 

which by Mobius inversion (Exercise 1.1.2) gives 
CnM = Yl9'{d)9{nld). 

d\n 
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But g{d) = d if d\m and vanishes otherwise. Therefore, 

CnM = ^ dn{n/d) 
d\{n,m) 

as required. 

1.1.13 Show that 

'‘W= E 

l<h<n 

(h,n)=l 

Set m = 1 in the previous exercise. 

1.1.14 Suppose {n^m) = 6. Show that 

Cn{m) = g{nl5)(p{n)lip{nl5). 

We have (by Exercise 1.1.12) 

d\s 

= dn{nel5) 

de=d 

= Y dninie), 

de—6 

where n — dni. Now, iJ.{n\e) = ^(ni)/r(e) if (ni,e) = 1 
wise. Thus, 



Cn("i) = Y dti{ni)iJ.{e) 

de=5 

(ni,e)=l 



e\6 

(ni,e)=l 



- n - ^) • 



□ 



□ 



and 0 other- 
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By Exercise 1.1.4, 

^ n -rj / 1\ 

(f{n/5) n/5 ^ pj 

from which the result follows. 




p|ni 



□ 



1.2 Formal Dirichlet Series 



1 . 2.1 Let f be a multiplicative function. Show that 



D(f,s) 



n 




This is more or less an extension of Exercise 1.1.5 and is immediate 
upon expansion of the infinite product on the right-hand side and 
the unique factorization theorem. □ 

1 . 2.2 If 



show that 
By Exercise 1.2.1, 



oo 

C(5) = r»(i,s) = 

n=l 

D{n,s) = 1/C(s). 



cw-n(n-^+^+ ■)=n(i“) ■ 



Again by Exercise 1.2.1, 



71 ^ 



The result is now immediate. 
1 . 2.3 Show that 



D{A,s) 



E 

n=l 



A(n) 
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where -C{^) = Since 



oo 

-C'(s) = J^(logn)n~® 

n=l 

and 

^ OO 

^ = E.w»- 

by the previous exercise, we obtain upon multiplying the two series, 

(-log),s). 



which by Exercise 1.1.6 is the formal series attached to A. □ 

1.2.4 Suppose that 

/(”) = '^9{d)- 

d\n 

Show that D{f,s) = D(g,s)((s). 

This is immediate from the formula for the multiplication of formal 
series. □ 

1.2.5 Let X(n) be the Liouville function defined by A(n) = 
where 0(n) is the total number of prime factors of n. Show that 



D{\s) 



C(2^) 
C(«) ’ 



Since A is multiplicative, by Exercise 1.2.1 we have 



1 _1 l_ 

pS p^^ 



pt 



D{\s) = 

P ^ 

OM 

C(s) 



p 



1 - 



pS 



by an application of Exercise 1.2.2. 




184 



1. Arithmetic Functions 



1.2.6 Prove that 



E 



2^(”) 

ri® 



C(2s)- 



Since is multiplicative, 




The latter product is ((s)/((2s) by Exercise 1.2.5, so that the result 
is now immediate. □ 



1.2.7 Show that 



ImNI C(^) 

n® C(2s)‘ 

Since \n\ is a multiplicative function, we obtain 

^ n® p®y C(2s)' 

by Exercise 1.2.5. □ 

1.2.8 Let d{n) denote the number of divisors of n. Prove that 

^ d?{n) ^ C^(a) 

(This example is due to Ramanujan.) 
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We observe the following identity due to Ramanujan: 



^ ryn+l _ /Qn+l n+1 _ xn+1 

E( i 



n=0 



a — P j — 6 

1 — a/3^5T‘^ 



(1 - ajT){l - a6T){l - - I36T) ’ 

which is proved easily using the formula for the sum of a geometric 
series. This identity is useful in other contexts, and so we record it 
here for future use. 

If we write 






= a”+a”-‘/?+'" + o/3”-*+|3”, 



a — (5 



we see that the special case a = f5 — ^ = 5 = \ gives the identity 

1 - T2 



g(n + lfr” = ^^. 



Thus, 



g (f{n) 



n—1 






= HE 



(a + 1)2 



p \q;=0 



pO 



n(i-^ 

p ^ ^ 

cHs) 



1 - — 
pS 



C(2s)’ 

as desired. 

1.2.9 For any complex numbers a^b, show that 



E 

n=l 



Ta{n)ab{n) C{sK{s - a)C{s - b)({s -a-h) 






C(2s-a-6) 



□ 



^ aa(n)ab(n) = JJ j ^ 0'a(p“)o-6(p“) 






p VarrO 



pu 



We have 
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Now, 



<Ta(p“) = 1 +p“ +P^°‘ H 



pa{a+l) _ 
po. — I 



We apply Ramanujan’s identity (see Exercise 1.2.8) to deduce 

^pO(a+l) _ ,p6(a+l) _ 



-j x - j x 

' V p® — 1 /V p^ — 1 / 



a=0 



1 - p“+*>t2 

“ (1 -p“+'>T)(l -p®T)(l -p«'T)(l -T)’ 

Putting T = in this identity, we deduce the stated result. □ 

1.2.10 Let qkin) be 1 if n is kth power-free and 0 otherwise. Show 
that 

^ gfc(^) _ C(-s) 

^ n* Ciks) 

n=l ^ ' 

If we multiply out the series on the right-hand side, we obtain 

E^ = E;^(Emw). 

d^e n— 1 d^e—n 

The inner sum is qk{n) by Exercise 1.1.8. □ 



1.3 Orders of Some Arithmetical Functions 

1.3.1 Show that d(n) < 2y/E, where d{n) is the number of divisors 
ofn. 

Each divisor o of n corresponds to a factorization = n. One 
of a or must be less than or equal to -^n. Thus, the number of 
divisors of n is less than or equal to 2^/n. □ 

1.3.2 For any e > 0, there is a constant C{e) such that d{n) < 
C(e)nE 

Observe that 



d{n) _ TT a + 1 
~ ■‘■A p«€ 

p“||n 
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We decompose the product into two parts: those p < 2^/® and those 

p > 2 ^/^. 

In the second part, p^ > 2, so that p°‘^ > 2“ and 
a+l^a+l^^ 

pae - 2°‘ ~ ' 

Thus, we must estimate the first part. Notice that 

< 1 + — < 1 + 

e log 2 

since 

aclog2 < ^2^^ <_p^^ 

Hence 

P<21A ^ ^ ^ 

is the desired constant. □ 

1 . 3.3 For any p > 0, show that 
d{n) < 

for all n sufficiently large. 



We refine the argument of Exercise 1.3.2, where we now set 

(1 + I)l°g2 

log log n 

in the proof. The estimate for the second part of the product remains 
valid. We must estimate (by applying 1 + x < e^) 



Now, 
so that 




2^/" = (logn)^/(’-+t), 



C(e) 



< 



< 



exp 

exp 



log log n 

(l + i)log'2 







p (log 2) log n 
2 log log n 



for n > no{p)- 



□ 
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1.3.4 Prove that cri{n) < n(logn + 1). 
We have 

ai(n)=5]d- 

Now, 



d d 

d\n d\n d<n 






2<d<n 



dt 

t 



logn. 



1.3.5 Prove that 



civ? < (j>[n)ai[n) < C 2 n^ 



for certain positive constants c\ and C 2 - 
We have 

(j>{n) 



n 



=n(i-;) 

p\n 



and 



Now, 



so that 



= n 



pa+l _ 1 
p-1 



p^\\n 



(71 (n) 



n 






p“||n 



^(n)cTi(n) 



n^ 



n pa+l)- 



p-||n 



Since each factor in the product is less than or equal to 1, we have 

<f>{n)ai{n) ^ ^ 






Also, 



n(‘-,-^) s no-,4) 

p^\\n p\n 



>- no-p4.) 



i<v{n) 
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where y{n) denotes the number of distinct prime factors of n, and 
Pi is the ith prime. 

Recall that an infinite product 

oo 

JJ(1 + an) 

n—1 

converges if and only if Wn\ < oo. Therefore 

In addition, ^(2) ^ 0. Since the product converges to a nonzero limit, 
it is clear that there is a ci > 0 such that 

i<u{n) ^ 




□ 



1.3.6 Let 

Show that 



u{n) denote the number of distinct prime factors of n. 



y{n) < 



logn 
log 2' 



Writing n — , where the pi are distinct primes, we obtain 

^ailogpi < logn. 



Since each pi >2, we deduce the stronger result 

(log2)fi(n) < logn, 

where Q(n) = Yli=i ^ 



1.4 Average Orders of Arithmetical Functions 

1.4.1 Show that the average order of d{n) is logn. 
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Now, 

Thus, 

We can compare 

with the integral 
and we easily obtain 



X 



X 



= -+ 0 ( 1 ). 

LaJ a 



E[^]=^E^+ow- 



a<x 



a<x 



Ei 



a<x 



r^- 

h t ~ 



logx, 



5^^ = logx + 0(l). 

a<x 



Thus, 



d{n) — xlogx + 0{x). 

n<x 



1.4.2 Show that the average order of f>{n) is cn for 
constant c. 

By Exercise 1.1.4, we obtain 



n<x 



ab<x 

a<x b<- 

— — a 



The inner sum is 




1 

2 



(^ 0 ( 1 ,)^ 




□ 

some 



which is equal to 
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Inserting this into the penultimate sum, we obtain 



n<x 



a<x ^ 

u(ci) \ 

= y + 

a<x 



Now, 



E m(q) 

a2 

a<x 




a=l 



1 

X 



by an easy application of the integral test. 
The series 



^ o2 

a— I 



converges by the comparison test. This completes the proof. (Later, 
we shall see that the value of the series is G/tt^. ) □ 



1 . 4.3 Show that the average order of a i[n) is c\n for some constant 



Cl. 

We have 



Now, 






n<x 



n<x d\n 



de<x 



E-* = EE<* 

de<x e<xd<x/e 




e<x 



+ 1 



) 



e<x 

e<x 
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Also, 

e<x e<x 

SO that 

n<x e<x 

Since 1/e^ < oo, we deduce 

^cri(n) ~ cix^ 
n<x 



for some constant ci. □ 

1.4.4 Let qki'n) = I if n is kth power-free and zero otherwise. Show 
that 

^ qk{n) = CkX + 0 , 

n<x 



where 



Cfc 



Z-/ rjr^k 

n=l 



By Exercise 1.1.8, 



so that 



Qk(n) = '^nid), 

d^\n 



n<x d^e<x 



= ^x{d) 

d^<x 




d^<x 



By the integral test, 



E 



tJ'jd) 

d^ 
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so that the desired result follows immediately. 
1.5.1 Prove that 




(n,k) = l 



m 

k 



logx 



as X oo. 

By Exercise 1.1.1, the left-hand side can be written as 



E ^ E 

n<x d\{n,k) 






d\k 



n<x 

d\n 



1 

n 



d\k t<x/d 



d\k 

by the solution of Exercise 1.4.1. Therefore, 

d\k 

(n,A:) = l 



□ 



where the 0-constant now may depend on k. But, by Exercise 1.1.4, 



fi{d) 

^ d 

d\k 



m 

k ’ 



which completes the proof. □ 

1.5.2 Let Jr{n) be the number of r -tuples (ai,a 2 ,... ,0^) satisfying 
Ui < n and gcd(ai, ... , Or, n) = 1. Show that 

p\n 



{Jr{n) is called Jordan’s totient function. For r — I, this is, of course, 
Euler’s function.) 
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We partition the total number of r-tuples (ai, ^ 2 , . • . , accord- 
ing to d = gcd(ai,... ,ar^n). Thus, 1 = gcd(ai/d, ... ,ar/d,n/d) 
and each ai < n, so that we have 

vT ^^Jrin/d). 

d\n 



By Mobius inversion, the result is now immediate. □ 



1.5 Supplementary Problems 

1.5.3 For r >2j show that there are positive constant ci and C 2 such 
that 



c\n^ < Jr{n) < C2n^ . 



Since each factor of 




is less than 1, we can take C 2 = 1. For the lower bound, we have 



n(>-,4)^ n (' 

p\d i<v{n) 




5 



which converges to a nonzero limit as v{n) oo. Thus, there is a 
constant ci such that 

Jr{n) > c\rf . 



□ 

1.5.4 Show that the average order of Jr {n) is erf for some constant 
c > 0. We have (by Exercise 1.5.2) 
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EMn) = 

n<x n<x d\n 



= E 

d<x 



dr 



E-' 

n<x 

d\n 



= E^M E *’■. 

d<x tKx/d 



where we have written n = dt in the inner sum of the penultimate 
step. Now, 



^ rk ^ rk+l 

v'^dr < ^2 ^ ^ / '^^dv 



N .k 



Kt<N 



by a comparison of areas. Thus 



rN 

- r 

^ + ^ AT ^ 



dv + 0{N^) 



Kt<N 



r + 1 



+ 0{N^). 



Thus, 



E^^(») = E/‘m{|^+<^(©')} 



n<x d<x 

from which we deduce 



y~] Jr{n) — CrX'^'^^ + 0{x'^), 



n<x 



where 



Cr 



1 ^ Kd) 



r + 



1 rfr+l ^ 



d=l 



since it can be written as 
1 



lll(^ pr+l)- ° 



r + 1 V p 

V 
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1.5.5 Let dk{n) be the number of ways of writing n as a product of 
k positive numbers. Show that 



n=l 






Clearly, 

4(n) = 2]4-i(<5), 

6\n 

since for each factorization n = 6e we can count the number of ways 
of writing (5 as a product of A; — 1 numbers to enumerate 4 (w) . This 
shows that 

4(^) _ A/ s 4-1 (^) 

2-j ^ 2^ jis 

n=l n=l 

Since 4(^) = d{n) satisfies 



^d(n) 

n=l 



- cHs). 



the desired result follows by induction. □ 

1.5.6 7/4( n) denotes the number of factorizations of n as a product 
of k positive numbers each greater than 1, show that 



Z-/ rjr^S 

n=l 



= (C(») - 1)‘. 



Expanding the right-hand side as a Dirichlet series and collecting 
terms we get the desired result. □ 

1.5.7Ziet A(n) be the number of nontrivial factorization of n. Show 
that 

f^ = (2-CW)-‘, 

n=l 

as a formal Dirichlet series. We can write 



a(«) = i + 5;4(„), 

k=2 
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so that 

oo A/ \ ^ 



which is equal to 


1 






2-C(^) 




as required. 




□ 


1.5.8 Show that 


E + 0{d{k)x), 





nKx 
(n,k) = l 

where d{k) denotes the number of divisors of k. 
We have 



E “ 

n<x 

(n,k)=l 



n<X d\n 

~ d\k 






d\k 



n<x 

d\n 



= e ^ 

d\k tKxjd 




which is equal to 



as required. 



d\k 

+ 0(xd(k)), 



□ 
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1,5.9 Prove that 

d\n ^ 

v{d)<T 



where v{n) denotes the number of distinct prime factors of n. 

By comparing the coefficient of x'' on both sides of the identity, 






we deduce 





Now, if N is the product of the distinct prime divisors of n, then 



XI = X 

d\n d\N 

v{d)<r i/{d)<T 



and the latter sum is 




by our initial observation. □ 

1.5.10 Let 7r(a:,z) denote the number of n < x coprime to all the 
prime numbers p < z. Show that 



ir{x, 2 ) = X ^1 - i j + 0(2^) 
p<z ^ 
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Let Pz denote the product of the primes less than or equal to z. 
Then 

T^{x,z) = ^ n{d) 

n<x 

d|(n,F.) 




d\Pz 

p<z 



by Exercise 1.1.4, as required. 



□ 



1.5.11 Prove that ^ 

E - > log log a: + c 

V 

p<x ^ 

for some constant c. 

Since every natural number can be written as a product of prime 
numbers, we have 



n<x p<x 



Taking logarithms and using the fact that 



V - = logo; + 0(1), 
n 

n<x 



we deduce 




> log log a; + 0(1). 





7 



Now, 
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so that ^ 

^ - > logloga; + 0(l), 

p<x ^ 

since completes the proof. □ 

1.5.12 Let 7t{x) be the number of primes less than or equal to x. 
Choosing z = log a; in Exercise 1.5.10, deduce that 



Clearly, 



7t{x) < Tt{x, z) + Z. 

Now, 

7t(x, z) = a; ]][ (^1 - -) + 0(2^) 

p<z ^ 

by Exercise 1.5.10. Choosing z = logrr and observing that 

-£log(l-l) = ^i + 0(l), 

p<z p<z ^ 

we deduce 

7r(a;,2:) = a: exp ( - - + 0(1)) + 0{x^°^^) 

p<z ^ 



^ ( log log X ) 

by the previous exercise. This completes the proof. 
1.5.13 Let M{x) — Yln<x ■ Show that 



n<x 



□ 



We have 

E^© = E E /.«= E>‘M = E(E'‘M)- 

n<rc n^xd<~x/n dnKx r<a: d\r 
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The inner sum is 1 if r = 1, and 0 otherwise by Exercise 1.1.1. The 
result is now immediate. □ 

1 . 5.14 Let Fp[x] denote the polynomial ring over the finite field of 
p elements. Let be the number of monic irreducible polynomials 
of degree d in Fp[x]. Using the fact that every monic polynomial 
in Fp [x] can be factored uniquely as a product of monic irreducible 
polynomials show that 

P^ = Y.^Nd. 

d\n 



Consider the formal power series 

y^rpdegf ^ 

f 



where the summation is over monic polynomials / in Fp[a:]. Since 
every / can be written uniquely as a product of monic irreducible 
polynomials and deg/ 1/2 = deg/i + deg/ 2 , we obtain 

ydeg / = JJ ^1 + + T'^degv _| 

/ « 

where the product is over monic irreducible polynomials v of Fp[a;]. 
Thus, 



j.deg / _ 

f 



_ydegt;y 



= n(> 




-iVd 



But the left-hand side is 

00 

n=l 

since the number of monic polynomials of degree n in p". Therefore, 

00 

- log(l -pT) = -J^Nd log (1 - T‘^) 
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so that 



E 



pfiTn 

n 



oo oo rpde 

Ei^^E^ 

d=zl e=l 



= E?(E-^> 



n=l 



de=n 



Comparing coefficients of T” gives us the result. □ 

1.5.15 With the notation as in the previous exercise, show that 

JV„ = iEx(<i)j>"''‘ 

n 

d\n 



and that > 1. Deduce that there is always an irreducible polyno- 
mial of degree n in F^r, [x] . 

The formula for Nn is immediate upon Mobius inversion of the 
result derived in the previous exercise. Notice that 

nNn - 

d\n 



The right hand side can be viewed as the difference of two numbers 
in base p with the larger number having (n+ 1) digits and the smaller 
one at most n/2 + 1 digits. Thus, the righthand side is not zero, so 
that nNji > 1, which implies iV„ > 1/n. Since is an integer, we 
get Nn > 1. (This fact is used to establish the existence of finite 
fields Fp« for every n.) 

1.5.16 Suppose f{d) = where the summation is over all 

multiples of d. Show that 

9(d) = 

d\n 



and conversely (assuming that all the series are absolutely conver- 
gent). 
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We have 

d\n i 

t r 

= '^9{dm)(^ /^W) =9i'm), 

m tr=m 

since the inner sum is 1 if m = 1, and zero otherwise. Similarly, for 
the converse, 

^9(n) = 

d\n t 

t r 

= f{dm) ( Y ^(^)) = fid), 

m tr=m 

since the inner sum is again 1 if m = 1, and zero otherwise. □ 
1.5.17 Prove that 

_ (. 2 ; + O(logx) 

n<x 

for some constant c > 0. We have 



so that 



Pjn) 

n 



E 



Pjd) 

d ’ 



y(^) 

^ n 

n<x 



E 



pid) 

~lTVd. ' 




+ 0(loga;). 



Hence, 
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Now, 

/^(^) 

(P (P (P ’ 

d<x d=l d>x 

and the latter sum is 0{l/x). Thus, 



Y:'^=cx+o(hgx) 

n 

n<x 



with c = Y,T=i Kd)/(fi = rip(l - 1/P^) + 0- 
1.5.18 For Re(s) > 2, •prove that 



_ C(^ ~ 1) 



Since 



we have 



d\n 



2-/ 

71=1 



/ p(n) \ / y-r 



n=\ 



n=l 



as - 1) 
C(^) 



as required. 

1.5.19 Let k be a fixed natural number. Show that if 

fin) = '^g{nld'^), 

d^\n 



then 

9{n) = J2p{d)f{n/da 

d^\n 



□ 



□ 



and conversely. 




1.5 Supplementary Problems 205 



We have 

d^e=n d^e=n S^\e 

dk§kt~n 

rk\n dS=r 

and the inner sum is 1 if r = 1, and 0 otherwise. Therefore, 

9 («) = Yl9{d)f{n/d^). 

d^\n 

For the converse, 

d^e—n d^e=n5^\e 

= Y. 9{s)f{t) 

d^6^t—n 

rk\n d5=r 

as required. 

1.5.20 The mth cydotomic polynomial is defined as 
^m{^) “ PJ “ Cm) 7 

l<i<m 

(i,m)=l 

where Cm denotes a primitive mth root of unity. Show that 

d\m 

We have 

rr'"-l= n (^-Cm)- 

l<z<m 
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We can partition the right-hand side according to d = gcd(z,m). 
Then, {i/d, m/d) = 1, and 

At 

^m/d 

is a primitive (m/d)th root of unity. Also, every primitive (m/d)th 
root of unity is a root of r’” — 1. Thus, 

a;"* - 1 = n <t>mld{x) = n 

d\m d\m 



as required. □ 

1 . 5.21 With the notation as in the previous exercise, show that the 
coefficient of 

in (j>m{x) is —p{m). 

The coefficient of in f>m{x) is clearly 

- y C* 

l<2<m 

(i,m)=l 

which is the Ramanujan sum — Cm(l) = —p-{m) by Exercise 1.1.13. 

□ 

1 . 5.22 Prove that 



<t>m{x) = 

d\m 



By Exercise 1.5.20, 

d\m 

so that 

log(a:'” - 1) = '^\og(f)d{x), 

d\m 

as formal series. By Mobius inversion, 

log ^rn (a:) = log(x”*/'^ - 1). 

d\m 
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Hence 

4>m{x) - 

d\m 

as required. 

1 . 5.23 If (f>m{x) is the mth cyclotomic polynomial, prove that 






p if m=p^^ 
1 otherwise^ 



□ 



where p is a prime number. 
We have _ 



X — I 



d\m 

d^l 



The left-hand side is 1 -f a; + H \-x^ ^ . Evaluating both sides 

of the equation at a; = 1 gives 



logm = ^log<^d(l)- 

d\ra 

d^l 



Set g{d) = log^d(l), if d / 1 and ^(1) = 0 otherwise. Thus, 

logm = 5^^(d), 

d\m 



and by Mobius inversion, we have 

g{m) = E /i(d) logm/d 

d\m 



= log d 

d\m 

for m 7^ 1. By Exercise 1.1.6, g{m) — A(m) cis required. □ 

1 . 5.24 Prove that ^m{x) has integer coefficients. We proceed by 
induction on m. For m = 1, this is clear. Writing 

-1 = JJ 4>d{x) = ^m(x) ( ll Mx)) 

d\m 

d<m 



(pm{x)v{x) (say). 
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we find that v{x) has integer coefficients by induction. Also note that 
v{x) is monic. Thus, by long division, we can write 

x^ — 1 — q{x)v{x) + r{x), 

where q{x), r{x) have integer coefficients and either r = 0 or degree of 
r < degree of v. For every complex root a of v{x)^ we have — 1 = 

0 so that r{a) = 0. This forces r = 0 for otherwise it will have 

more complex roots than its degree. Hence q(x) — 4>m{x) has integer 
coefficients. □ 

1.5.25 Let q be a prime number. Show that any prime divisor p of 
a® — 1 satisfies p = l (modg') or p\{a — 1). We have 

= l(modp). 

Thus, the order of a (mod p) divides q. Since q is not a prime, it must 
be either 1 or q. If it is 1, then a = 1 (mod p), so that p\{a — 1). If 
the order is q, then q\p—l, since the group of coprime residue classes 
(mod p) has order p — I- □ 

1.5.26 Let q be a prime number. Show that any prime divisor p of 

1 + o + H h satisfies p ^ 1 (mod q) or p = q. Deduce that 

there are infinitely many primes p = I (mod q). 

Notice that 

, 2 < 7-1 oS - 1 

l + d + a +--- + a^ — — 

a — 1 

if a / 1. Hence if 

1 + a + + • • • + = 0 (mod p), 

then either = 1 (mod p) and a ^ 1 (mod p) or a = 1 (mod p). In 
the former case q\p — 1, since a has order q. Notice that any prime 
divisor of 2^ — 1 is congruent to 1 (mod q), by the previous exercise. 
Thus, there is at least one prime congruent to 1 (mod q). If there 
are only finitely many such primes, let us list them as 

Pi, P2, P3,--- , Pfc- 

Then, putting a — qp\P 2 ■ ■ - Pk, we find that any prime divisor p of 

1 u “1" a^ “f * * * a^ ^ 
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is first, coprime to a = qpi • ' - and second, must be congruent to 
1 (mod q) or equal to g, which is a contradiction. □ 

1 . 5.27 Let q he a prime number. Show that any prime divisor p of 

l + b + b^ + --- + 69-1 

with b = ^ satisfies p= I (mod g*) or p = q. 

If 6 ^ 1 (mod p), then 

1 + 6 + • ■ • + &9-1 — = 0 (mod p) 

0—1 

implies that a has order q^, so p = 1 (mod q^). If b = 1 (mod p), 
then p = q, as required. □ 

1 . 5.28 Using the previous exercise, deduce that there are infinitely 
many primes p = 1 (mod q^), for any positive integer k. In the 

k 1 

previous exercise, we set b = to deduce that 

1 + b + b^ + -’ + 

has a prime divisor congruent to 1 (mod q^). Thus, there is at least 
one prime congruent to 1 (mod q^). Now suppose there are only 
finitely many such primes, pi,p 25 • • • ^Pr (say). Then, with 

b^{qpi--Pr/" 

we deduce 1 + 6 H- • • • -f b^~^ has a prime divisor congruent to 1 
(mod q^) different from pi, . . . ,Pr, a contradiction. □ 

1 . 5.29 Let p be a prime not dividing m. Show that p\(l)m{ci) if and 

only if the order of a mod p is m. (Here the mth cyclotomic 

polynomial.) 

Since 

- 1 = Y[m^), 

d\m 

we deduce a™ = 1 (mod p). If A; is the order of a (mod p), then 

- 1 = II (f)d{a) - 0 (mod p), 
d\k 

SO that <^<i(a) = 0 (mod p) for some d\k. If k < m, then 

o'" - 1 = <i>m{o)4>d{o) (other factors) = 0 (mod p^). 
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Since (f)m{o- +p) = (f>m{a) {mod p) we deduce 

(a + p)^ = 1 (mod p^), 



on the one hand, and 

(a + p)"* = a"^ + (mod p^), 

on the other. Thus, ma^~^p = 0 (mod p^), so that p|m (because 
(a,p) — 1). This is a contradiction. Hence k = m. For the converse, 
if a has order m, then = 1 (mod p). From 

o’” - 1 = n 

d\m 

we deduce (f>d{a) = 0 (mod p) for some d < m. If d < m, then 

- 1 == 

(5|<i 

is divisible by p, implying = 1 (modp). This contradicts the fact 
that a has order m. □ 

1.5.30 Using the previous exercise, deduce the infinitude of primes 
p = 1 (mod m) . 

Observe that from 



a;”* - 1 = n 

d\m 

we deduce that <j>d{0) = ±1 for any d. Thus, (f>m{'m'') is coprime to 
m. As r varies over positive integers, only a finite number of them 
can be equal to ±1 since (j)m{x) has degree ^(m). Thus, for some r, 

\(f>m{'m'')\ > 1 , 

and so there is a prime divisor p of 4>m{vrJ). The order of m'" (modp) 
is m. Hence, there is a prime p = 1 (mod m). If there are only finitely 
many such primes pi,p 2 , . . . ,pt (say), then 

(t>m{mpiP2 ■■■Pt) 



must have a prime divisor p = 1 (mod p) different from pi, . . . ,Pt- 
This is a contradiction. □ 




2 

Primes in Arithmetic Progressions 



2.1 Characters mod q 

2 . 1.2 Show that 

log n = X log X — X 0(log x) . 

n<x 




exists. 




212 



2. Primes in Arithmetic Progressions 



Put an = 1, f{t) — lA Theorem 2.1.1. Notice that for x a 
positive integer, we have 



2<n<x 




dt 

T 






2<n<x 






2<n<x 



Since 




1 l/'iV 

n 2 Vn/ 




we deduce that 

E 

2<n<x 

converges to a limit as a: oo. 

2 . 1.4 Let d{n) denote the number of divisors of a natural number n. 
Show that 



d{n) = X log X + 0{x). 

n<x 



Since d{n) = 1, we have 

n<x 6<x S<x 



and by Exercise 2.1.3, we are done. 

2 . 1.5 Suppose A(a:) = 0(a:‘^). Show that for s > 6, 

A{t) 

n=l 



OO n Q 

y^=s / 

4-f n® Ji 



ts+l 



dt. 



□ 



Hence the Dirichlet series converges for s > 6. 
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By Theorem 2.1.1, with /(n) = n 

A{x) 



5^ a, 

n<x 



n 






+ s 



i: 



m 

fS+l 



dt. 



For s fixed, s > S, we know that A{x) = 0{x^), so that 

= 0 . 



Thus 



for any s > 5. 

2.1.6 Show that for s > 1, 





lim 


A(: 




X-A’OO 


X' 


oo 







E 




71=1 





m 

fS+l 



dt^ 






{x} 



X 



5+1 






where {rr} = x — [x]. Deduce that lini5^i+(5 — 1)C(5) = 1. 
By Exercise 2.1.5, we get 

[x] 



C(s) = s 

-L 



-dx 



XS+I 

^ x-{x] 



X 



5 + 1 






dx 



{x} 



X 



5+1 



dx. 



Also, 



(s-l)C(s) = s-s(s-l)^ 



/y.5 + 1 



dx, 



so that 

lim (s - 1)C(5) = 1, 

5-^1 + 

since the integral converges for 5 > 0. □ 
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2.1.7 Prove that 



r=0 



By the recursion for br{x), we have 



rl _ _ 

-F(x,t) = 

r=l 

fT 

= Y.^br-l{x)- 

r=l 

= t-F{x,t). 



Thus, 



log F{x, t) =tx + c{t). 



Exponentiating, we get 



On the other hand. 



F{x,t) = 



lj(x,t)dx = l\pA4)dx = l. 



Thus, 



1 = /(J(e*^+cW)dx = ^ 



dC(«) 



e*-l 



so that 



F{x,t) = 



te 



,xt 



- 1 ’ 

as desired. 

2.1.8 Show that B2r+i = 0 foi' r > 1. 
Since 



t , .f t t t(e* + 1) 

2 + E MO);; - + 2 “ 2(?^ 
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and the right-hand side is an even function, it follows that 67.(0) = 0 
for r odd, r > 3. □ 



2.1.11 Show that for some constant B, 



.fa 



Suppose first that a: is a natural number. Put f{t) = l/y/t in 
Theorem 2.1.9, a = 1 and h = x. Take k = 0. Then, 



E 4=nv^-i) 



1 / 1 



l<n<x 



2 V\/i 






The integral 



A 

converges, and we may write for some constant B', 



B2{t) 



dt — B — 



B2{t) 



The latter integral is 0{l/^/x)^ whence 



E4=2/5 + B + oM 



for some constant J5. If a: is not a natural number, notice that 



Vii) 



{^./x - y[x]j y./x + V [x] j = a; - [a;] < 1. 

Prom this inequality, the result is clear for all x. 

2.1.12 For z eC, and | arg 2 | < tt — 5, where ^ > 0, show that 



'^logiz + j) = (2: + n+ - 1 log(z + n) 



f 1\, r Bi{x)dx 

V 2j ^ Jo z + x 
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We apply Theorem 2.1.9 for A; 1: 




+ - f{a)) 



Now set f{j) = log{z + j) which is analytic in |arg z\ < n — S. The 
result is now immediate. 




2 . 2.1 Prove that x ^ completely multiplicative function. 

We must show that x(^^) — x(^)x(^) foi* ^11 natural numbers 
m, n. If m or n is not coprime to g, then both sides of the equation 
are zero, and the result is clear. If m and n are coprime to g, then 
since x is a homomorphism, the result is immediate. □ 

2 . 2.2 Prove that for Re(5) > 1, 



where the product is over prime numbers p. 

Since x is multiplicative, so is x (^)/^^7 so 



L{s,x) =n 

p 




+ 



xip^) . A 

p2s ^ )■ 



Now, xip'^) — x{p)^ so that 



y> xipn 

n^ItThS 

m=0 ^ 





-1 

•) 



and the result is now clear. □ 

2 . 2.3 Show that (Z/pZ)* is cyclic if p is a prime. 

We first list all the possible orders of elements of {Z/pZ)*: 



di 7 , . . . (say ) . 
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Let e be the least common multiple of c?i, c ?25 • • • ,dr and factor 

as a product of distinct prime powers. For each there is some dj 
divisible by it. Thus 

dj = p'^H 

for some t coprime to pi. Since the dj's are orders of elements of 
{Z/pZ^j there is an element X{ whose order is p^H. Therefore, the 
element yi — x\ has order . Hence, the element yiy2" 'Vk has order 
e. Thus, we have found an element of order e. Therefore, e\p— 1 . But 
the polynomial 

:r"-l 

has (p — 1) roots (mod p), since every nonzero element of Z/pZ is 
a root. Since Z/pZ is a field, any polynomial of degree e cannot 
have more than e roots. Thus, (p — 1 ) < e. Since e|p — 1 , we deduce 
e—p — 1. Thus, we have found an element of order p — 1. □ 

2 . 2.4 Let p he an odd prime. Show that (Z/p^Z)* is cyclic for any 
a > 1. 

For a = 1, we are done by Exercise 2.2.3. Let 5 be a primitive root 
(mod p). We first find a t such that 

{g + ^ 1 (mod p^) . 

Indeed, if ^ 1 (mod p^), then we can take t = 0 . Otherwise, 

{g + pty~^ = gP~^ -f p(p — l)tgP~^ (mod p^) 

= 1 +p(p — l)tg^~‘^ (mod p^), 

so that t = 1 works. Let g +pt have order d (modp^). Then d\(p{p^) 
by Euler’s theorem. Thus, d|p^~^(p — 1). Since p is a primitive root 
mod p, (p - l)|d, and so d = p^~^(p - 1) for some r < a. We also 
know that 

{g + ptT~^ ^i+pui, 
where ui is not divisible by p. Thus 

{g + pty^‘P~^^ = (l+pui)P 



l+p{pui) + (^)(pui)2 + ... . 
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Becatise p is odd, ( 2 ) = = 0 (mod p) . Thus 

{g + = 1 + (mod p^) . 

By induction, 

{g-\-pty'’ Mp-1) = I +p^u\ (modp*'*'^). 

Now, g +pt has order d = p^~^{p — 1) (mod p°‘) implies 
+ (modp“). 

But then 1 +p''ui = 1 (mod if r < a — 1, which implies p|ui, 
a contradiction. Thus, r = a, and we are done. □ 

2 . 2.5 Let o > 3. Show that 5 (mod 2“) has order 2“~^. 

We will prove by induction that 

52 "“' = 1 + 2 "-^ (mod 2”) 

for n > 3. For n = 3, this is clear, since 5 = 1 + 4 (mod 8). Suppose 
we know 

52^-3 _ I ^ 2 '^-! + 2 '^it. 

Then squaring both sides, we obtain 

52"-' = (1 + 2"-i + 2 "u)2 

= 1 + 2^"-2 + 22^«2 + 2 " + 2 "+^u + 22 "u 

= 1 + 2" + 2"+i {« + 2”-iu + 2^-^v? + 2"-3} , 

from which the result is immediate. 

It is also clear that 

52 ""' = (1 + 2 "-i )2 (mod 2”) 

= 1 (mod 2"). 

Thus, 5 has order (mod 2"). □ 

2 . 2.6 Show that (Z/2“Z)* is isomorphic to (Z/2Z) x (Z/2““^Z), for 
a > 3. 
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By Exercise 2.2.5, we see that 5 has order 2“~^ (mod 2“). Observe 
that if 5^ = —1 (mod 2“), then 1 = — 1 (mod 4), a contradiction. 
Thus —1 is not in the subgroup generated by 5 (mod 2“). Hence, 
every coprime residue class can be written as ±5-^ . □ 

2.2.7 Show that the group of characters (mod q) has order (f{q). 
Since 

(Z/qZ)* ~ (Z/pf Z)* X ■ ■ • X (Z/p“*=Z)*, 

where q — is the unique factorization of q into prime 

powers, we see that any character x (mod q) decomposes uniquely 
as 

XlX2---Xk, 

where Xi is a character of (Z/p“'Z)*. If is odd, the latter group is 
cyclic of order <p(p“0) so that the number of choices for Xi is p(p^0- 
If Pi = 2, then Xi is a character of Z/2Z x Z/2“'~^Z, and again 
the number of such characters is p(2“’). Thus, the total number of 
characters is p(pi^) • • • p(Pfc*') = ^{q)- □ 

2.2.8 If x¥" Xo, show that 

X{a) = 0. 

a(mod q) 

Since X Xo, there is a 6 (mod q) such that (6, q) = 1 and x(h) ^ 
1. Then 

s = Y = Y 

a(mod q) a(mod q) 

since ab runs through coprime residue classes as a does. Hence 

{1-X{b))s = 0. 

Therefore, s = 0, since x{b) ^ 1. □ 

2.2.9 Show that 

y^{Q) = 1 (mod q) 

Y ^ 

x(mod q) [ 0 otherwise. 
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If n = 1 (mod q), the result is clear. If n ^ 1 (mod q) and (n, q) — 
1, then there is a character ■0 such that ip{n) ^ 1. Thus 

T= ^ X(w)= XI iM{n) = 'tp{n) X 

X(mod q) x(mod q) x(mod q) 

because ipx ranges over all the characters (modg) as x does. But 
then 

(1 - V’(n)) X ^ 0, 

X(mod q) 

SO that Ex(mod q) x{n) = 0, since V' ^ 1- □ 



2.2 Dirichlet’s Theorem 

2 . 3.1 Let X — Xo trivial character (mod q). Show that 

lim logi(5,xo) = + 00 . 

5->l + 



Since L{s, Xo) = C(«) rip|g(l ~ result is clear. □ 

2 . 3.2 Show that for s > 1, 

X logLis,x) = <p{q)Yl X 

x(mod q) n>l p^=l(mod q) 

Since L{s, x) = Hp (l “ > we have 

E logLKx) = E E(E^) 

x(modg) x(mod gf) P n>l 

= E;^( E x(p")), 

the interchange of summation being justified because the series con- 
verge absolutely for s > 1. By Exercise 2.2.9, we find that the inner 
sum is 0 unless = Imod q in which case it is ^{q)- The result is 
now immediate. □ 




2.2 Dirichlet’s Theorem 221 

2.3.3 Show that for s > 1 the Dirichlet series 

oo 

n 

n—l x(niod q) 

has the property that a\ = 1 and > 0 for n >2. 

If we exponentiate the identity of Exercise 2.3.2 and use the series 

rr 

e — 1 + X + — H , 

the result is clear. □ 

2.3.4 For x / XO; ^ Dirichlet character (mod q), show that 



n<x 



<q- 



Deduce that 



converges for 5 > 0. 
By Exercise 2.1.5 



L{s,x) 



jlS 

n=l 



/CO 



fS + 1 



dt^ 



where S{t) = J2n<t By Exercise 2.3.8, we know that x{n) 
0. Since x is periodic with period q, Yn<kq = 0 for any k. Let 
k satisfy kq < t < {k + l)q. Then 



-^(*) = X + X 

n<kq kq<n<t 

The first sum is zero, and the latter sum cannot exceed q. Thus, the 
series converges for s > 0. □ 

2.3.5 If L(l, x) / 0, show that L(l, x) ^ 0 for any character x / Xo 
(mod^). 



We know that 
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L(l,x) = Ijm ^ 



n<x 



X{n) 

n ’ 



since the series converges by Exercise 2.3.4. Now, 



X— >oo ' 77, 

n<x 



from which the result follows. □ 

2 . 3.6 Show that 



lim (s - l)L(s,xo) = <pi<l)/Q- 

S->1+ 



Since 

Lis,Xo)=C{s)ll{l-^) 

p\q 



we obtain 



(» - m^.xo) = £m [(s - 1)C(!>)] n (' - i) = ^ 

p\q 

by Exercise 2.1.6. □ 

2 . 3.7 If L{1, x) 7 ^ 0 for every x / Xo, deduce that 

lim(s-l) JJ L(s,x)/0 
x{mod q) 



and hence 



E 

p=l(mod q) 



1 

- = + 00 . 
P 



(That is, there are infinitely many primes congruent to 1 (mod q).) 



We have 



lim (s — 1) 

s^l+ 



n ^(^>x) 

x(mod q) 



lim (s- l)L(s,xo) n M^^x) 

X5^X0 



X^XO 
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On the other hand, by Exercise 2.3.2, 

n L{s.x)=exp[^fiq) ^)- 

x(mod q) p"=l"mod ,) 

Observe that we can write the exponential as 

*’(«)( E E ^)’ 

P ^ p,n>2 ^ 

p=l(mod q) p’^ = l(mod q) 

and we clearly see that 

Um V — < V ^ 

< > -T < oo. 

p vip - 1) 

Thus, 

lim (s - 1) exp (ip{q) ^ i) ^ 

pHl(mod q) ^ 

It is now immediate that X^p=i(niod g) p ~ 

2.3.8 Fix (a,q) = 1. Show that 



{ (f{q) if n = a (mod q) 
0 otherwise. 



Note that x(«)x(«) = 1- Also, x(a)x(« = 1- Hence x(«) = 

x(o~^), where a~^ is the inverse of a in (Z/gZ)*. Therefore, 

Mx{n)= Y 

x(mod q) x(mod 9) 

which by Exercise 2.2.9 is (p{q) if a~^n = 1 (mod q), and 0 otherwise. 
Thus, 

{ (f{q) if n = a (mod g), 

0 otherwise. 
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2.3.9 Fix (a,g) = 1. //L(l,x) 7^ 0; show that 



Deduce that 



lira (s — 1) 

5^1 + 



x(mod q) 



E 

p=a (mod g) 



1 

- = + 00 . 
P 



We see that for s > 1, 



x{a)logL{s,x) = 

x(mod q) x(mod q) 

= E=( E ^wx(P”)) 

x(niod q) 

as in Exercise 2.3.2. The inner sum, by Exercise 2.3.8, is (p{q) if 
p'^ = a (mod q) and zero otherwise. Thus 

J] T(s,x)^(“)=exp(v^(g) ^)- 

X(mod q) p^=a(mod q) 

As before 

lim(s-l) JJ 

x(mod q) 

= lim (s - l)T(s,xo) n T(s,x)^^“^ ^ 0, 

s^l+ “ 

XFXO 

since L{l^x) 7^ 0- The result now follows as in Exercise 2.3.7. □ 

2.3.10 Suppose xi 7^ Xi (that is, xi not real-valued). Show that 
L{l,xi) 7^ 0 considering F{s). 

By Exercise 2.3.4, L{s,x) converges for s > 0. If L(l,xi) = 0 then 
set 

■Z^(s,Xi) (s - 1)5(5 , xi) (say), 

where g{s,x) is continuous for s > 0, s 1. Observe also that since 

Lis,x) = sJ^ 




2.3 Dirichlet’s Hyperbola Method 225 



where \S{t)\ < q, the integral is absolutely convergent for s > 0 . 
We also see that L{s,x) is differentiable. Thus if we set 3 (l,x) = 
L'(l,Xi) above, then g{s,x) is continuous for all s > 0. By Exercise 
2.3.5, T(l,Xi) / and we can also write L(s,Xi) = (s - l)(/(s,Xi)- 
Therefore, 

Y[L{s,x)=L{s,xo){s-lfg{s,xi)g{s,Xi) H 

X X^Xi^Xiao 

and we see that 

lim TT L{s, x) 

s->l+ 

X 



lim (s - l)L(s,xo)(s - l)3(s,Xi)9(S:Xi) 

5^-1 + 



n 

X^Xi,Xi ,Xo 



i; 



q 5 ^ 1 + 

However, writing 



lim (s - 1 ) 5 ( 5 , Xi)5(s,Xi) n ^(^’X) = 0- 

» 1 4- 

X#Xi>Xi>Xo 



ES = n 

n=l x(mod q) 

dr 



= i + ES- 



n=2 



we proved > 0 in Exercise 2.3.3, so that 

lim rr L(s,x)>l- 

x(mod q) 



This contradiction implies L(l,xi) # 0- 



□ 



2.3 Dirichlet’s Hyperbola Method 

2 . 4.2 Prove that 

ao(n) = xloga; + (27 - l)rr + O {Vx) . 

n<x 
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We have 

^o(n) = 

djn 

We can apply Theorem 2.4.2 with f(n) = cro(n), g = h = 1, and 
g = \/x. 

^ao(n) = 2^ [^]-l'/51" 

n<x d<y/x 

= 2 ^ - [Vi]^ + 0(Vi). 

d<y/x 

By Exercise 2.1.10, we have 




so inserting this above leads to 

cTo(n) = a;loga: + 2'yx — [\/x]‘^ + 0(-\/x). 

n<x 

Now, 

[\/xf = {^/x - {s/x})'^ = X + 0{-y/x) 
from which we deduce the final result. □ 

2.4.3 Let X be a real character (mod q). Define 

f{n) = '^x{d)- 

d\n 

Show that /(I) = 1 and f{n) > 0. In addition, show that f{n) > 1 
whenever n is a perfect square. 

Since x is multiplicative, so is /. If we write 

as the unique factorization of n as a product of prime powers, then 
fin) = fipT)---fiPT) 

^ n (i+x(p)+x(p^)+---+x(p“))- 

p“||n 
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Since x is real, x{p) — whenever p is coprime to q. If xip) = 1) 
then 

1 + X(p) + • • • + X(p“) == a + 1 > 0. 

If xip) = the sum is either 0 or 1 according as a is odd or even. 
If p\q, the sum is 1. In every case we have /(n) > 0. Clearly, /(I) = 1 
and when n is a perfect square, each a{ is even. Thus, each sum in 
the product is greater than or equal to 1. Hence f{n)>l whenever 
n is a perfect square. □ 

2.4.4 Using Dirichlet’s hyperbola method, show that 



/(^) 

n<x 




2L(l,x)V^ + 0(l), 



where f{n) = J2d\n x{d) and x¥^Xo- 

We let g{d) = x{d)/'/d, h(e) = l/y/e'm Theorem 2.4.1. We choose 
y = ^/x. Therefore, 






Xid) „(x 



1 



n<x '' d<\/x ' “ d<\/x 



with notation as in Theorem 2.4.1. Now, 



n<x 

by Exercise 2.1.11. Also, 






since 



E 



X(n) 

71=1 

and by partial summation. 



= L\ -,x I , 
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where S{t) — Therefore, 




so that 

oQ-G(Vi) = o(^)+o(x-‘/'‘). 

Observe that 




= 2^/xL{l,x) + 0{1), 



where we have used 



^ j-f-. 

^ n ’ Vx/ 

n<x 



which is easily deduced by partial summation. This completes the 
proof. □ 

2.4.5 Ifx¥^Xo ® 'f'^ 0,1 character, deduce from the previous exercise 
that L{l,x) 0. 

Suppose i(l,x) = 0- Then 



E 

n<x 




= 0 ( 1 ). 
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On the other hand, by Exercise 2.4.3, /(n) > 0, and /(n) > 1 when 
n is a perfect square, so that 



E 

n<x 




>- E 



— > logo:, 
m 



a contradiction. 
2.4.6 Prove that 




n>x 



whenever x is a nontrivial character (mod q) . 



By partial summation, we have 



□ 



XW ^ s{t)dt 

n>x J X ^ 

where s{t) — But | 5 (t)| < 5 , so that the estimate is now 

immediate. □ 

2.4.7 Let 

an = X^x(c^), 

d\n 

where x ^ nonprincipal character (mod q). Show that 
Y^an = xL(l, x) + O(v^). 

n<x 



We apply Dirichlet’s hyperbola method: 

e-=Ex(«)[|1+eK3 



n<x 



d<y 



d<^ 
— y 




where s{y) = T,n<yX{n)- Since |s(y)| < q, we get 



^a„ = xE^ + 0fe) + 0(i). 

n<x d<y 

Choosing y = -y/r? we obtain 

Yan = x Y + 

Tl^X d'^y/x 
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Finally, by the previous exercise, 



E 

d<y/x 



r/i Xid) 



d>y/x 






which implies the required result. □ 

2 . 4.8 Deduce from the previous exercise that L{l,x) ^ 0 for x real. 
Consider the Dirichlet series 



E O-n 
n® 

n=l 

with On = Y^d\nX{d) > 0, as in Exercise 2.4.3. Then, if T(l,x) = 0, 
by Exercise 2.4.7 



F'i^) = Y^o.n-0 {^/x) . 

n<x 



A summation by 



for s > 1/2 and 
Exercise 1.2.4 



parts, as in Exercise 2.1.5 gives 
n* Ji 

n=l 

the Dirichlet series converges for Res > 1/2. By 



= Res>l. (2.1) 

Tb 



Since L{s, x) converges and is analytic for Re s > 0 by Exercise 2.3.4 
and C(s) has analytic continuation to Res > 0 by Exercise 2.1.6 
we can set s = 1/2 + e in (2.1). The product on the right of (2.1) 
converges to L(l/2,x)C(V2) as e -> 0, since C(s) has only a pole at 
s = 1 by Exercise 2.1.6. On the other side of (2.1) 



E 



^l/2+e 



^E 



drm? 



m 



l+2e — 



E 

m=l 



1 



— C(1 + 2e) 



by 2.4.3. However, as e 0, C(1 + 2e) -)■ oo, since 1 is a pole of C(s). 
This gives a contradiction. □ 
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2.5.1 Let dk{n) be the number of ways of writing n as a product of 
k numbers. Show that 

n<x ^ 

for every natural number k >2. 

For A; = 2, this is Exercise 2.1.4. We will prove the result by 
induction on k. Recall that 

dk{n) — ^ ^ dk—i{b)^ 

5\n 

SO that 

n<x n<x S\n 



= 

S<x 



'X' 



= a; ^ + 0{x{\ogx)^ 

5<X 



by the induction hypothesis. Also by the same, and by Theorem 

2 . 1 . 1 , 



{k- 



-2)'E 

5<x 



dk-i{^) 



-[ 



(logt)^ ^ + 0((logt)^ 



dt+0((logx)^ ^), 



which easily gives 



E 



5 



(logx)*^ ^ 



+ 0{{\ogx)’^ ^). 



Inserting this in the above calculation gives the desired result. □ 
2.5.2 Show that 

E X 

log — = X ■{- Ofloga;). 
n 

n<x 
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By Exercise 2.1.2, 



log n = a; log a: — a; + 0(log x). 



Thus, 



log X = [a:] log X = a: log x + 0(log x). 



Subtracting gives the result. 

2.5.3 Let A{x) = Show that for x a positive integer, 






A{t)dt 
1 t 



We write the left-hand side as 



y^{A(n) - A(n- l)}log^ = y^A{n)log- 






A(n)log 



nr\ 

E ^(») / 



r A{t)dt 

h t ’ 

since A{t) is a step function. 

2.5.4 Let {x} denote the fractional part of x. Show that 






where 7 is Euler’s constant. 
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We have 



E© - E(©S) 



n<x 



n<x 



n<x n<x 

By Example 2.1.10 and Exercise 2.4.2, we find that this is 

X ^log X + j + O j ^ — (x log X + {2j — l)x + 0(\/x)) , 

(1 -j)x + 0 (y/x) , 



which simplifies to 



as required. 
2 . 5.5 Prove that 



□ 



log^ - = 0{x) 



n<x 



for any k > 0. 

Since logt is an increasing function of we have for n > 2, 



log' 



‘-^r ( 

n Jn-l ^ 



log^ ^)dt. 



Hence, 



n<x '■ 



Set u = x/t in the integral to deduce 

log^ u 

og - ^ x I 
n h 

n<x 



y\og’‘-<xf'^du = 0(x), 
^ n Ji 



since the latter integral converges for any k > 0. (This also gives 
another proof of Exercise 2.5.2 in the case k = 1.) □ 

2 . 5.6 Show that for x > 3, 



E 

3<n<x 



1 

nlogn 



= logl0gi + B = 0(©^). 
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We apply Theorem 2.1.9 with f{t) = l/{t\ogt), a = 3, b — x, and 
A: = 0. Then, 

1 _ dt ^ I 1 1\ 

2 ^^^nlogn 73 tlogt V2a;logx 61og3/ 




(M - + 

(tlogt)2 



the first integral is 

log log X — log log 3. 

For the second integral, observe that the integrand is 

logt)’ 

so that 

/■°° ({*} - 5){1 ^ 

Jz {tlogt)^ ■ 

Thus, the second integral can be written as 

This completes the proof. 

2.5.7 Let X be a nonprincipal character (mod q). Show that 



E 

n>x 





□ 



By Exercise 2.3.4, we know that 

X^x(»)=0(l). 

n<x 

Thus, by partial summation, 
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as required. 

2.5.8 For any integer A; > 0, show that 



□ 



E 

n<x 




log^+^ X 

k + 1 



+ 0 ( 1 ). 



We apply Theorem 2.1.1 with = 1/n and /(n) = log^n. Using 
Example 2.1.10, we have 

j^l^ = (log^o;) (^logrr + 7 + oQ^^ 



~ h (i)) 

The main term is now evident. The terms involving 7 as a coefficient 
cancel. The remaining error terms are easily seen to be 0(1). In fact, 
this argument can easily be modified to show that 

log^TC ^ log^~^^a: ^ ^ ^ ^/ log^a; \ 

^ n A: + 1 \ X ) 

n<x 



2.5.9 Let d{n) be the number of divisors of n. Show that for some 
constant c, 



= liog2a; + ( 27 -l)loga: + c + o(-^) 
n I \yjx/ 

n<x 

for positive integers x > 1. 

We apply Theorem 2.1.1 with On = d{n) and /(n) = 1/n. Using 
Exercise 2.4.2, we get 



E d{n) 

n 

n<x 




(tlogt + (27 — l)t + 0{\/t))dt 

t2 



(a;logx + (27 — l)a; + 0{^/x)) 



X 




236 



2. Primes in Arithmetic Progressions 



The integral is 

^\og^x + {2j-l)logx + o(^j^ 

Since the integral in the error term converges, we can write it as 

for some constant ci- Combining these estimates gives the final re- 
sult. □ 

2 . 5.10 Let a > 0 and suppose an = 0(n“) and 



■='Y^o.n = 0(x^) 

n<x 

for some fixed 6 < 1. Define 

bn = ^ ^ 0,d- 
d\n 



Prove that 



E I (l-i)(l+g) \ 

bn = CX + O ^X 2-i j ^ 



n<x 



for some constant c. By Dirichlet’s hyperbola method, 






n<x 



d<y 



d<y 



d<y d<y 



The sum ^ 0{y^ ^), so that 



^ -t-0(o;V ^ + ^)- 



n<x d<y 



i-S 

We choose y = x"^-^ to minimize the error terms (which is the case 
when the two terms are equal). Thus 



E*'' 

n<x 
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Also, 


d<y 


and 


^ d 



d<y 



We have 



d<y d=l d>y 



E O’d . 
d=l 



T ■ 



(by Exercise 2.1.5). By partial summation, 






d>, '' " Jy 






Thus, 



=cx + 0(xy^ 

d<y 

With the choice of y given above, we get 



bn — cx + 



il-6)(l+a) 1-6-S' ^ 

x + a: 2 



n<x 



5 - 6 ^ \ 

- ). 



Since (1 — 6){1 -h a) > 1 — (5 — (5^, we get 

— cx + O f 3: 2-(5 j 



n<x 



as required. 

2.5.11 Let X be a nontrivial character (mod q) and set 

fin) = 

d\n 



Show that 

^ f{n) = xL{l, x) + 0{q^/x), 

n<x 

where the constant implied is independent of q. 
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We apply Dirichlet’s hyperbola method with y = y/x. Let S{x) = 
En<xX{n). Then 



XI /(«) = X 

n<x d<y/x 



'X' 

.d. 



+ Es©-s(v^)[vil- 

d<y/x 



Since |5(x)| < q, we have 



Now, 



and 



Y^f(n)= X +0{qVx). 



n<x 



d<y/x 



E^w[s]=-E^+o(v/5) 

d<y/x d<y/x 

E^ = ^a.x)+o(X). 

d<y/x 



by partial summation. Putting this all together gives the desired 
result. If we use Exercise 5.5.6, we can replace q by log q. □ 

2.5.12 Suppose that o„ > 0 and that for some 6 > 0, we have 

E X 

n<x 

Let bn be defined by the formal Dirichlet series 



00 1 00 

E_ — [ 

n=l n=l 

Show that 

X^n < a:(logr)^“2^. 

n<x 

We have 

= X ^ddnldi 

d\n 

and so we can apply Dirichlet’s hyperbola method with 

n<x 
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to get 



n<x d<y/x 



The last term is 0{x/{logx)^^). The summation on the right hand 
side is bounded by 



<C 



X ad 

{logxY ^ d ■ 

d<y/x 



By partial summation, 



E 

2<d<y/x 



^/x 



+ 



r 



m 



dt^ 



which is easily seen to be O (log^ and this gives the stated 
result. □ 

2.5.13 Let {an} be a sequence of nonnegative numbers. Show that 
there exists cjo G K (possibly infinite) such that 



/(») = E 

n=l 






converges for Re(s) > <Jo o.nd diverges for Re(5) < ao- Moreover, if 
s E C with Re(5) > ao, show that the series converges uniformly in 
Re(s) > (Jo + ^ for any ^ > 0 and that 

n=l 



for Re(s) > cro- (cro is called the abscissa of convergence of the 
Dirichlet series anjn^ ■) 

If there is no real value of s for which the series converges, we take 
(To = oo, and there is nothing to prove in this case. Now suppose there 
is some real sq for which the series converges. By the comparison 
test, the series converges for all Re(s) > sq, since the coefficients are 
real and nonnegative. Now let ctq be the infimum of all real so for 
which the series converges. This establishes the existence of (Tq. The 
uniform convergence in Re(s) > ao + (i for any ^ > 0 is immediate. 
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Thus, in this region, we can differentiate the series term by term to 
derive the formula 



n=l 



□ 

2 . 5.14 Let a-n > 0 be a sequence of nonnegative numbers. Let ao be 
the abscissa of convergence of 

oo 

/w = E^- 

n=l 

Show that s = Go is a singular point of f{s). (That is, f{s) cannot 
be extended to define an analytic function at s — sq.) 

By the previous exercise, f{s) is holomorphic in Re(5) > ao- If / 
is not singular at s = (jq, then there is a disk 

D = {s : |5 — ai| < 6} 



where a\ > gq such that |<to — ai| <6 and a holomorphic function 
g in D such that g{s) = f{s) for Re(s) > sq, s £ D. By Taylor’s 
formula. 



9(s) 



E 



k=0 



k\ 






= E 






fc =0 



it! 






since g{s) = f{s) for s in a neighborhood of o\. Thus, the series 



A ;=0 



converges absolutely for any s E D. By the previous exercise, we can 
write this as a double series 



~ o-n{^ogn)^ 

^ k\ ^ 



k=0 



n=l 
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If (Ti — (5 < 5 < (Ji , this convergent double series consists of nonneg- 
ative terms and we may interchange the summation to find 

OO OO / \h/i \Jc OC 

E dn (^1 -3)^(logn)^ 

A-/ }^\ 2-^ rj^S 

n—l k={) n—1 

Since ai — S < (Jq < this is a contradiction for s — gq. Thus, the 
abscissa of convergence is a singular point of f{s). □ 

2 . 5.15 Let X d nontrivial character (mod q) and define 

d\n 

If XI 5 X 2 dre two characters (mod q), prove that for a, 6 G C, 

OO 

n—1 

C{s)L{s - a,xi)L{s - b,X 2 )L{s -a- b,xiX 2 ) 
L{2s - a - b,xiX 2 ) 

as formal Dirichlet series. 

We apply Ramanujan’s identity (see Exercise 1.2.8) 



OO 

E( 

n—1 



a — (3 /V 7 — 5 






1 - a/375T2 



(1 - axT){\ - a6T){l - I3^T){1 - p6T) 

to deduce that 

OO 

Y,aa,^Apn<^b,x2iPnT^ 

/ V Y-?iv)r> - 1 / 



n=0 






n—D 



Xi(p)p-1 X2{p)p 

1 - xi(p)x2(p)p“'^y^ 



rjnn 



(1 - xi(pyx 2 (pyr)(i - xi{p)p°‘T){i - X 2 (pyr)(i - T) 
Putting T = and multiplying over the primes p gives 
C{s)L{s - a, Xi){L{s - b, X 2 )L{s - a - b, X 1 X 2 ) 



L{2s - a- b,xiX 2 ) 
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2.5.16 Let X ® nontrivial character (mod q). Set a = b, xi = X> 
and X2 = X previous exercise to deduce that 






n=l 



C{s)L{s - a,x)L{s - a,x)L{s -a- a,xo) 

L(2s-a-a,xo) 



Observe that 

aa,x{n)aa,xin) = ka,x(n)p 

and XX = Xo, so that the result is now immediate. □ 

2.5.17 Using Landau’s theorem and the previous exercise, show that 
L(l,x) ^ 0 for any nontrivial real character (mod q). 

Set a = 0 in Exercise 2.5.16. Then 

^ ko.xNP C{s)L{s,x)L{s,x)L{s,xo) 

^ n" L{2s,xo) 

The right hand side is regular for Re(s) > 1 / 2 , except possibly s = 1. 
However, if L(l,x) = 0, then the right-hand side is regular at s = 1. 
Therefore, the Dirichlet series 

^ ko,x(^)l^ 

71=1 

represents an analytic function for Re(s) > oq, where ao is the ab- 
scissa of convergence. We must have ctq < 1. However, for x real and 
n = m^, 

<^o,x(m^) > 1 , 

so that the Dirichlet series diverges for s = 1 / 2 . Hence 1/2 < ao < 1. 
Since L(2s,xo)“^ is regular for s > 1/2, we have a contradiction 

((s)L(s,x)Ms,x)L(s,xo) 

L(2s,xo) 

is regular for any real s > 1 / 2 . □ 

2.5.18 Show that <^{s) 7 ^ 0 for Re(s) > 1 . We have for a = Re(s), 

c(s)=n(i+^+^+---)’ 
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so that 

p 

SO that 

P ^ 

and the infinite product converges because cr > 1. 



2.5.19 (Landau’s theorem for integrals) Suppose that 




□ 



with A{x) > 0. Let cro be the infimum of all real s for which the 
integral converges. Show that f{s) has a singularity at s = gq. This 

is similar to Exercise 2.5.14, and so we merely indicate the modifica- 
tions needed in the solution of that problem to obtain the required 
result. As before, we can differentiate under the integral sign to get 

If (70 is not a singularity, we deduce that 



E 



(ai - A:)" 
k\ 




A(x)(loga:)* 

2j(Ti+1 






using the notation in the solution to Exercise 2.5.14. Interchanging 
the summation and integration gives 

/ — Trdx < oo 

for s satisfying ui — ^ < s < cti. For s = ao, this is a contradiction. 

□ 

2.5.20 Let X denote Liouville’s function and set 



n<x 



Show that if S{x) is of constant sign for all x sufficiently large, then 
C(-s) ^ 0 for Re(s) > 1/2. (The hypothesis is an old conjecture of 
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Polya. It was shown by Haselgrove in 1958 that S{x) changes sign 
infinitely often.) 

We have by Exercise 1.2.5 and partial summation that 

C{2s) _ S{x)dx 
C{s) 

If S{x) >0 for all x, then the integral represents an analytic function 
for Re(s) > ao, where (Tq is the abscissa of convergence. However, by 
Exercise 2.1.6, 



(s - l)C(s) = s - s(s - 1) [ ^^dx, 

Jl ^ 

SO if ({s) = 0 for some s satisfying 1/2 < s < 1, we get 




a contradiction because the right-hand side is negative. Thus ((s) / 
0 for 1/2 < 5 < 1. We find that (^{2s)/({s) has its first real singularity 
at 5 = 1/2. Therefore, ao = 1/2. Therefore, ((2s)/((5) is regular for 
Re(5) > 1/2, which means that C(^) 7^ 0 fo^ Re(5) > 1/2. (This is 
the celebrated Riemann hypothesis, which still remains unproved, as 
of the year 2000.) □ 

2.5.21 Prove that 



where bn{x) is the nth Bernoulli polynomial and Bn denotes the nth 
Bernoulli number. 

We have from Exercise 2.1.7 that 



F{x,t) = e^^F{0,t). 
As power series, this equation is 

°° br{x)f~ 



E b-pyX)t / V X t \ /' JDft \ 

r\ \ * 7*! / \ ^ ^ f\ / 

r=0 ’ r=0 ’ r=0 
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so that comparing the coefficients of on both sides gives the 
result. □ 

2.5.22 Prove that 

6„(1 -x) = (-l)"6n(a:), 

where bn{x) denotes the nth Bernoulli polynomial. 

We have from Exercise 2.1.7 that 



r=0 



e-t _ 1 “1^ 



brixX-iyf- 



r=0 



rl 



from which the result follows. 

2.5.23 Let 

Sfc(n) -l^ + 2^ + 3* + --- + (n-l)^ 
Prove that for k > 



k 

(A: + l)sfc(n) = ^ 

2=0 ^ 



n 






We consider the power series 
Sfc(n)t'= 



E 

k=0 



k\ 



oo ,ic n—l 

Em(E.‘) 



Writing 



pnt _ I 



k=0 j=0 

2-^ gt _ 1 

J =0 



e”* - 1 t 



e* - 1 t e* - 1 

= (E^)(Ef) 

k=l j=0 

and comparing coefficients of both sides gives the result. 



□ 



□ 




3 

The Prime Number Theorem 



3.1 Chebyshev’s Theorem 

3.1.1 Let 

p<n 

where the summation is over primes. Prove that 

9{n) < 4nlog2. 

Since every prime between n and 2n divides 




because it is one of the binomial coefficients occurring in the bino mi al 
expansion of (1 + 1)^", we see that 

0(2n) — 9{n) < 2nlog2. 

If n = 2’’, we obtain 9{2^~^^) — 9(2^) < 2’'"'‘^log2, valid for r = 
0, 1) 2, . . . ,m (say). Adding up these inequalities, we obtain 

^( 2 m+i) < (2”»+i +2^ + ... + 2 + l)log2 

< ( 2""+2 _ 



l)log2 < 2”"+Uog2 
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If n satisfies 2"* < n < 2'^'^^, then 



e{n) = e{2'^) + (e{n) - d{2^)) 

< 2”^+Mog2 + (0(2”*+i)-0(2^)) 

< 2”"+^ log 2 + 2^+^ log 2 < 4n log 2. 



3 . 1.2 Prove that 



6{n) < 2nlog2. 



□ 



We induct on n. If n is not prime, then 

9{n) = 6{n — 1) < 2(n — 1) log 2 

by the induction hypothesis. If n is odd, write n = 2m + 1, then 
notice that 

^2m + 1^ 
m 

is divisible by all the primes between m + 1 and 2m + 1. Notice that 



2m + 1 
m 



+ 



2m "h 1 
m + 1 



< 2 



2m+l 



SO that 



Hence 



2m + 1 
m 






6{2m + 1) — 9{m) < 2m log 2 
and induction gives 9{m) < 2m log 2, so that 

9{2m + 1) < 4m log 2 < 2(2m + 1) log 2 

as desired. 



□ 



V’(^) = 

p°^<x n<x 



3 . 1.3 Let 
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where A is the von Mangoldt function. Show that 
lcm[l,2,... ,n] = 



Clearly, we can write 

lcm[l,2,... ,n] = 

p<n 



where e„ is the largest power of p < n. Thus 



Op — 



logn 



logp J 



= Ei. 

p^<n 



from which the result follows. 

3 . 1.4 Show that ^ 

gV-(2n+l) f 

Jo 

is a positive integer. Deduce that 'ip{2n + 1) > 2nlog2. (The method 
of deriving this is due to M. Nair.) 

The integral 

1 = j\^{l-x)^dx = 



y-M (-1)^ 

n + k + 1 

is a rational number. It is clear that lcm[l, 2, . . . , 2n+l]7 is a positive 
integer. Since 

xil — x) < - 

for 0 < X < 1, we obtain 

I < 2~^". 

Hence, by Exercise 3.1.3, we obtain 

gV'(2n+l)j > 

SO that > 2^", as required. □ 
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3.1.5 Prove that there are constants A and B such that 



Ax 
log a; 



< 7r(a:) < 



Bx 

logo; 



for all X sufficiently large. (This result was first proved 
Chebycheff.) 

By the previous exercises, we have 



9{x) < 2x log 2, 
V’(2n + 1) > 2nlog2. 



Hence, 



which implies 



This yields 



log p < 2a; log 2, 

y/x<p<X 



(7t(x) — 7T (\/^)) r loga; < 2a; log 2. 



log a; ' ' 



Since tt (\/x) < \/x, we get 

Ax log 2 






log a; 

For the lower bound, notice that 

il){x) > X, 

and that 



tl){x) — 6{x) = Y2 logP = O (Vx log^ x) . 



<x 

a>2 



Hence 



6{x) > X, 



Y2 logp + O(v^logx) > X, 

y/x<p<X 



and as before, 
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so that -n{x) logo: x for x sufficiently large. Thus, 7t(x) > j^. □ 

3.1.6 Prove that 

T{x) := ^ log n — x log x — x + c + 0{l/x) 

n<x 

for some constant c. (This improves Exercise 2.1.2.) 

We apply Theorem 2.1.9 with /(n) = logn, a = b = and 
fc = 1 to get 

^logn = ^ logtdt+^logx+^ ^^dt + 0{l). 



n<x 

We hve 






and the integral on the right-hand side converges because B 2 {t) is 
bounded. Since 



r 



log tdt = X log X — X -b 1, 



this completes the proof. 
3.1.7 Using the fact 



□ 



prove that 



logn = ^A(d), 

d\n 

E“ = i»g* + 0(D- 



n<x 



We have 



[?1 = ^ ^ + 0{i>{x)). 



id 



Since T(x) = xlogx-fO(x) and if{x) — 0(x), we obtain the required 
result upon dividing by x. □ 

V - = loglogx -1-0(1). 

Z—/ p 

p<x 



3.1.8 Prove that 
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Prom Exercise 3.1.7, we deduce 

E— = l»8=' + 0(l). 

p<x 

since the contribution from higher prime powers is bounded by a 
convergent sum. Thus, by partial summation, 



logp 1 





“ P logp 

p<x 


Now, 


r dt 




J2 t^ogt 


and 


nx 



= 0(1)W 



{logt + 0(1)} dt 
2 (logt)2 t ■ 



= log log X + 0(1) 



r dt 
J2 

The result is now immediate. 



j = 0(l). 



3.1.10 Suppose that is a sequence of complex numbers and 

set 

S{x) - 



show that 



y S{X) 

lim = a, 

X— >oo X 



— = a log X + o(log x) 



as X oo. 

By partial summation 



^ _ S{x) S{t) 
^ n X Ji t^ 



dt — a log X + o(log x ) . 



The integral is divided into two parts: 



S{t)dt _ fy S{t)dt r S{t)dt 

1 e ~h ' 




3.1 Chebyshev’s Theorem 253 



We may use S{t) = at + o{t) in the second integral if we choose 
y — y{x) oo. The first integral is O(logy). Thus, choosing y such 
that logy = o(logrr) justifies the last step. □ 



3 . 1.11 Show that 



if and only if 



lim 

X— >00 



i^{x) 



X 



Tr{x) 

lim — 

a:->oo xj lOgX 



We have 



E 

2<n<x 



A(n) i){x) ^^{t) dt 



log n log X 



X 



log a; 



+ 



+ 



r A 

A (lo; 



gi)2 t 






dt 



log^t 



Now, 



We have 



A(n) / \ , /o A 1/2 1 ^ 

> = TTix) + U [x ' logo; . 

logn V / 



n<x 



dt ^ / r-\ dt X \ 



Thus, V^(rr) = rr + o{x) implies 7 t(x) == x/logx + o(x/logx). The 
converse is similarly deduced. Let f{n) = lifn is prime, and zero 
otherwise. Then 



6 {x) 



f{n) logn = 7 t(x) log a: 

n<x 



X + o(x) + u{ 1 . 

Vloga:/ 




t 



dt 



Therefore, 6 {x) = x + o{x). Since iIj{x) = 6 {x) + O [x^l'^lo^ x ) , 
we deduce '^){x) = x o{x) as required. 



□ 
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3.2 Nonvanishing of Dirichlet Series on Re(s) = 1 



3.1.12 If 



then show that 



lim 

x->oo X / log X 



= Q:, 



= a log log X + o(log log x ) . 

p<x ^ 



Deduce that if the limit exists, it must be 1. 
By partial summation, 






7T^ 

X 




= a log log X + o(log log x) . 
By Exercise 3.1.8, we know that a must be 1. 

3.2.1 Show that 



□ 



C{s) = r —si , , dx 

/or Re(s) > 1. Since the right-hand side of the equation is analytic for 
Re(s) > 0, s ^ 1, we obtain an analytic continuation of {s — 1)C(5). 

This was already derived in Exercise 2.1.6. It remains only to ob- 
serve that the integral on the right-hand side converges for Re(s) >0. 
Observe that (^(s) has a simple pole at s = 1 with residue 1. □ 

3.2.2 Show that <^{s) / 0 for Re(s) > 1. 

We have 

p 

for cr = Re(s) > 1. Since 



I. 1 ^ 


-1 


, 1 


1 






~ P^J 


= 


1 + "7 

pS 


+ 4 

p^s 


> 


^ 1 1 
pa p2a 




3.2 Nonvanishing of Dirichlet Series on Re(s) = 1 255 



and 



1 - — - 4“ 

pG p2a 






~ 1 



> 1 - 



2^-1 



>0 



for (j > 1, we are done. 

3.2.3 Prove that for cr > 1, t € M, 



OO A / \ 

RelogC(<^ + ^^) = cos (t log n). 

log n 

We have 

logC(s) = 

p ^ 

OO -j 

- VV — 

P k=l ^ 

V - {cos{t log n) - i sin{t log n)} , 

log n 

n=l 

from which the result follows. 

3.2.4 Prove that 



□ 



□ 



Re(31ogC(<7) + 41ogC(cr + it) + log ((a + 2it)) > 0, 
for cr > 1, t € M. 

By Exercise 3.2.3, we see that the left-hand side of the inequality 
is ^ 

M‘>^) 1 3 q. 4 cos (t log n) -f cos (2t log n) } . 

log n 

n=l 

Since 3 -f 4cos0 -f cos 20 = 2(1 -I- cos0)^ > 0, the result is now 
i mmediate. □ 

3.2.5 Prove that for cr > 1, t € K, 

\C{a)^C{a + it)'^C{(^ + 2it)\ > 1 . 

Deduce that ({1 + it) ^0 for any t eR, t ^ 0. Deduce in a similar 
way, by considering 



C{a)^L{a, x)^L{a, x^), 
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that L{l,x) 7 ^ 0 for x not real. 

By Exercises 3.2.3 and 3.2.4 we obtain 

|C(cr)^C(f^ + + 2it)| > 1. 

Now, we know that 



lim (a - 1 )C(ct) = 1. 

cr-^l+ 



Suppose C(s) has zero of order m at s = 1 + it, t ^ 0. Then 



lim 



C((T + it) 



(T-yi+ {a - !)’■ 



= c/0. 



Hence, 

|(a - l)®C(<^)^(o-- l)"‘^'”C(cr + zt)^C(o' + 2it)| > (cr - 

Letting a — )• I"*" gives us a finite limit on the left-hand side and 
infinity on the right-hand side if m > 1. Therefore, C(1 + / 0 

for t G K, t / 0. If 7^ XO) where xo is the principal character 
(mod q), then 



OO 



logL(cr,x) = EE 

p 1/=! 



x(p)‘' 

p(JUy ’ 



cr > 1, 



and similarly for x^- Notice that if x(p) == then x^(p) = 

Using the inequality 3-f 4cos0-fcos(2^) > 0 and Exercise 3.2.3 with 
t = 0, we get by taking real parts that 



3 log C(o-) + 4 Re log L((7, x) + Re log L(a, x^) > 0. 



This gives 

|C(<7)^L(a,x)^L(cr,x^)| > 1, 

similarly to the above. If L(l,x) = 0 we get a fourth-order zero for 
i(o-, x )^5 while C(<^)^ gives a third-order pole. However, L(cr, x^) does 
not have a pole at s = 1, since is not the principal character. □ 

3.2.6 Show that —^( 5 ) has an analytic continuation to Re(s) = 1, 
with only a simple pole at s — 1, with residue 1. 
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Since ((s) 7 ^ 0 for Re( 5 ) > 1 , s 7 ^ 1 , -^( 5 ) is analytic for 
Re(s) > 1, s 7 ^ 1. Now, 

(s - l)C(s) = s - s(s - 1 ) 

by Exercise 3.2.1. Thus, we can write 

(s - l)C(s) = s/(s), 



where /(s) is analytic for Re(s) > 0. Therefore, differentiating the 
equation, we get C(s) + (s — l)C^(s) = sf'{s) + f{s), so that 



1 + (s - 1) 



C(s) 



/(£) , ZM 

c(^)- 



Since lini 3 _^x+ = +oo, we get limj^x+l^ “ = ~1- 

3 . 2.7 Prove that 



— -|- cos 0 T cos 20 -}- 

Zi 



+ cos nQ = 



sin(n + \)9 



2 sin i 



The left-hand side is the real part of 



□ 



+ -I h . 

The term in the parentheses is the sum of a geometric progression 
and equals 



— 1 2 isin( 0 / 2 ) 



The real part is 



sin(n -I- h)6 1 



and the result is now immediate. 



3 . 2.8 Prove that 



cos 9 -f cos 3^ -I- ■ • • -h cos(2n — 1)9 — 



sin 2n9 
2 sin 0 



□ 



By Exercise 3.2.7, 
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1 . „ . „ ^ sin(2n + h)6 

— + COS 6 + cos 29 + • • • + cos 2ti9 — 

2 2sinf 

and 

^ + cos 20 + cos 40 H 1- cos 2n9 = 

2 2sin0 ’ 

putting first 2n instead of n and 20 instead of 0, respectively. Sub- 
tracting gives 

cos 0 -f cos 30-1 h cos(2n — 1)0 = 

_ sin(2n -I- ^)0 sin(2n -1- 1)0 
2sin| 2sin0 

Now, sin0 = 2 sin I cos so that the above is equal to 
2 cos I • sin(2n -|- ^)0 — sin(2n -I- 1)0 



4 sin I cos I 



Since 



( l\ 9 9 ( \ 

2n-\- - \ 9 cos - 4- sin - cos ( 2n + - 
Z y Z Z V Z 

we deduce that the expression in question is 

cos I sin(2n + ^)0 — sin | cos(2n + j)0 sin 2n0 



2sin0 



as desired. 

3 . 2.9 Prove that 



, sin 30 sin 50 

1 H r—T 4 + 

Sin 0 sin 0 



-t- 



2sin0 ’ 



sin(2n — 1)0 _ /sinn0\ 2 



0 , 



sin0 



/sin? 
V sin 



J) 



□ 



We prove this by induction on n. For n = 1, it is clear. Assuming 
that it is true for n < m, we must show it for ?r = m -H 1. After a 
simple calculation, we are led to prove that 



sin^(?r -I- 1)0 = sin^ nO + (sin(2n -I- 1)0) sin0. 



or equivalently. 
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(sin(n + 1)9 — smn9){sm{n + 1)9 + smn9) = (sin(2n + 1)0) sin0. 



Using 



A ‘ TD A — B 

sin^l + smB = 2 sin — - — cos — - — 



. . . r. . ^ + B . A-B 

sin — sin 5 = 2 cos — - — sin — - — 

we find that we must prove that 

4 cos 0 sin ^ sin ^ ^ ~ (sin(2n + 1)0) sin 9. 

But the left-hand side is 



sin 2 ( n + - 1 0 • sin 0, 



as desired. 

3 . 2.10 Prove that 



(2m + 1) + 2 ^ (j + 1) cos(2m - j)6 

j=0 

for all integers m > 0. 

We must prove 



sin(m + 4)0 



2m + 1 + 2 ^(2m - ji + 1) cos j0 
j=i 

Changing 0 to 2(p, we must prove that 



sin(m + j)0 



2m + 1 + 2 ^(2m - i + 1) cos 2j(p 
i=i 

By Exercise 3.2.7, we know that 



sin(2m + l)(/p 



1 ^ ^ sm(2n + 1)0 

- + cos 20 + cos 40 H 1- cos 2n0 = — — . 

2 2sm0 
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That is, 



, „ „ . sin(2n + 1)^ 

1 + 2 > cos2j<p = — 

f Gin (n 






sm(f 



Summing both sides over 0 < n < 2m, we obtain 

2m n 2m . /n . \ 

sin(2n + l)(f 

n=0 j=l n=0 



(2,tti + 1 ) + 2 ^J2^os2jip^'^ 



sm(p 



The left-hand side is 

2m 2m 

(2m+l)+2 cos 2j(f ^ 1 = (2m+l)+2 y~^(2m— j+1) cos 2j(p, 

j=l j<n<2m j=l 

and the right hand side is 

/ sin(2m + 

V sin 9 ? / 

by Exercise 3.2.9, as desired. □ 

3.2.11 Let f{s) be a complex-valued function satisfying 

1. f is holomorphic in Re(s) > 1 and non-zero there; 

2. log f{s) can be written as a Dirichlet series 

OO , 

n=l 

with bn >0 for Re(5) > 1; 

3. on the line Re(5) = 1, f is holomorphic except for a pole of 
order e > 0 at s = 1, 



If f has a zero on the line Re(5) = 1, then the order of the zero is 
bounded by ef 2. (This result is due to Kumar Murty.) 

Suppose / has a zero at 1 + iio of order A: > |. Then e < 2A: - 1. 
Consider the function 

2k 

9{s) = fisf’^-^^Hfis + ijto)^^^^^^-^^ 

j=i 



/(^)2fe+iy(^ + ^ ■ /(s + 2kitof. 
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Then g is holomorphic for Re(5) > 1 and vanishing to at least first 
order at s = 1, since 

- {2k + l)e > ik^ - {2k + l){2k - 1) = 1. 

However, for Re(s) > 1, 



log g{s) = E ( 2 ^ + 1 + 2 5] 2{2k + 1 - . 

n=l j=l 

Let 6 = to logn. Then for s = a > 1, 

00 7 2 k 

Re log g(a) = log | 3 ((t) | ^ ^ + 1 + 2 ^ 2(2A: + 1 - ;) cos j9^ . 

n-l j=l 

By Exercise 3.2.10, the quantity in the parentheses is greater than 
or equal to 0. Thus, 

|9((^)I > 1- 

Letting a 1"^ we get a contradiction, since ^(1) = 0. □ 

3.2.12 Let f{s) — J][^L(5,x); where the product is over Dirichlet 
characters (mod q). Show that f{s) is a Dirichlet series with non- 
negative coefficients. Deduce that L(s,x) 7^ 0 for Re(s) = 1. 

By the Euler product for each L(s,x), we know that it does not 
vanish for Re(s) > 1. Also, for Re(s) > 1, 

log f{s) = ^ log L{s, 

X n,p ^ X 

which by the orthogonality relations (see Exercise 2.3.8) is equal to 

ip{q) \ . 

n,p ^ 

p^ = l (mod q) 



This is patently a Dirichlet series with nonnegative coefficients. 
L{s,x) is regular for Re(s) > 0 (by Exercise 2.3.4) for x 7^ Xo- 
L(s,xo) has a simple pole at s = 1. Applying Exercise 3.2.11 gives 
the desired result. □ 
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3.3 The Ikehara - Wiener Theorem 



3.3.3 Suppose 

oo 

/(«) = Yj 

n=l 

is a Dirichlet series with real coefficients absolutely convergent for 
Re(s) > 1. If f{s) extends to a meromorphic function in the region 
Re(s) > 1, with only a simple pole at s = 1 with residue r, and |an| < 
bn, where F{s) = satisfies the hypotheses of Theorem 

3.3.1, show that 

^ a„ = ra; + o{x) 

n<x 

as X OO. 

The series G{s) = F{s) — f{s) is a Dirichlet series satisfying the 
hypotheses of Theorem 3.3.1, and therefore 

- On) = {R- r)x + 0 {x) 

n<x 

as X ^ oo. On the other hand, 



bn = Rx + o{x), 

n<x 



so that 

^ = ra: + o(a:), 

n<x 

as required. □ 

3.3.4 Show that the conclusion of the previous exercise is still valid 
if an e C. 

Define 

OO 

/•(») = 

n=l 



and observe that 



/ = ^(/+r)+i(— ^)- 

Furthermore, (/ + /*)/2 and {f — f*)/2i axe represented by Dirichlet 
series with real coefiicients, absolutely convergent in Re(s) > 1. Since 
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r{s) = f{si 



we have f*{s) — f{s). 

We leave it to the reader to show that f*{s) satisfies the Cauchy 
- Riemann equations and thus both (/ + f*)/2 and (/ - f*)/2i 
satisfy the condition of the previous exercise. The result is now 
immediate. □ 

3.3.5 Let q be a natural number. Suppose (a, q) — 1. Show that 
i>{x-q,a):= ^ A(n) 

n<x 

n=a (mod q) 



satisfies 



™ x/<p{q) 



= 1 . 



We apply the previous exercise to the function 



m 



1 



E X(a)(- j(s,x)) 

X (mod g) 



which is 



2 -^ 

n=a (mod q) 

Since L{s,x) 7 ^ 0 on Re(s) = 1, and the only character contributing 
a pole to the sum is the principal character, we see that 



Ress=,i/(s) 



1 



from which the result is immediate. 



□ 



3.3.6 Suppose F{s) = bn/n^ is a Dirichlet series with positive 
coefficients and is convergent for Re(s) > c > 0. If F{s) extends to 
a meromorphic function in the region Re(s) > c with only a simple 
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pole at s = c with residue R, show that 

^ + oix"") 

n<x ^ 



as X oo. 



The Dirichlet series G{s) = F{s + c — 1) satisfies the conditions of 
Theorem 3.3.1. Therefore, 

— XI ^Rx + o{x) 

n<x 



as X -> (X). Now, by partial summation, 



E*'' 

n<x 



A{x)x‘^ ^ — J 



A{t){c—1)F ^dt 



Rx^ 

= Rx^-{c-l)— + o{x^) 
c 



Rx^ 

c 



+ o{x^)^ 



as required. □ 

3.3.7 Suppose f{s) = dn/'^^ is a Dirichlet series with complex 

coefficients absolutely convergent for Re(s) > c. If f{s) extends to 
a meromorphic function in the region Re(s) > c with only a simple 
pole at s = c and residue r, and \an\ < bn, where f{s) = bn/n^ 

satisfies the hypothesis of Exercise 3.3.6, show that 

X«n = — +O(o:<=) 



as X ^ oo. 

If we write g{s) = f{s + c - 1), then g{s) satisfies the conditions 
of Exercises 3.3.3 and 3.3.4. Thus, 

_ 0"n _ 

n<x 
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as 3 ; — > oo. By partial summation (as in the previous exercise), the 
result is now immediate. □ 

3.3.8 Let a{n) be a multiplicative function defined by 



a{pn = 



p-^Cp if a = 1, 



0 otherwise^ 



where \cp\ < p^ with 9 < 1. Show that as x 00 ^ 

XI = ^+o{x‘^) 

n<x 

for some nonzero constant r. 

The Dirichlet series /(s) = a{n)/n^ is 






1 Crj 



We can factor 






It is easy to see that 






po y po 



converges absolutely for Re(s) >1 + 0. Moreover, h{s) does not 
vanish in this half-plane. Also, 

1 \ C{s- 1 ) 



9 {s) - n - 



ps-iy C{2s-2) 



by Exercise 1.2.7. Thus, 
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can be continued analytically to Re(s) > 2 with only a simple pole 
at s = 2 and residue r = h{2)/(^{2) ^ 0. We can now apply the 
previous exercise wit|^ c = 2 to deduce the result. □ 

3.3.9 Suppose c„ > 0 and that 

Cfi = Ax + o{x). 

n<x 



Show that 



— = A log X + o(log x) 



n<x 



as X oo. 

Let s(a;) = ^n<x partial summation, we get 



E 

n<x 



Cn S{x) r s{t) 



+ f ~-fdt 

n X Ji V 



= A log X + o(log x) 



as required. 



□ 



3.4 Supplementary Problems 

3.4.1 Show that 

A(n) logn = tp{x) logx + 0{x). 

n<x 



By partial summation, 

A(n) log n = ip{x) log x - 

n<x 

Using Chebyshev’s estimate that •0(x) = 0{x) in the integral gives 
the result. □ 

3.4.2 Show that 

J^A(d)AQ) = A(n)logn + J^p(d)log^d. 

d\n d\n 
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By Exercise 1.1.6, we have 

d\n 

SO that 

;^A(d)A(^) = ^A(rf)A(e) 

d\n de=n 

= A{d)'^n{S)logS 

de=n t5—e 
5td=n 

Since 

X 

td=n/S 

we have 

5^A(d)A(^) = -5^/x(d)logdlog^ 

d\n d\n 

= A(n) log n + ^ /i(d) log^ d 

d\n 

as required. □ 

3.4.3 Show that 

X/^(cf)log^^ 

d\n 

( log^x if n = 1, 



2A(n)logx - A(n)logn + Xl^j.^„A(h)h(A:) if n > 1. 
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If n = 1, the result is clear. For n > 1, recall that = 0 

(Exercise 1.1.1) and that - logd = A(n) (Exercise 1.1.6), 

so that 






li{d) (log^ d - 2 log X log d) 

d\n 



— 2A(n) log X + n{d) log^ d. 

d\n 



By the previous exercise, we have 

y^/j(d)log^d = A(/i)A(A:) - A(n) logn, 

d\n hk=n 



which completes the proof. 
3 . 4.4 Let 



n<x d\n 



Show that 



S{x) = V’(x) logx + ^2 0{x). 



n<x 



□ 



We sum the result of Exercise 3.4.3 to get 

S{x) = log^ X + 2'4>{x) log X - A(n) log n + ^ A(m)A(n). 

n<x mn<x 

The first sum, by Exercise 3.4.1, is ■0(x)logx + 0{x). The second 
sum is 

n<x 

Putting all this together gives the desired result. □ 

3 . 4.5 Show that 

S{x) - 7^ = ^ ^(d) |log2 ^ - 7^} , 

d<x 



where 7 is Euler constant. 
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We have 

S(x) - 7^ = 5]] I “ 

n<x d\n 

since IJ-{d) = 1 if n = 1, and 0 otherwise. Interchanging the 
sums now gives the required result. □ 

3 . 4.6 Show that 

S(x) =xY^ ^ jlog^ 

d<x 



Recall that (Exercise 2.5.5 ) 

X] = 0{x), 

d<x 

SO that when we remove the square brackets in [x/d] in Exercise 
3.4.5, the error term is 0{x). □ 

3 . 4.7 Using the fact 

J]i = logx + 7 + o(i) 

n<x 

deduce that 

de<x 

By the previous exercise, we can write 

d<x 

= {‘■^8^-7} {log ^+7} +0(1). 

d<x 

>°8|+7= E { + 0(^) 

e<xjd 



Writing 
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gives 



S(x) 

X 



d 




and the error term is 0(1) by Exercise 2.5.5, which proves the result. 

□ 



3 . 4.8 Prove that 

^ = 2logx + 0{l). 



By the previous exercise, 

n<x d\n 

E A(n) 

h log a; -7 

n 

n<x 

= 21oga; + 0(l) 

by Exercise 3.1.7. 

3 . 4.9 (Selberg’s identity) Prove that 

ipix) logo: + ^ A(n)-i/>(-) = 2a; log a; + 0(a;). 

n<x 

By Exercise 3.4.4, 

S{x) = ij}{x) log a: + 

n<x 

By the previous exercise, 

5(a;) = 2a; log x + 0(x). 

Putting these facts together gives the result. □ 

3 . 4.10 Show that 
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where u{n) denotes the number of distinct prime factors of n. 

In the interval [1, n], the number with the largest number of prime 
factors is 

N = JJp, 

p<t 

where t is chosen as large as possible so that N <n. Hence 



u{n) < 7r(t), 



and by Chebyshev’s theorem (Exercise 3.1.4) we have logiV ^ t. By 
Exercise 3.1.5, 



7r(t) <C 



t 

logt’ 



so that i/(n) <C (log iV)/ log t. Also, n < rip<t+iP) by our choice of 
t. Again by Chebyshev’s theorem. 



log n < t. 



so that 



i/{n) -C log n/ log log n 



as required. □ 

3.4.11 Let u{n) be as in the previous exercise. Show that 

u{n) — a: log log rr + 0{x). 

n<x 

We have 
so that 

n<x 

= a: log log re + O (a:) 



p\n 

p<x 



by Exercise 3.1.8. 
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3.4.12 Let u{n) be as in the previous exercise. Show that 

= a;(logloga;)^ + 0(a;logloga;). 

n<x 



We have 



n<x 

p^q 

The second sum is 0{x log log x) by the previous exercise. The first 
sum is 



- + 0{x) 

P9^q 




E 

pq<x 



X 

pq 



Es+ow 



= y"- + 0(a:). 

^ pq 

pq<x 



Now, 



pq<x p<x ^ P,q<x 

pq>x 

and the first sum on the right-hand side is 

(log logrr + 0(1))^ 

by Exercise 3.1.8. The second sum is bounded by 

E E,V S E,i. 

^Jx<p<xq<x y/x<q<xP<x 



since p^q < x and pq > x imply either p > y/x or q> yT. But 

7c{t)dt 

- I 

p I /x: 

y/x<p<X 



E -«r 



t2 



< 1 



by partial summation and Chebyshev’s estimate for 7r(t). Thus, the 
second sum in question is 



0(logloga;), 
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which completes the proof. 
3.4.13 Prove that 




sin^ Xx 
Xx‘^ 



dx = 7T. 



Let 



Then 



fit) = { 



f 1 if \t\ < A, 
0 otherwise. 



fix) = 



2 sin Ax 
^/^x 



By Parseval’s theorem 



2 

7T 





dx = 2A, 



as desired. 

3.4.14 Let 

Tix) ;= ^logn. 

n<x 

Show that for x > 1, 



|T(x) — (xlogx — x)| < 4 + log(x + 1). 



□ 



□ 



By the inequalities of the integral test, we have 
Tix) > j logtdt = xlogx — X + 1. 

Also, 




log t (it = (x + 1) log(x + 1) - (x + 1) - 21og2 + 2. 



Hence 



T(x) - (xlogx — x) < xlog + log(x + 1) 
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Since log(l + t) <t, for \t\ < 1 we deduce 

|r(a;) — {x log X — x)\ < 4 + log(a: + 1) 



as required. 

3 . 4.15 Show that 

'ip{x) - < (log2)a; + 12 + 31og(x + 1). 

Deduce that 



ip{x) < 2(log2)a; + 



12 log a: 3 log(a; + 1) log re 



□ 



We have (by the proof of Theorem 3.1.9) 

<T(re)-2T(|). 

By Exercise 3.4.14, we have 

T{x) - 2t(|) < (log2)a: + 12 + 31og(rr + 1). 

By iteration we obtain 

^(1) + 12 + 31og(x + 1) 

and so on. Adding these up gives the stated inequality. □ 

3 . 4.16 Show that 

(I) + V” (I) > (log 2)a: - 2 log(x + 1) - 7. 



We have (as in the previous exercise or by the proof of Theorem 

^(^) - V’(l) +^(|) > T(rr) - 2 t(|). 

Using Exercise 3.4.14 now gives the result. □ 

3 . 4.17 Prove that for x > e^^, 
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By the previous two exercises 

V’(a;)-V’(|) > i(log2)a:-2(log(a: + l)) -7 

12 log(a; + 1) 3(log x) log(x + 1) 

log 2 log 2 ’ 

If X > we can replace 21og(x + 1) and 21og(x + l)/log2 by 
(logx)(log(x + l))/log2. □ 

3.4.18 Find an explicit constant cq such that for x > cq, 



Since logo; < log(rr + 1), we may write by the previous exercise 

5(log(x + 1))2 



V’(^) -V’(I) > ^(log2)x- 



log2 



7. 



Now let c = (log2)^/30, so that we have (log(x + 1))^ < cx, provided 



that 



l + x < 1 + 






or, equivalently, x > 36/c^. This yields 

i’i^) “ '^(1) ^ - 7, 

provided that x > cq = 36/ c^. □ 

3.4.19 With Co as in the previous exercise^ show that for x > cq; 

^x\ ^ (log2)x _ ^/x{logxf _ ^ 



m - e(|) 



log 2 



<x 

a>2 



Let 
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Then, by the previous exercise, 
for X > Co. Also, 

0*{x) < \/x(logn:)^/log 2 , 

from which the result follows. □ 

3.4.20 Find an explicit constant ci such that for x > ci, 



We have 



^/x{logx)^ (log 2 )a; 



< 



log 2 12 

ilf a: < exp ((log2)a;^/^/\/I^. This is certainly the case if 



a; < XT 



1 log 2 ^1/4 



8 ! 

or in other words, if x > C 2 = 12^ • 8!/(log2)®. Therefore, 

'x\ (log 2 )a: 






> 



12 



if a; > max(co,C 2 ), with cq as in Exercise 3.4.18. We set ci = 
max(co,C 2 ) to deduce the stated inequality. □. 

3 . 4.21 Find an explicit constant cs such that for x > Cz, 0{x) - 
9{x/2) > 1 . Deduce that for x > cz, there is always a prime between 
xj2 and x. 

By the previous exercise, we may set cz = max(ci,96/log2) to 
deduce that 6{x) — 0{xf2) > 1 for x > C 3 . □ 

3 . 4.22 Let 

n<x 

be a function of bounded variation in every finite interval [l,a:]. Sup- 
pose that as X 00 , 

F{x) = xlogx + Cx + 0{x^) 
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with (7, P constant and 0 < /? < 1. Show that if M{x) := Yhn<x /^(^) ~ 
o(x) as X oc, then 

f{x) = x + o{x). 



By replacing f{x) by 

fo{x) = f{x)-x- (C-j), 

we find that 

n<x 

satisfies ^ 0 ( 2 ^) = 0{x^). It suffices to show that fo{x) = o{x). By 
Mobius inversion, 

fo{x) 

n<x 

It is clear that Fq is also of bounded variation. We write 

Mx) = I]/^(«)^o(0+ 

n<ex ex<n<x 



= (say). 

We estimate trivially: 

n<€x ^ 



which is 0{e^~^x). 

For y) 2 > write Fq{x) = P{x) — Q{x) with P and Q positive 

monotonic increasing functions, since Fq is of bounded variation. 
Thus 



E2 = E 



ex<n<x 



= E E »‘(“)q(^). 

ex<n<x 



tx<n<x 
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We estimate ^ follows. By partial summation, 

for X a positive integer, 



E 



{M{n) - M{n-l)}P 



= M(x)F(l) + 



€X<n<x—l 



n + 1 






ex<n<x 

and a similar estimate holds for the Q-term. For any fixed e > 0, 

|M(n)| ^ \M{n)\ ^ 

hm max < hm max — 0, 

x— >-oo ex<n<x X x-^oo ex<n<x Ti 

so that for x sufficiently large, 



fo{x) = o[x) 



as required. 



3.4.23 Assuming M{x) = o{x) as in the previous exercise, deduce 
that 

lim = 1. 

I— >oo X 



We know that 

T{x) := log n = X log x — x + 0(log ; 



T{x) = Y'^ 



We may apply the previous exercise with c = — 1 and any 0 < ^ < 
1. We deduce that ip{x) = x + o{x), which is the prime number 
theorem. □ 




4 

The Method of Contour Integration 



4.1 Some Basic Integrals 

4.1.1 If X > 1, show that 



1 

2iri 




— ds = 1 
s 



for any c > 0. 

Consider the integral 



1 

Jc-iR T 

with R> c, and the contour (r described by the line segment joining 
c — iR to c + iR and the semicircle Sr of radius R centered at c and 
enclosing the origin. By Cauchy’s theorem, 

— / —ds = Res5::.o— = 1. 

2m s s 



1 rc+ttt J.S 1 r x^ 

7^ -d^ + 7^ -ds = 1 . 

27r^ Jc-iR s 2m Js,^ s 



Thus 
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The second integral satisfies 



^ r rpS /‘ 37 t /2 

Putting t = — cos 9 ?, the integral on the right hand side of the in- 
equality is 



i‘ 



X 



—Rt 



dt 



= 2 



X 



{ 2 

so that we get a final estimate of 






[ {Rlogx) 
Jo 



X ^^axcsmtdt 



X'' 



which goes to 0 as i? ^ oo. 
4 . 1.2 ^ 0 < a: < 1, show that 



1 

2-Ki 




.S 

ds = 0 . 



s 



□ 



We proceed as in Exercise 4.1.1 and consider 

1 x" , 

7 — / — as. 

L'Kl J Q—iJl S 

However, the contour we choose will be Vr described as the line 
segment joining c — iR to c iR and the semicircle sr to the right 
of the line segment, of radius i?, centered at c and not enclosing the 
origin. 

By Cauchy’s theorem. 



Thus 



2m 



L/ = 

JVr S 



^ r * —ds + T /" 

27Ti Jc-iR S 2m 



x^ds 



0 . 



The second integral can be estimated as before by 

f37r/2 



T f ^ds 

2m s 2 rRJ ^/2 



X 



Rcos 



‘^dip. 
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The integral is easily estimated, and we get a final estimate of 



which goes to zero as i? oo. 



4.1.3 Show that 



We have 



1 f ^ _ 1 

2m 7(c) 5 2’ 



s 2m c + it 



1 c- it 

The imaginary part of the integral vanishes, since the range of inte- 
gration varies from —R to R. Thus, the integral is 

c dt _ 1 du 

7T io c2 + *2 7T Jo l+v?' 

The latter integral tends to arctanoo = tt/2, so that the final result 
is 1/2. □ 

4.1.5 Let 

OO 

n—1 

he a Dirichlet series absolutely convergent in Re(s) > c — e. Show 
that if X is not an integer^ 

= f{s)—ds. 



(The integral is taken in the sense of Cauchy ^s principal value.) 
We can integrate term by term in the expression 



[ f{s)—ds=)- 

/(C) s 27r^ 



/x\sds 

, , 

Vn/ s 
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since the function f{s) is uniformly convergent in this half-plane. By 
Theorem 4.1.4, we get, letting T oo. 



n=l n<x 



CLfi- 



□ 

4 . 1.6 Prove that 

^(logx)*' if x>l, 

0 ^ ^ 1 , 

for every integer k >1. 

When a: > 1, we choose our contour as in Exercise 4.1.1. By 
Cauchy’s theorem. 

Thus 




1 1 r 

27Ti Jc-iR 27Ti Js^ 

The second integral is bounded by 



2Jik+i ’ 



X 

qA :+1 



ds = —(logo;)* 



which goes to zero as R-^ oo. 

If a; < 1, we choose our contour Vr as in Exercise 4.1.2. By 
Cauchy’s theorem, 

‘ / 4 j *= o . 

2m Jj)^ 

Thus 

1 re* 1 /* a:* , ^ 

2m ^ 2m ^ 

The second integral is easily estimated by 



X 



c 



2Rk+i ’ 
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which goes to zero as i? -> oo. □ 

4.1.7 Let 

oo 

/(*) = E ^ 

n—1 

be a Dirichlet series absolutely convergent in Ke{s) > c — e. For 
fc > 1, show that 

n<x ^ ^ 

This is straightforward from the previous exercise. The proof is 
analogous to that of Exercise 4.1.5. □ 

4.1.8 If k is any positive integer, c > 0, show that 



1 r x^ds 

2m 5(5 + 1 ) • • • (5 + k) 



h ( i - j ) if X>1, 

,0 if 0 < X < I 



The method is identical to that of the previous exercises. If a: > 1, 
we choose our contour as in Exercise 4.1.1. We choose R> 2k such 
that by Cauchy’s theorem, 

1 x^ds J_ r x^ds 

27r* Jc-iR s{s + 1) ■ ■ ■ {s + k) ’’’ 2TTi s(s + 1) ■ ■ • (s + k) 

k a 

E T> ^ 

^^^^=-^s{s + l).--{s + kY 

J=0 

The residues are easily calculated: 

^ x~^ 

+ 1) . . . (s + 1) + 1) ■ ■ ■ (-1)(1)(2) . . . (t - i) ’ 

which is 

(— l)-^a;“-^ 

j'-ik-jV-' 

and the sum of these residues is 
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On Sr we obtain 

|s + il > 

and hence 



1 f x^ds 

2m s{s + 1) • ’ ' {s + k) 




5 



which goes to zero as i? -)• oo. In the case 0 < a; < 1, we use the 
contour as in Exercise 4.1.2, and since the integrand is analytic inside 
this contour, Cauchy’s theorem gives 



1 rc+^R I r 

Jc-iR s(s + l) •■■(« + A:) 2ni Jsj^s{s + l)---{s + k) 



with R > 2k, as before. The integral on the right is 




which tends to zero as R-^ 00 . 



□ 



4 . 1.9 Let 



00 



m = E 

n=l 






be a Dirichlet series absolutely convergent in Re(5) > c — e. Show 
that 



-J2an{x-n) / , 

c „<J. Jc-too 



f{s)x^ds 
s(s + 1) ■ • • (s + k) 



for any k > 1. 

Substituting the Dirichlet series for f{s) in the expression 

1 r f{s)x^ds 

2m 7(c) s(s + 1) ■ ■ ■ (s + k) 



and integrating term by term using the previous exercises, we obtain 
the result. □ 
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4.2 The Prime Number Theorem 



4.2.1 Using the Euler - Maclaurin summation formula 
(Theorem 2.1.9^^ prove that for a — Re(5) > 0, 



n— 1 






n 



+ 



n 



m=l 



5 — 1 



■f 



.r«+l 



where [re] denotes the greatest integer function. 

In Theorem 2.1.9, we take f{t) = 1/t^ and k = 1 to get 




dt 1/1 
¥ 2 W 




X — 



M - 1/2 



dx. 



Let B oo. Then, 




^ 2n^ 



m=n 



n 



1 — 5 



1—5 




1 dx 
2^x^‘ 



Thus, 



n—l 



c(s) = 



m=l 



1 j_ 

2n^ 



n 



1 — 5 



1-s 




X — [x] — 
^.s+l 



—dx 



as desired. 

4.2.2 Using the previous exercise, show that 

(is) - ^ = O(logT) 
5—1 

for 5 G -Rt- 
We have 



□ 



n—l 






m— 1 



1 I n 
m® ' 2n* s 



1—5 _ rc 

5-1 ~'L 



(x — [aj] — l/2)da; 



X 



s+l 



and we observe that writing s — a + it, 

n—l 



(is)- 



5 — 1 



^ nU 2n<^ ii 2 

m=l 



dx 

a-\-l ■ 



X' 
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since 



5 _ rn 



- 1 
5 



dx 






and \x — [x] — Also, by the integral test, 



n— 1 



V j_ r ^ 

m=l 



which gives an estimate of 

dx 



1 + 2 



r^+M r 
Ji X- 2 1 



1 I 2(n^-‘- - 1) 



X 



<"+1 “ 1-cr 2 c7 



< 



2n^ Isln 



+ 



1 — cr 2 ct 



We are free to choose n optimally to minimize this quantity. Let 
n = [T]. In Rt, |sl < 2 + T and for a > 1/2, 

|s| 2 + T „ _ 

U<_<2 + T, 

which leads to a final estimate of 

2 2 + T 



-il—a 



1 — cr 



+ 



Since 



^ ctq = I — 



T 

1 



logT’ 



we have 1 — cr < 1/ logT, from which we get from above 



C(^)- 



1 



s — 1 

By monotonicity, we get 

cw- ' 



< 1 + 2 



+ f 
Ji t- 2 Jj 



“ dt 

T 



5 — 1 



/ 1 ^ r dt ^ , r°° dt 

< 1 + 2 / h s / — 

Ji Jt 



< logT, 



for s € Rt, as required. 



□ 
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4.2.3 Show that 

C{s) = O(logT) 
for s on the boundary of Rt- 
Since 

1 1 / • ^ 1 lA 

5 — 1 a — l + iT \a — 1 T J 

and cr > 1 — 1/ log T for s on the boundary of Rt^ we get the desired 
result. □ 

4.2.4 Show that for a > 1/2, ({s) = 0(T^/^), where T = |Im(5)| — > 



By Exercise 4.2.1, we get with n = [T], 

|C(5)| 



by an easy estimation of the quantities in that formula. □ 

4.2.5 For s € Rt, show that 

We use Exercise 4.2.1 again and differentiate the formula there 
with respect to s. Thus 



C'(^) + 



(s - 1)^ 



log m log n 
2n® 



(logx)da: 



x-[x]~ 1/2 



x-[x]-l/2.^ 

+s / — ^ {logx)dx. 



Estimating all of the terms on the right-hand side as in Exercise 
4.2.2, we get with n = [T] the desired estimate. □ 



4.2.6 Show that 



C{s) = 0{log^T), 
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where T = |Im(s)| and s is on the boundary of Rt- 
We proceed as before: 

cr > 1 - ^ , 

logT 

which implies (1 — < log^ T, and this gives us the stated result. 

□ 

4.2.8 Let s = a + it, with 1 < |t| < T. There is a constant c > 0 
such that 



C(^) 



for 



1 



0(VT) 



< (T < 2. 



(logT)9 

Combining Theorem 4.2.7 and Exercise 4.2.5 gives the result. □ 



4.3 Further Examples 



4.3.2 Suppose that for any e > 0, we have a„ = O(n^). Prove that 
for any c> 1, and x not an integer, 

rc+tR f^^s , ^fx^logx' 

Ic-iR ^ 



n<x lit 



where 






n=l 



By Theorem 4.1.4, we have 

rc-\-iR f(^^'^x 
27ri J c—iji 



- = 5: a„+o( f; |a„|(2)' min (l, j^))- 

n^x 



The analysis of the error term is handled as in the proof of Theorem 
4.2.9. We split the sum into three parts: n < x/2, xj2 < n < 2x, 
and n > 2x. For the first and last parts | logx/n| > log 2, so that 



n<xj2 




4.3 Further Examples 289 



Also, 






n>2x n>2x 

Finally, for the middle part (x/n) is bounded so that 

x/2<n<2x I * " I 

Putting all this together gives the desired result. □ 

4.3.3 Assuming the Lindeldf hypothesis, prove that for any e > 0, 



^ dk{n) = xPk-i{logx) + 



n<x 



where dk{n) denotes the number of ways of writing n as a product of 
k natural numbers. 



By Exercise 1.5.5, we know that 



<‘(») = E 



d]z(ri) 



n=\ 






By Exercise 1.3.2 and the fact that dk{n) < d(n)^, we see that 
dk{n) — O(n^) for any e > 0. Applying the previous exercise, we 
obtain 

■“ 27TJ Jc~iR S \ R / 

n<x 



for any c > 1. If C is the rectangular contour joining c — zi?, c + zi?, 

t 

C^(s)x" 



I + iR, ^ — iR, we have by Cauchy’s theorem 



^ I ‘^A^x^ds = ReSs=i 

ic s s 



IJc 



xPfc_i(loga;) 



for some polynomial Pk-i of degree k — 1. Also 



1 re{s), 



-f 

Jc 



2 rc-\-in 

2ni Jc-iR 



2m Jc s 

c+iR 



-ds = 
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where the horizontal and vertical integrals in the contour have been 
estimated using = 0{t^). Choosing R = x and c = 1 + 1/loga; 
gives the desired result. □ 

4.3.4 Show that 

M{x) := = 0(rrexp(— c(log3;)^/^^)) 

n<x 



for some positive constant c. 

By Exercise 4.3.2 with e = 0, 



53 

n<x 



1 x^ds 

27ri Jc-iR s({s) ’’’ \ R ) 



By Theorem 4.2.7, |l/C(s)| = 0(log^i?) for 1 < |Im(s)| < R and 



6^1- 



ci 



log^R 



<a<2. 



.9 D — — 



We choose C to be the rectangular contour joining c — iR^ c + iR^ 
6 + iR and 6 — iR. Then, by Cauchy’s theorem, 



1 

2rci 



L 



x^ds 

sC,{s) 



= 0 . 



Therefore, 



1 x^ds __ 1 / rc-iR\ / \ 

2T^iJc-iR K{s) 27Ti V J c-\-iR J 6-\-iR J S—iR ) V<{s)/ ' 

We use the estimate provided by Theorem 4.2.7 to estimate these 
integrals: 

J_ / rc-iR\ x^\og^ R 

2m \Jc+iR ^ Js-iR / V<(«)/ ^ iiloga: ’ 

ifR > 1. For the vertical integral, we can use the same technique to 
bound the integrand, observing that 1/C{s) is regular at s = 1 and 
thus is bounded in 0 < |Im(s)| < 1, (5 < Re(s) < 2. Therefore, the 
vertical integral is 

<C log® R. 
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Putting this all together gives 



n<x 



log^ R 
Rlogx 



+ x^log^R. 



Put c = 1 + 1/loga:. The optimal choice of R is obtained hy equat- 
ing error terms. We choose R — exp(ci(logx)^/^®) to get for some 
constant c > 0, 



M{x) a; exp c(loga;)^/^°j 



as required. □ 

4.3.5 Let E{x) be the number of square-free n < x with an even 
number of prime factors. Prove that 

E{x) — ^x -b O ^a;exp c(loga;)^/^°j j 

for some constant c > 0. 

The function a„ == p^{n){l p{n))/ 2 is 1 if n is squarefree and 

has an even number of prime factors, and 0 otherwise. Thus, 

E{x) = Y,an = Q{x)/2 + 0{M{x)), 

n<x 

where Q{x) is the number of square-free numbers less than or equal 
to X. Now apply Exercise 1.4.4 to deduce the behavior of the main 
term. By the previous exercise, M{x) = O (xexp (— c(logo;)^/^^)), 
so that the result is now immediate. □ 



4.4 Supplementary Problems 

4.4.1 Let A(n) be the Liouville function defined by \{n) = (— 
where 0(n) is the total number of prime factors of n, counted with 
multiplicity. Show that 

y~] A(n) = O ^xexp ^-c(loga;)’-/^°j^ 

n<x 



for some constant c > 0. 
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Recall that (see Exercise 1.2.5) 

A(n) C(2^) 

h C(s) ■ 

One can apply the method of contour integration as in Exercise 4.3.4 
and derive the result. An alternative approach is to make use of 
Exercise 4.3.4 in the following way. We have from the above Dirichlet 
series 

Hn) = /^(e), 

d?e—n 

SO that 

J]A(n) = ^ /i(e) = M{x/(f) 

n<x d?e<x d?<x 

in the notation of Exercise 4.3.4. By that exercise, we have 
M{x) = O ^rrexp 



for some constant c > 0. Inserting this estimate above gives 



5]A(n) = 5] of Jexpf-c (log 

n<x d<y/x ^ ^ 

= 5^ + 

The first sum is easily seen to be 



a:\Vio 



O (xexp (— ci(loga:)^/^°^^ 



for some constant Ci > 0. The second sum is bounded by 



and this completes the proof. 

4.4.2 Show that 

2 ^ n® 

n=l 

converges for every s with Re(s) = 1. 



□ 
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Let s — 1 it. By partial summation 

+ (1 + it) f M{w)w-‘^-^^dw. 

n<N 

The first term on the right-hand side is, by Exercise 4.3.4, 

O ^exp (-c(logiV)V'o)) . 

The second term can be written as 




Since M{w) = 0{w/ log^ w)^ the first integral above converges to a 
limit L (say). The second integral is bounded by 

roo 

<C / exp{—c{logw)^^^^)dw/w 

Jn 

< exp(-^(logiV)^/^‘^)^ exp (^-^(logw)^/^°) 

which is 

o (exp (-|(logiV)^/^°)) , 

since the integral converges. Letting — > oo shows that the series 

converges to L. □ 

4.4.3 Show that 

= logx + 5 + 0 ^exp c(logx)^/^^^^ 

n<x 

for some constants B and c, with c > 0. The summation is over 
prime numbers. (This improves upon Exercise 3.1.7.) 

We have 



E 

n<x 



A(n) 






/ 



“l2— 



1 + 0(exp(-c(loga;)^/’^'')) +log 2 : 



+ J 0{t ^ exp(— c(logt)^/^*- 



))dt 



n 
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The integral is easily seen to converge. Accordingly, we split the 
integral into two parts as 



PCX) POO 

Jl Jx 



and estimate the second integral as in the previous exercise. This 
shows that 

= logx + + O ^exp ^-ci(loga;)^/^°^ j 



n<x 



for some constants 5i, ci with ci > 0, as desired. 

4.4.4 Let f{s) = be a Dirichlet series absolutely con 

vergent for Ke{s) > 1. Show that for any c > 1, 

J2An = 0{x^). 



□ 



n<x 



We have 



\Y,An\<Y^ |A„| < 

n<x n<x n<x 

as required. □ 

4.4.5 Define an for n> 1 by 

oo . 

E Qn _ t 

n^ 

n=l ^ \ / 

Prove that 

Y^an = 0 (a: exp (-c(logx)^/^'’)) 

n<x 

for some positive constant c. 

We have 

de=n 

Applying Dirichlet ’s hyperbola method (Theorem 2.4.1), we have 

n<x d<y d<xjy 




4.4 Supplementary Problems 295 



We choose y = ^/x and apply Exercise 4.3.4 to get 




= O ^a:exp ^-Ci(loga:)^/^‘’j^ 

for some positive constant ci as required. 

4 . 4.6 Prove that 

^^/x(n)d(n) = O ^xexp c(loga;)^/^°j j 

n<x 

for some constant c > 0. 

We have 



□ 



/w-E^=n(i-^) 






pS 



We may write 






1 \ 2 /, 1 



1 \-2> 






so that 



/(s) 



9{s) 

CHsY 



where g{s) is a Dirichlet series absolutely convergent for Re(s) > 1/2. 
Writing 



g{s) = X) 



n=l 






let us note that 

g{n)d{n) = ^ Udbe, 

de—n 



where o„ is as in the previous exercise. Applying Dirichlet’s hyper- 
bola method with 

A{x) := ^ a„, 

n<x 
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B{x) ~Y.bn. 

n<x 

we get 

5^/i(n)d(n) = - A{y)B(^y 

n<x d<y d<x/y 

We choose y = ^fx and note that for some positive constants c, 
A(x) = O ^a:exp c(loga;)^/^‘^^ j 
(by Exercise 4.4.5). Also, by Exercise 4.4.4, B{x) — O (a;^/2+6^ 
Y td{n)d{n) 

n<x 

S ^exp(-c(logx)^/^°) + Y 

d<y/x d<y/x 

The series 




is finite, and = 0{rf)^ and the second sum is 

O . 

The final contribution is 

O ^xexp ^-c(loga;)^/^^^^ 



as required. □ 

4.4.7 If f{s) = CL Dirichlet series converging abso- 

lutely for a = Re(5) = a^, show that 



1 

lim — / f{a + = o^. 

T->oo AI J_x 



We have 



1 



n=l 



a ^ rT 

2T ^ J_T \~n) 

n=l 



it 

dt. 
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Now, 




2T 



2sin(T log m/n) 
logm/n 



if m — n^ 
otherwise. 



The sum 



E 

n=l 

n^m 



I ^72 I 

n^l log m/n 



converges. Indeed, if n < m/2 or n > 2m, this is clear, since | logm/n| 
is then bounded. If m/2 < n < 2m, then the finite sum is clearly 
bounded. The result is now immediate. □ 



4.4.8 Suppose 

oo 

/(^) := 

n=l 

oo 

72=1 

and f{s) = g{s) in a half-plane of absolute convergence. Then Om = 
bm for all m. 

We apply the previous exercise: 



am = lim + 

T->oo 11 

= lim 1- [ g{a + = bm- 

T-^oo 21 J —'j' 

□ 

4.4.9 If 

OO 

72=1 

converges absolutely for a — Re{s) > (7^, show that 



lim 

T-)-oo 



— r I 

2T J_T^ 



\f{a + it)\‘^dt 




72=1 
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We have 



|/(CT + it)|2 = 






^ I i2 

^ bn 



E Pnl 

/y7 2cr ,Z— ^ 



0>m.0jn f Ti 



\m 



so that 






amCin 2 sin(T log n/m) 
2T(log n/m) 



The double series is analyzed as before. For fixed m, the ranges 
n < m/2 and n > 2m are easily handled, and the remaining range 
is finite. Thus, for fixed m, the summation over n is bounded. The 
summation over m is also bounded, since a > (7^. Thus the double 
sum is 0{1/T) and the result follows. □ 

4.4.10 Let Q{x) be the number of squarefree numbers less than or 
equal to x. Show that 

Q{x) = ^ + O exp 
for some positive constant c. 



We have 






as in Exercise 1.1.9. Writing [x/d^j = x/d^ + E(a;, d), we observe that 
|E(a;,d)| < 1. Now, 

X X tJ’{d)E{x,d). 



Let us analyze the first term. We have 

tJ’jd) _ t^jd) _ 

2^ ifi 2-^ ffi 



/x(d) 

2-^ (p 
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By Exercise 4.3.4, 

M{x) = O ^xexp j , 

so that 

For the second term, we write 

pL{d)E{x,d) = Y {M{d) - M{d-l))E{x,d) 

d<\/x d<y/x 



= M{[\/x])E{x,[^/x\) + Y^ M{d){E{x,d) — E{x^d+l)Y 

d<y/x—l 

Using the estimate for M{x) and the fact \E{x^d)\ < 1 gives the 
result. □ 

4 . 4.11 Let 7 (n) = Flpln^* that 



E 

n<x 



1 

n7(n) 



< CXD. 



Clearly, j{n) is multiplicative. Also, 

E-^«n(i+T+4+'"). 

from which the result follows. □ 

4 . 4.12 Show that 

E 71 
n<x ’ 

We have 



E 

n<x 



n 

(/)(n) 



< 



EnO 

n<x p\n 

y -• 

^ d 

l{.d)<x 



i\-i 
p 



x 

7(d) 



)"-EE^ 

sE 



n<x 7(d)|n 
X 



dl{d) 



< X, 
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by the previous exercise. □ 

4.4.13 Deduce by partial summation from the previous exercise that 






n<x 



By partial summation, 



n 1 

E — • - « 



n<x 



as desired. 

4.4.14 Prove that 



0(n) n 



T — 

^ A\(i 



r ^ 

ji t 



< logr 



n<x 



(p{n) 



C log X 



for some positive constant c. 

We consider the Dirichlet series 

= 



□ 






(p- 1) 



+ ••• 



P 



(p_i)(p.+i_i)y 



The quotient f{s)/({s + l) is easily seen to be regular for Res > —1, 
simply by long division of the Euler factors. We may write 



/(s) =^C{s + l)h{s), 



so that 



f{s - 1) = 



E 



n 

(j){n) 



n* 



is C(s)/i(s — 1), with h{s - 1) regular for Res > 0. We therefore have 
by contour integration (or by an application of a Tauberian theorem) 



that 



E 

n<x 



n 



<t>{n) 



C\X. 



By partial summaton, we can deduce the desired result. □ 
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4.4.15 (Perron’s formula) Let f{s) = ^ ^ Dirichlet series 

absolutely convergent for Re(5) > 1. Show that for x not an integer 
and (j > 



n<x 



1 

27ri 



n=l 




This is just a straightforward application of Theorem 4.1.4. □ 

4.4.16 Suppose On = 0{n^) for any e > 0 in the previous exercise. 
Show that for x not an integer. 



n<x 



1 

27TI 




x^ 

—ds + 0 
s 




We estimate the error term in the previous exercise as in Theorem 
4.2.9 for n < xj2 orn > 3rr/2. In these cases, the log term is bounded 
absolutely from below. The series 

OO I I 

E |Qn| 
n=l 

converges. For xj2 < n < 3x/2, we have |ari| = 0{x^), and we use 
this in the estimate. The log term for this range of n is handled as 
in the proof of Theorem 4.2.9. □ 

4.4.17 Let f{s) = CLn — 0{n^). Suppose that 

/(«) = ((sfgis), 



where k is a natural number and g{s) is a Dirichlet series absolutely 
convergent in Re(5) > 1 — ^ for some 0 < 5 < 1. 

Show that 

g{l)x{logx)'^~'^/{k -1)\ 

n<x 

as X OO. 



By the previous exercise, 



n<x 



1 

27ri 



/ 



cr+zT* 

iT 
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We move the line of integration to Re(s) = a > 1 — (5. The pole at 
s = 1 of ^(s) contributes 



xg{l){logx)^ ^ 

{k-iy. ■ 

By Exercise 4.2.4, <^(s) = for T -4 oo. Thus, the horizontal 

integral contributes 

y logs; J 

and the vertical integral contributes 



O 






on the line Re(s) = a. We choose T = and this gives an error 

term of 

We can choose a such that a + a < 1 and a{l — 2/k) + e < 1. This 
completes the proof. □ 



4.4.18 Let y{n) denote the number of distinct prime factors of n. 
Show that 

k 



as X oo. 
We have 



.^2-w eu) 

^ r,^ ((2s) 



n=l 



by Exercise 1.2.6. Also, f{s) satisfies the hypotheses of the previous 
exercise. Hence 

^ M x\ogx 

k 



as x — > oo. 



□ 




5 

Functional Equations 



5.1 Poisson’s Summation Formula 

5.1.1 For Re(c) > 0, let F{x) — Show that 

^ c2 + 47t2u2- 
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5.1.2 For F{x) = e show that F{u) — e 
We must show that 







□ 



which is the same as 



/: 



g-7T(x+m)2^^ = 1. 



But this is essentially the famous probability integral 



-L 



1= I 

-OO 



To see this, observe that for u = 0, we have 



roo /«oo 

= / dx / e~^y dy 

J —OO J — OO 

/ OO poo 
-OO J — OO 
roo p2'K 

= r dr e-^^^de, 

Jo Jo 



where we have made the polar substitution x = r cos 6^ y — r sin 6. 
Thus 



roo 

j2 ^ / g-Trr (27rr)(ir = 1. 

Jo 
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Since / > 0, we conclude that / = 1. For the general case, notice 
that 



du 










= 27ri 






[x + iu)e 









\ie 






x=+oo 

X— — 00 



= 0 . 



Thus, the value of the integral is independent of u. But for u = 0, 
the value is 1. Hence 




= 1 . 



□ 



5 . 1.5 With F as in Theorem 5.1.3, show that 






2'Kintv 



neZ 



Observe that the Fourier transform of F{x/t) is \t\F{tu)^ so that 
the result is now immediate from Theorem 5.1.3. □ 



5 . 1.6 Show that 



e"-f 1 
e"" - 1 



E 



2c 

+ 47T^n^ 



By Exercise 5.1.1 and Corollary 5.1.4, this result is immediate. □ 
5 . 1.7 Show that 



E^ 

n& 



{n-\-a)^7r/x 




^—n^7TX+2'Kina 



n£Z 



for any a E K, and x > 0. 




306 5. Functional Equations 



We have the pair of Fourier transforms 

F{t) = and F{t) = e~^^\ 

Thus, the function has transform . Also, 

g-7r(a+t/-^/x)2 transform 

1I2 2'Kiaty/x —TTt^X 

Jb C Cm 



Applying the Poisson summation formula gives 

y ^ g— 5r(a+n/v^)^ _ ^Xl'^ y ^ ^—irnXx+2‘niany/x 
n& nEZ 

Setting a = a^/x gives 

7r(n+o:)^/a; _ ^1/2 ^ ^ 7m^x+27rma 
nEZ 

as desired. 



nez 



□ 



5.2 The Riemann Zeta Function 



5.2.2 Show that 

r(s + 1) - sP(s) 

for Re(s) > 0 and that this functional equation can be used to extend 
r(s) as a meromorphic function for all s E C with only simple poles 
ats = 0,-1, -2,... . 



The equation 



r(s + 1) = sP(s) 



is easily deduced by an integration by parts. Thus, for Re(s) > — 1, 
we can define 



rw = 



r(s + i) 

s 



from which we see that F(s) has a simple pole at s = 0. Continuing 
in this way, we see that 



r(s) 



r(s + 2 ) 

s{s + 1) ’ 
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which gives a meromorphic continuation to Re(s) > —2 with again 
a simple pole at s = — 1. The result is now clear. □ 

5.2.3 Show that <^(s) has simple zeros at s = —2n, for n a positive 
integer. 

The integral on the right-hand side in Theorem 5.2.1 converges for 
all s G C. Thus 7r-"/2r(s/2)C(5) is analytic for any s = — 2n, with n 
a positive integer. Note that 



1 + 2n{2n J W{x) [x — > 0. 

Since the F-function has a simple pole there, (( 5 ) must have a simple 
zero at that point. □ 

5.2.4 Prove that C(0) = —1/2. 

Since F(s/2) ~ (s/2)“^ as s 0, multiplying the equation in 
Theorem 5.2.1 by s/2 and taking limits as s -> 0 gives the result. □ 

5.2.5 Show that C(5) / 0 for any real s satisfying 0 < s < 1. 



Since 



we see that 



C{s) = 



s 

s - 1 





3.S+1 

dx 



dx, 



= 1 . 



Hence 



1 

s — 1 



= -1 + 



s 

s-l 



< C{s) < 



1 






s 

s — 1 



2s -1 
s — 1 ’ 



Thus, for 1/2 < 5 < 1, we have (2s - l)/(s - 1) <0, which shows 
that C(s) / 0 for 1/2 < s < 1. By the functional equation, we have 
it for the whole range 0 < s < 1. 



5.3 Gauss Sums 

5.3.2 If X Is a primitive nonprincipal character (mod g), show that 
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if{n,q) > 1. 
Let us put 



n ni 
Q 9i’ 

where (ni,gi) = 1 and qi\q, qi < q. If n is a multiple of q, the 
left-hand side is zero, and so is the right-hand side, since 

Q 

X{m) = 0 . 

m=l 

So, we may suppose 1 < qi < q. We have to prove that 

txWe(!^)=0. 

m=l 



Write q = qiq 2 and put m = aqi + 6, where 0 < a < q 2 ^ I < b < q\. 
Then, the above sum can be rewritten 




and it suffices to prove that the inner sum is zero. Let us write 
S{b)= Y xim + b). 

0<a<q2 



Observe that S{b -i- qi) = S{b). If c is any integer satisfying 
(c,g) = l, c = l(modgi). 



then 

X(c)5(6) = Y X{caqi+cb) 

0<a<Q2 



= Y + = 

0<a<Q2 

since S{b + qi) = S{b). Since x is a primitive character (mod g), it 
is not periodic to any modulus q\ that is a proper factor of q. Thus, 
there are integers c \ , C2 such that 

(ci,g) =: (c2,q) = 1, ci= C2 (mod qi), 

and x(ci) / xl^z)- Hence, there exists c = C1C2 ^ (mod 51), (c, q) = 1, 
such that x(c) / 1- Thus S{b) = 0, as desired. □ 
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5.4 Dirichlet L-functions 



5 . 4.2 Suppose x(— 1) = 1. Show that L{s^x) simple zeros at 
s = -2, -4, - 6 ,... . 

Since L{1 — 5,x) has no zeros for Re(l — 5)> 1 and r((l — s)/2) 
has no zeros at all, the only zeros of L{s^x) for Re(s) < 0 are at 
s = —2, —4, —6 , . . . corresponding to the poles of r(5/2). This is so 
because by the above, their product is entire. □ 

5 . 4.3 Prove that 



7T 



-(s+l)/ 2 ^( 5 +l)/ 2 p f 



5 + 1 



n ^ — 






dx 

X 



and hence deduce that 



_ri±i 
7T 2 






s±i dx 

X 2 

X 



where 

oo 

n=—oo 

Changing s to 5 + 1 in the formula 

7r-"/2g*/2r(s/2)n-* = + 

Jo ^ 

gives the first result. Then summing over n gives the second equation 
upon noting that since x(~l) — “I7 

(X) 00 

6l{x,x)= E »x(n)e-”’'*/'' = 2E»x(»)e-”’”'«. 

n=—oo n=l 



□ 



5 . 4.4 Prove that 



OO 

V 71 “^ TTX I q+27cimnfq 



n=—oo 



00 

n=— OO 



m 

n H 

Q 



e 



{n-\-mlq)^q/x 
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This is immediate from Poisson’s summation formula. Indeed, by 
Exercise 5.1.7, we have 

OO OO 

E 

n=—Q 

Differentiating with respect to a gives 

OO OO 

2iri Y, ^ _ 2 ^y-| ^ (n + 

n=—oo n=—oo 

and substituting x/q for y and m/qiox a gives the stated equation. 

□ 

5.4.5 Prove that for x(— 1) = —1, if 

?(s,x) = »-‘/V/"r((s + l)/2)L(«,x), 

then ^(5,x) entire and 

^(s,x) = u;x'^(l-5,x), 

where = r{x) / {iq^^^)- 
By Exercises 5.4.3 and 5.4.4, we obtain 

L(s, x) 



^-■n?TTy-\-2i:ina _ g— 7r(n+Q)^/y 



1 

2 

1 

2 







dx 1 P 

T^2A 



9i{x ,x)x 



s±i dx 
2 

X 



0i(x,x)x2 




+ 



iq^!'^ 

2^(X) 




9\{x,x)x 



1-3 

2 




This gives the analytic continuation for L{s,x) establishes the 
functional equation, since the change of the right-hand side when s 
is replaced by 1 — 5 is as stated. □ 

5.5.1 Let 

OO 

/(y) = E 

71=1 
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converge for y > 0. Suppose that for some w E Z,, 
f{i/y) = (-i)V/(y), 

and that = 0{n^) for some constant c > 0. Let 

oo 

Lf{s) = 'Y^anrT\ 

n=\ 

Show that {27r)~^T{s)Lf{s) extends to an entire function and satis- 
fies the functional equation 

{2iry^T(s)Lf{s) = (-l)“^(27r)-('-")r(r - s)Lf{r - s). 



We have 

roo poo ^ 

Jo „=1 

00 «oo 

n=l -^0 

the interchange being justified by the estimate = O(n^) which 
implies the absolute convergence of the integral. Changing variables 
in the integral gives 

POO 

(27r)“^r(s)L/(5) = / f{y)y^^^dy, 

Jo 

which converges absolutely for Re(s) > 0. Now write the integral as 

pI poo 

f{y)y'~^dy + f{y)y^~'^dy. 

We make a change of variable y = 1/t in the first integral: 

p1 poo 

f{y)y'~^dy = f{l/t)t~^-^dt. 
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Using the fact that /(1/t) - (— we obtain 

/ I roo 

Hence 

(2,r)->rWL,W = r /(;,){!,» + (-l)V-}^ 

«/ 1 y 

= (-ir(27r)-('-'')r(r-s)L;(r-s), 

which establishes the functional equation. Note that the integral con- 
verges for all 5 G C. This gives the result. □ 

5.5 Supplementary Problems 

5 . 5.2 Let 

OO 

5(y) = 

n=Q 

converge for y > 0. Suppose that for some w ^ 

y(l/y) = (-l)V5(y) 

and that = O(n^) for some constant c > 0. Let 

OO 

Lf{s) = 

n=l 

Show that {2n)~^T{s)Lf{s) extends to a meromorphic function with 
at most simple poles at s — 0 and s = r and satisfies the functional 
equation 

(27r)-^r(s)L/(s) = (-l)-(27r)'-T(r - s)Lf{r - s). 



Set 



h{y) = Y,ane-^--y 

n=l 



= g { y ) - ao- 
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Note that the Dirichlet series ^ converges absolutely for 

Re(s) > 1 + c. Thus, in this half-plane, 

roo 

(27r)"^r(5)i/(s) = / h{y)y^-^dy 

Jo 

{g{y) - ao)y^~^dy, 

which converges for Re(s) > 0. Now, 
h{l/y) = g{l/y) - oo 

= (-i)“'/9(y) - «o 
= (-l)V%)-«o(-l)V-«o- 

We write the integral 

roo 

j h{y)y^~^dy + h{y)y^'^dy 

and change variables in the first integral by setting y = 1/1 to obtain 

pi poo 

J h{y)y^~^dy = h{i/t)t~^~^dt 

{(-l)“'/h(y) - ao(-l)"'y’' - ao}y-^-'dy 

by the functional equation for h. Thus 
(27r)-T(s)L;(s) 

/ OO 

h{yW~^ + (-l)“y^-^-')dy 
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and the two integrals are easily evaluated: 



/ oo 

y~'~^dy 

/ OO 

y'—'iy 




1 

S 



1 oo 1 

r — sJ 1 r — s 



so that 

(2,r)-rWL,(,) = + 

/ OO 

m(v-' + (-yrf—^)dy. 



and the right-hand side gives the meromorphic continuation with 
only simple poles at s = 0, r. Also, the functional equation is imme- 
diate, since 



(27T)-(’'-^)r(r-s)L/(r-s) = -ao f + 



r — s 



/ oo 

h{yW~^~^ + i-iry^-^)dy 



= (-l)-(27r)-T(s)L;(s), 



as required. 
5.5.3 Let 



Show that 



^(:r) = { 



X 



N 



if X ^ Z 

if X eZ 



^{x) + 

0<\m\<M 



e{mx) 

2mm 



1 

- 27rM\\x\\ 



□ 



where e{t) = and \\x\\ denotes the distance from x to the nearest 
integer. 
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The function is periodic with period 1. If :r G Z, the result 
is clear, since in the sum we can pair m and —m to get 0. Suppose 
first 0 < < 1/2. Then 




e{mx) 

2mm 



2mm ’ 



so that summing both sides of this equation for 0 < \m\ < M gives 



0<|m|<M 0<\m\<M 



e{mx) 
2mm ’ 



since 



Thus 



E 



0<\m\<M 



(-ir 

2mm 



= 0 . 



n E E 



1 

^"2 



0<|m|<M 0<|m|<M 

The integrand is a geometric progression, which is easily summed to 



e{-Mt) 



/e((2M + l)t) - 1\ _ e{{M + ^)t) - e{-{M + ^)t) 

I 77\ I TTTTrTv ~7 77<v^ 



V e(t) - 1 



e{t/2) - e{-t/2) 



sin((2M + l)7Tt) 
sin 7ct 

Recall the following mean value theorem for integrals: Let f{x) be 
bounded, monotonic decreasing, nonnegative, and differentiable in 
[a, b] and let g{x) be a bounded integrable function. Then 

[ f{x)g{x)dx = f{a) f g(x)dx 
J a 'J OL 

for some a<i<h. Indeed, letting 

px 

G{t) = / g{x)dx 
J a 

we have by integration by parts, 

f f{x)g{x)dx = G{h)f{b) - f f’{x)G{x)dx, 

J a J a 
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and the last integral is, by the familiar mean value theorem for in- 
tegrals, 

^ G(v) f f'{x)dx = G{r]){f{b) - f{a)), 

J a 

for some a < rj < b. Suppose now, without loss of generality, that 
G{i]) < G{b). Then, since /(a) > /(6), we deduce that 

G{v)f{a) < G{b)f{b) + G(r?)(/(a) - f{b)) < G{b)f{a). 

Since G is continuous, we must have 



G{b)!(b) + G(,)(/(o) - f(b)) = GK)/(o) 



for some ^ satisfying a < ^ <b. Note that we apply this with f{x) = 
1/sin Trrr, g{x) = sin(2m + 1)7 tx, and [a,&] = [x, 1/2]. Then f{x) is 
monotone decreasing, and we have 



L 



sin(2m + l)7rt 



sin nt 



dt = 



sinTTo; 



/*? 

/ sin(2m + l)ntdt 

J X 



1 ■ 
smnx . 



cos(2m + l)7rt]f 
(2m + l)7T \x’ 



Thus, 




sm(2m + l)7Tt 

^ dt 

sm Trt 



< 



1 

(2m + 1)7TX 



by the elementary inequality sinTro; > 2a;, valid for 0 < a; < 1/2. The 
result is proved for 0 < a; < 1/2. We still need to treat the range 
1/2 < X < 1. Observe that '$^(1 - x) = ^(— x) (because ^ has period 
1) and '®f(— x) = — ^(x) because for x > 0, [— x] = — [x] — 1. Thus by 
the above. 



0<\m\<M 



e(m(l — x)) 
2TTim 



< 



1 

(2M -|- l)7r(l — x) ' 



Now, 1 — X = ||x|| for 1/2 < X < 1. Hence 



-$(x) -I- 



E 

Q<\m\<M 



e{—mx) 

2mm 



1 

“ (2M + l)7r||x|l ' 
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which gives 






e{mx) 

27rim 



< 



0<\m\<M 

for 4 < X < 1. This completes the proof. 



1 

(2M 4- l)7r||a;l 



□. 



5.5.4 Let f{x) be a differentiable function on [0, 1] satisfying |/^(a;)| < 
K. Show that 



\m\<M 

Deduce that 



/ f {x)e{mx)dx — 



/(o) + /(i) 






KlogM 

M ■ 



f:^‘/Me(mxMx= h9+/W , 



By integrating by parts, we have for m 0, 



/ f {x)e{mx)dx = 

Jo 



f{x)e{mx ) 
2mm 






Jo 



f't 

Jo 



f'{x)e{mx)dx 
2mm 



Summing both sides over 0 < \m\ < M gives 
f f(x)e(mx)dx = - / f'{x) 



0<\m\<M * 



0<\m\<M 



Since 



m E 



e{mx) 

2mm 






= 0 , 



J 0 



0<\m\<M 

as is easily seen by pairing m and — m in the summation. 
By the previous exercise, 



- E 



e[mx) 

2mm 






0<\m\<M 

Before inserting this fact into the integral, let us note that 

-l/M 



nl M 

/ /'(-) E 

•^0 n^l 1^ 



0<|m|<M 



e{mx) 

27Tzm 



dx 



< 



KlogM 
M ■ 
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Similarly, 



/‘.rw E 

M 0<lml< 



0<|m|<M 



e{mx) 

2mm 



dx\ 



< 



KlogM 

M ■ 



Thus, 




e{mx) 

— — : — dx 
2mm 



/ f'{x)'^{x)dx + O 

Jil 



n/M 



/ j-i i/M f'(^x)dx\ 

\/l/M -^Ikll / 



The error term is easily estimated by breaking the interval into two 
parts: [1/M, 1/2] and [1/2, 1 - 1/Mj. The error is 0{KlogM/M). 
Therefore, 



[ f{x)e{mx)dx= f f'{x)^{x)dx + O ( 



/ii:iogM\ 



0<|m|<M 



M 



)■ 



The integral on the right-hand side is 







which completes the proof. 



/(l) + /(0) 
2 




□ 



5.5.5 By using the previous exercise with f{x) = x^ , deduce that 



°° 1 2 

E l _ 7T^ 

m^ 6 

m=l 



We have for m / 0, 

r-l 



/ f{x)e{mx)dx = 

Jo 



x^e{mx) 

2mm 



Jo 



i 



^ xe{mx)dx 
2mm 



1 ^ 1 
2mm 27T^m^ ’ 
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by an easy integration by parts. 
For m = 0, 




By Exercise 5.5.4, 

3 \2Trim 2‘K‘^m?/ 2 \ M ) 

0<|m|<M 



Since 



E 



1 

2mm 



-0, 



0<\m\<M 

the result is now immediate upon letting M oo. □ 

5.5.6 (Polya - Vinogradov inequality) Let x be a primitive character 
(mod q). Show that for q> 1, 



^x(n) 

n<x 



< log q. 



We use Gauss sums. By Example 5.3.1 and Exercise 5.3.2, we can 
write 

r{x)x{n) = 

m=l ^ 

Since the summation is over any complete set of residues (mod ^), 
we can replace the range of summation by —q/2 <m < q/2. Thus, 

t(x)5^x(«)= 

n<x 0<|m|<g/2 n<i 

The inner sum is bounded by 2/|e(m/g) - 1|. Writing e(m/q) - 1 = 
e{mj2q){e{m/2q) - e{-mf2q)) we obtain 



k(x)l 



XI X(’^) 



n<x 



< 



E 



0<|m|<g/2 



I sin7rm/gl 



Using the inequality | sin7rrr| > 2rr for 0 < x < 1/2, we get 
k(x)l E X(n)| < qlogq. 



n<x 
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Finally, by Theorem 5.3.3, \r{x)\ = so that the result is now 
immediate. □ 

5.5.7 Show that if x is a primitive character (mod g), then 






, 1/2 



log 9 



n<x 



X 



for any x > 1 and ^ > 1. 
We have 



n=l n<x n>x 

By partial summation and the Polya - Vinogradov inequality 
(Exercise 5.5.6), the second sum is 

X 



as required. □ 

5 . 5.8 Prove that 



L[l,x) ^ ‘Piq) +0{q^!‘^\ozq), 

xi^xo 

where the summation is over all nontrivial characters (mod q). 

By Exercise 5.5.7, 

i(i.x) = E^ + o(^) 

n<x 

for any nontrivial character x because the conductor of x is bounded 
by q. Summing this over x¥" Xo (mod q), we get 

Ei(i.x) = EK5:xw) + o(qM 

X^XO x¥^Xo ^ 




We choose x = q. Also, 
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{ ip{q) - 1 if n = 1 (mod q), 

—1 otherwise. 

Thus, 

^ > 

X9^Xo 

as desired. □ 

5.5.9 For any s G C with Re(s) > 0, show that for any x > 



L{s,x) 



X{n) 

n<x 



I |g|g^/^Iogg \ 
I ax^ j 



where x ^ nontrivial character (mod q) and a = Re(s). 

By partial summation and the Polya - Vinogradov inequality, we 
have 



X{n) 

2-^ n* 

n>x 




O(gVMogg) 

^a+l 



dt^ 



from which the result is now immediate. 
5.5.10 Prove that for any a > 1/2, 



□ 



^ L{a, x) = <p{q) + O (q^/^ 

XT^XO 

where the sum is over all nontrivial characters (mod q). 
By the previous exercise, 



L{(^, X) 




Summing both sides over X 7^ Xo, we get 
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We treat the inner sum as in Exercise 5.5.8 and choose x = q, to 
obtain 

X5^X0 

= ^(9)+0(g3/2-), 

as required. □ 

5.5.11 Let Bn{x) denote the nth Bernoulli polynomial introduced in 
Chapter 2. For n>2, show that 

Bn{x) _ e{mx) 

n\ ^ (2'Kim)'^ ’ 
m/o ^ 



For n > 2, the function defined by the series is uniformly continu- 
ous. Let us denote it by Bn{x)/n\. Then B!^/n\ = Bn-i{x)f{n - 1)!, 
so that &n{x) = nBn-i{x). Also, 

f Bn(x)dx = 0 for n >2. 

Jo 

Exercise 5.5.3 shows that the formula stated in the exercise holds for 
n = 1. These must therefore coincide with the Bernoulli polynomials. 
This completes the proof. □ 

5.5.12 Let f{x) be differentiable on [A, J9] satisfying \ f'{x)\ < K for 
all X G [A^B]. Show that 

B oo 

Y^'f{n)= X /. f{x)e{mx)dx, 

n=A m=—oo ^ 



where the dash on the summation means that the end-terms are re- 
placed by f{A)/2 and f{B)/2. 

By Exercise 5.5.4, we have 



/(n) + /(w + 1) 
2 



5: r /(x)e(mx)dx < 
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Adding this result over n G [A, B] gives 



B 



^7(«)- [ f{x)e{mx)d: 

\n=A |m|<M ^ 

Now let M -)■ oo to deduce the result. 

5.5.13 Apply the previous exercise to each of the functions f{x) 
cos{2ttx^ fN) and f{x) — sm{2-Kx‘^ /N) to deduce that 



X 



< 



(B- A)K log M 
M ■ 



□ 



iV-l 



n=0 






(l + i)iVV2 JV = 0(mod4), 
AT^/2 if iV = l(mod4), 

0 if iV = 2 (mod4), 



, iiV^/2 if iV = 3 (mod4). 

By Exercise 5.5.12, we have to evaluate 



^ ^ /-W / 2 \ 

J^'e{n'^/N)= Y / e( — + mx]dx. 

n—O m=-oo'^^ ' ^ 

We change variables in the integrand: put x = Nt so that the 
integral is 



N 



fi ( NuP‘\ 

j e{Nt^ + mNt)dt = Ne ^ —j J e [N{t + m/2)^) dt. 



We must therefore evaluate 



/ e{N{t + m/2)‘^)dt = / e{Ny‘^)dy. 
Jo Jm/2 



Thus, we have 
N 



Ye{n^lN) = N Y 

mt^oo V 4 JJm/2 



^)dy. 



Now e{—Nni? lA) is 1 if m is even, and i ^ if m is odd. This suggests 
we divide the infinite sum into two parts, m even and m odd: 



^'e(n^/iV) = nY e{Ny^)dy + Nr^ Y / e{Ny^)dy 

n=0 j=-oo ^ j 

/ oo 

e{Ny‘^)dy. 

-OO 



j=-oo 



fi+1/2 

'f-i/2 
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If we put y = N then the integral becomes 

/ oo 

e{u^)du = 

-oo 



for some constant c. This constant is easily evaluated upon setting 
N = l. Then 

N 

^'e{v?lN) = 1, 

71=0 

so that c = (1 + = (1 ~ Therefore, 



N / 1 I -—N \ 

n=0 ^ ^ 

Notice that the left-hand side is equal to S and the right-hand side 
takes the four values stated according as N belongs to the various 
classes (mod 4). 

5.5.14 Let X CL nontrivial quadratic character (mod p) with p 
prime. Show that 



p-i 

t(x) = ^ x{m)e 

m=l 




Vp 



if p = l (mod 4), 
if p = 3 (mod 4) . 



Clearly, 

p-i 

^(x) - 1 = X) (1 + X("i))e(^) , 

since e{m/p) = -1. 

Now, 1 + x(m) = 2 or 0 according as m is a square (modp) or not 
for (m,p) = 1. Thus, 



't(x) 




+ 1 




By the previous exercise, the sum is if p = 1 (mod 4) and ip^/^ 
if p = 3 (mod 4), and this completes the proof. 
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5.5.15 Let (j){s) = (27t) ^T{s)({s)(^{s + 1). Show that (f){—s) = (f){s). 
By Legendre’s duplication formula (see Exercise 6.3.6) we have 




Also, by Exercise 6.3.5, r(l/2) = ^/7^. Therefore, 

= 2-'()T-/^r(V2K(»))7r-('+')/!‘r(i^)<(s + 1). 

By the functional equation of the (^-function, we see that 

4 ,( 3 ) = 2-'(,-('-)/2r(i^)c(i-»)K/"r(^)c(-s) 

= H-s) 

by another application of the duplication formula. 

5.5.16 Show that ^( 5 ) in Exercise 5.5.15 has a double pole at s = 0 
and simple poles at s = ±1. Show further that ReSs=i(j){s) = tt/12 
and ReSs=-i(/){s) = — tt / 12 . 

Since r(s) has a simple pole at s = 0 and ((s + 1) has a simple 
pole at s = 0, it is clear that (f){s) has a double pole at s = 0. It is 
also clear that (j){s) has simple poles at 5 = 1 and 5 = -1, the latter 
pole arising from the F-function. We have 

Ress=i(l){s) = lim(5 - 1)0(5) = (27r)“^((2). 

S-4l 

By Exercise 5.5.5, this is equal to 7 t/ 12. Also, 

ReSs=_i^(s) = lim (s + l)(p{s) 

S^-l 

= lim(2,r)-‘!A±l^(s)i;(s + l) 

s^-1 S 

= -(27t)C(-1)C(0). 

By Exercise 5.2.4, C(0) = -1/2. Also, by the functional equation for 
the Riemann zeta function, we have 

7r'/"r(-i)c(-l)=7r-iC(2)=7r/6. 
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Now (— l/2)r(— 1/2) = r(l/2), since 5r(s) = r(s + 1). By Exercise 
6.3.5, r(l/2) = Therefore 

C(-l) = -1/12. 

Therefore, 

Ress^-i(l){s) = -(27t)(-1/12)(-1/2) = tt/12. 

□ 

5.5.17 Show that if a{n) = 

n=l 

and that 

Qo / \ 1 ^2-1-700 

_Ue-"" = — / rr-T(s)C(5)C(s + l)ds. 

^ 27TZ 72-200 



The first part is clear. The second part follows from Exercise 
6.6.3. □ 

5.5.18 Show that 

= JL-'^ + l\ogx + f^ ^ -47r2n/x 
n 12a; 12 2 ^ ^ n 




By Exercise 5.5.17, we can move the line of integration to Re(s) = 
—2 to deduce 



E 



n 



7T Trx 1 ^ 



1 ^ — 2+200 

+— / a;-T(s)C(s)C(5 + l)ds 

27rt J-2-ioo 

by an application of Exercise 5.5.16. By Exercise 5.5.15, the inte- 
grand becomes 
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upon changing 5 to — s. Moreover, 



(-) *(27r)-*r(5)C(5)C(5 + l)ds = 



a(n) 4 



as desired. 

5.5.19 For a and b coprime integers, define 

b-i 



Let q he prime and {p^q) 1. Show that 



Q J Q \ Q 



Observe that 



\ _ \ —'K'n?t —2'Ki'n?p/q 



. - E 



= E 



^-2'KilP’p/q 



n=b (mod q) 



We now write n — qm + 6 in the inner sum: 



n=6(mod q) 



e— ^ e- 



■'Kt{qm-^hfi 



Let 6 {t.a) = Then, by Exercise 5.1.7, we have 






Vr Q 



Hence, 



lim + =limVtY 



q 



As t 0, l/tcp -> oo, and the 0-term goes to 1. The result now 
follows. n 
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5 . 5.20 Let r — p/q. Show that 



lim 

t — >-0 



t 

t + 2ir 



e 



t + 2ir 



(1 f ±\ 

\4p/ ’ 



with notation as in the previous exercise. 
Write 

1 i 

t + 2ir ^ 2r ’ 

where 

it^ + 2rt 
2r(t^ + 4r^) 

Then the limit in question is 



lim 

t — >-0 




■7rn^(r— z/2r) 



= lim 



t— >0 \ t 2ir 



-4p—l 

6=0 



^27Tib^q/4:p 



E 



n=b (mod 4p) 



which is treated as in the previous exercise. The limit is easily eval- 
uated to be 

/¥ 1 



Since 



qi 4p \4p/ 

oo 

0(2) = 



is analytic for Im{ 2 :) > 0, the functional equation of the 0-function 
extends to 0: 



Q{-l/z) 




Now, ^/z is well-defined on the cut plane C \ (— oo, 0]. This means 
that i = and 



71 




in the above limit that was evaluated. This completes the proof. □ 
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5 . 5.21 Deduce from the previous exercise the law of quadratic reci- 
procity: 



P 

Q 




= {-i) 



2 2 



for odd primes p and q, and {a/b) denotes the Legendre symbol. 



The limits in the two previous exercises are equal by the functional 
equation of the 0-function. Therefore, 

= — cf-iy 

We have 

and it is easily checked that 
Also 

C(^) =2(l+.«). 

We use Exercise 5.5.13 (or put p = 1 in the above identity relating 
C[—plq) with C(g/4p)) to deduce 



C{llq) = { 



Vq 



I iy/q 



iiq = l (mod 4), 
if g = 3 (mod 4). 



Moreover, C{Aqfp) — {q/p)C{l/p), so that 

U j ^ UJ " ^q IpJ ^ Vp 

from which the result easily follows. □ 

5.5.22 Suppose that f{s) is an entire function satisfying the func- 
tional equation 



AT(s)/(s) = A'-^r(l-s)/(l-s). 
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Show that if f {1/2) ^ 0, then 

/’Q = -/a/2)(iog^+^). 

We logarithmically differentiate the functional equation and set 
s = 1/2 to get the desired result. □ 




6 

Hadamard Products 



6.1 Jensen’s theorem 

6.1.4 Show that 



f 



n{r)dr 



Jo r 
with f as in Jensen’s theorem. 
Let us order the zi so that 



< max log |/(z) I - log 1/(0) I, 

\z\=R 



0 = \zo\ < \zi\ < \Z2\ < ••• < l^nl < \Zn+l\ = R. 



Then 



Jo r 2 



n(r) 



dr 



log + 2 log + • • • + n log 
1^11 F 2 I \Zn\ 



= log 



R” 







332 6. Hadamard Products 



The result is now clear from Jensen’s theorem. □ 

6 . 1.5 Iffiz) is of order 0, show that nf{r) = 0{r^'^^), for any e > 0. 
Since 



max I /(z) I < exp , 

we get by Exercise 6.1.4 that 

Jo r 

But then 

r 

Jr r 

so that n(i?) log 2 ^ as desired. □ 

6 . 1.6 Let f(z) be an entire function of order /3. Show that 



71=1 

converges for any e > 0 (Here, we have indexed the zeros zi so that 

kil < 1^2! <•••)• 

By partial summation, 



El 

71=1 






r 



n{r)dr 



By Exercise 6.1.5, n(r) C and therefore the integral con- 

verges. 



6.2 The Gamma Function 



6 . 3.1 Show that 




^dv 
1 -h u 



7T 

sin TTx 



for 0 < X < 1. 
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Consider the integral 




where is the contour taken along the real axis from e to i?, then in 
the positive direction along the circle ci of radius R centered at the 
origin, and then back along the real axis to z = e and finally around 
the circle C 2 of radius e centered at the origin, taken in the negative 
direction. 

The function 



1 + z 

is regular except at z = — 1, where it has a simple pole with residue 

g7Tj(x-l)_ 

We will take e < 1 < R so that integrating the function along the 
contour indicated above shows by Cauchy’s theorem 

rR r z^~^dz R du f z^~^dz 

Je i + U /ci 1 + •^ Jr 1 + u 1 + z 



The two integrals along the real axis together give 



(1 



_ 27Ti(x — 



■*>/ 



^ a® ^du 
1 + u 



= —2ie^^^{simrx 



^ u^-^du 






+ u 



The other two integrals tend to 0 as i? — > cxd because on ci, 



yX— 1 



1+Z 



< 



R 



•X— 1 



R~V 



so that 



i 



yX— 1 



dz 



1 + z 



R^~^ „ „ 2ttR^ 
< -2ttR 



R-1 



R-V 



which tends to 0, since a; < 1. 
Similarly, 



/ 

J C2 



yX— 1 



dz 
1 + z 



< 



2ne^ 
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which tends to 0, as e -4 0 since a; > 0. Therefore, 



r°° 

— 2ie’’^**(sin7ra;) / — = 

Jo 1 + n 



which gives 



r°° IT 

Jq 1 + n sinTra: 



□ 



6.3.2 Show that 



fn/2 

r(a;)r(j/) = 2F(a: + y) / (cos0)^^“^(sin0)^^“^d0 

Jo 

for x,y > 0. 

For a;, y > 0, we have 

r(x)F(y) — . 

Putting u = tv and inverting the order of integration, we obtain 

r<x> coo j 

r(x)r(y) = / e-H^-^dt / tyv^e-^^ — 

Jo Jo ^ 

roo rex 

= / yy-'^dv / e-^^^^yh^+y-^dt 

Jo Jo 



P(a: + y) [ 
Jo 



°° yy-'^dv 

{l + v)x+y- 



The interchanging of integrals is easily justified by Pubini’s theorem. 
This last integral is 

r-rr/2 



2 / {cos d)^^-\sine fy-^de, 

Jo 



where we have put v = tan^ 6. 

Again, making a substitution of A = cos^ 9 transforms the integral 
to 



- xy-^dx, 
Jo 
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which is the familiar beta function B{x^y). 
For 0 < a; < 1, we obtain 



r(x)r(i - x) = / 



Putting 



in the integral gives 



r(i)r(i - 1) = / 

Jo 






which by Exercise 6.3.1 is 



which gives the desired result. 
6 . 3.3 Show that 



P(a:)r(y) = r(x + y) / A^-^l - X)y~^dy. 



(The integral is denoted by B{x,y) and called the beta function.) 

Making the substitution of A = cos^ 9 in the integral of Exercise 
6.3.2 gives 

f x^-'^ii- x)y-'^dx, 

Jo 

which is the familiar beta function B{x, y). □ 



6 . 3.4 Prove that 



r(a:)r(l - x) 



for 0 < a; < 1. 

This is clear from the solution to Exercise 6.3.2. 
6 . 3.5 Prove that 



In Exercise 6.3.4, put x = y = ^ to obtain 



r(-) =2r(i)/ = 
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Since r(l/2) is positive, we obtain r(l/2) = □ 

6 . 3.6 Show that 

r(2i)r(i)=22»->rwr(x + i) 

for a: > 0. 

In Exercise 6.3.3, put x — y to obtain 
r(a:)2 = T{2x) 

Jo 

pl/2 

= 2 r( 2 x) / A^-^l - 

Jo 

Since A(1 — A) < we may write A(1 - A) = | - 1, so that A = 

This substitution gives 

= 2^-^^T{2x) [\l-tf-H~^^^dt. 

Jo 

The latter integral is, by Exercise 6.3.3, 

rwr(i) 

r(x + 

Inserting this in the penultimate step gives the desired result. □ 

6 . 3.7 Let c be a positive constant. Show that as rr — )► oo, 

r(x + c) -xT(x). 
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Suppose first that c > 1. Then, by Exercise 6.3.3, 

r(rz:)r(c) 

r(3; + c) 



Jo 






roo 

= / (1 - 

Jo 

roo roo 

= / f-^e-^^dt - / - (1 - e-^y-^] e-^Ut. 

Jo Jo 

The first integral is r(c)x~^. The second integral is easily estimated 
as follows. Notice that 1 — e * < t for t 0^ and that 



1 - 



1 

2^ 



for 0 < t < 1. Thus, the second integral is positive and less than 

rl roo 

J { 1 - (1 - t/2y-^ ] f-^e-^^dt + j f-^e-^^dt. 



For 0 < a; < 1, we have for c > 1, 



1 



-(-i) 



t\c-l 



< t, 



as is easily checked by elementary calculus. Thus, the second integral 
is less than 



J^fe-^*dt + J^ fe-^^dt 



_ r(c + 1) 



X' 



c+1 



This proves the result for c > 1. For 0 < c < 1, we can use the 
formula 

r( 2 : + 1) = xT{x) 

to deduce the result. □ 



6.3.8 Show that 



F(x) ~ e ^x^ 



as X oo. 

By Exercise 2.1.12 we know that for a natural number n, 
logF(n) = log(n - 1)! = logn - n + ci + o(l) 
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as n — >■ oo (and with ci an absolute constant). If x is not an integer, 
let us write x = n + cior some 0 < c < 1 . By Exercise 6 . 3 . 7 , we have 

r(n + c) ~ nT(n), 



so that 



logr(a;) = logr(n) + clogn + o(l) 



= logn - n + Cl + o(l). 

log X = log n + - + O ( -5- ) . 

n \x^ / 

Inserting this observation above gives 

logr(x) = ^x - logx - X + Cl + 0(1). 



Also 



so that 



We can use the duplication formula to evaluate ci. Indeed, on the 
one hand we have from above 

logr(2x) = ^2x — log2x — 2x + Cl + o(l). 

On the other hand, by the duplication formula (Exercise 6 . 3 . 6 ) we 
have 

log r(2x) = (2x - 1 ) log 2 + log r(x) + log r ^x + ^ log 7T, 

which is equal to 

X XX 

^2x - log2x - 2x - - log2 + 2ci - - logx + o(l), 

so that 

0 1, log2 

Thus, as required 

Cl = log □ 
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6 . 3.9 Show that l/T{z) is an entire function with simple zeros at 
z = 0,-l,-2,... . 

From the functional equation 



r(z)r(i-z) 



7T 

sin 7TZ ’ 



we see that r(z)F(l — z) is regular except when z is an integer, in 
which case it has a simple pole. 

We also see from this functional equation that since F(z) is regular 
in Re(z) > 0, F(1 - z) has simple poles at z = 1, 2, 3, . . . . Therefore, 



l/r(z) = r(l — z) (sin TTz ) /tt 

is regular in Re(l — > 0. If Re{z) < 0, then Re(l — 2 :) > 1 and the 

right-hand side of the above equation is regular. This completes the 
proof. □ 

6 . 3.10 Show that for some constant K, 



r(^) 






By Exercise 6.3.3, we have 

r(z - /■)r(/i) ^ 

r(^) Jo 



dt 



- i { (1 - 

The Taylor expansion of the left-hand side with respect to h is 

ji{rw-r'WA + ...}{i + x + ...} 

The Taylor expansion of the right-hand side is 






0{h), 
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so that by equating the constant terms we get the desired result. □ 

6.3.11 Show that for z not equal to a negative integer, 

m = L_Uir 

vn + 1 n + z) 

for some constant K. 

First, for z > 1, we use Exercise 6.3.10 and expand 

w OO 

71=0 

in the integrand and integrate term by term to obtain the result. 
The step is valid for 2: > 1 and by analytic continuation for all 2: 
unequal to a negative integer. □ 

6.3.12 Derive the Hadamard factorization ofl/T{z) : 

OO 

1/T(z) =e'^^z]J + 

n=l 

where 7 denotes Euler’s constant. 

We integrate the formula 



Vn + 1 n + zJ 

from z = 1 to z = w and take exponentials, to obtain 




for some constant B. Putting z = 1 gives 

OO . 

n=l 

N 

= B + lim y I log fl + - j 

N^oo^ I ° V nJ n) 

n=l 

= B — j. □ 
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6.3.13 Show that 



logr(2:) = 0 logz - 2 ^ log27T + ^ 



[u] - u + ^ 

( 

u + z 



By Exercise 6.3.12, 



OO 

logr(^;) = - log (l + 0 I - 72 T - log 2 

71=1 

with each logarithm having its principal value. 

By Exercise 2.1.12, we see that 



E{^log(l 



= log(iV-l)! + z(l + ^ + --- + ^ 



-^. + -jlog. 



(iV - i + z) log(iV + . 2 ) - iV 



Bi{u)du 
u + z 



Letting iV -> oc, and using 



as well as 



1 + i + • • • + = logiV + 7 + o(l) 



log(iV + 2 t) = log iV + ^ + O , 



we obtain the desired result by an application of Stirling’s formula. 
This completes the proof. □ 

6.3.14 For any (5 > 0, show that 



logr(z) = (z- ^)logz-z + ^log27T + 0 



uniformly for — tt 4- ^ < arg z < n — S. 
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By the previous exercise, it suffices to estimate 






00 



Bi {u)du 
u + z 



Let us write f{v) = Jq ^[u] — u + ^jdu. Then / is bounded, since 
f{v + 1) = f{v) for any integer v. Thus, 



f 



fju) 

u + z 



du = 




f(u)du 
{u + zf‘ 



Writing 2 : = we see that 

|u + zp = (u + (u + 



= (u + r cos sin^ </? 



= + 2ur cos y? + r^. 

We break the integral into three parts. 




Since / is bounded, each of these integrals is O (^) as required. □ 
6.3.15 If a is fixed and |t| — > 00 , show that 

lr(cT + it)\ ~ v^. 



This is immediate from Exercise 6.3.14. 

6.3.16 Show that 1/T{z) is of order 1. 

This is a consequence of Stirling’s formula. 

6.3.17 Show that 






r(^) - v|2;l 

for \z\ 00 in the angle — tt + ^ < arg z < tt — S for any fixed S > 0. 





6.3 Infinite Products for ^(s) and ^(s,x) 

6.4.1 Show that for some constant c, 

|^(s)| < exp(c|s|log|s|) 

as |s| — 00 . Conclude that ^(s) has order 1. 

By the functional equation, 

^(s) = ^(1 -s), 

SO that it suffices to prove the result for a — Re(5) > 1/2. 

Clearly, 

^s(s — 1)7T~'®/^ < exp(c|s|), 
and by Stirling’s formula 

|r(s/2)| < exp(c|s|log|s|), 

which is valid in the range under consideration. We also have 

valid for cr > 0. (Here {x} denotes the fractional part of x.) The 
integral is bounded for cr > 1/2. Since 

g 

lim = 1, 

|s|— >-oo 5 — 1 
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we see that for some constant c, 

|C(s)| < c\s\ 

as |s| -> oo. Putting aJl this together shows that ^(s) satisfies the 
stated inequality. Observe also that ( (s) — )■ 1 as s oo through real 
values, and since logP(s) ~ slogs, we see that 

|^(s)| > exp(cislogs) 

for such values of s. Therefore, ^(s) has order 1. □ 

6 . 4.2 Prove that ^(s) has infinitely many zeros in 0 < Re(s) < 1. 
The zeros of ((s) in the stated region are precisely those of ^(s). 

If there were only finitely many zeros, ( (s) would be a polynomial 
and hence of order zero, which is not the case. □ 

6 . 4.3 Show that 

p ^ ^ ^ 

where the product is over the nontrivial zeros of ({s) in the region 
0 < Re( 5 ) < 1 and A = — log 2 , 5 = — 7/2 — 1 + ^ logdTr, where 7 is 
Euler ^s constant. 

The existence of the factorization is clear since ^( 5 ) has order 1. 
Since the trivial zeros of ({s) are canceled by the simple poles of 
T{s/2)^ we see that the product must be over nontrivial zeros of 
(^(s). Notice that 

5(1) = 




by Exercise 6.3.5. Therefore, ^(0) = and consequently, = 1/2, 
as required. To evaluate B, we logarithmically differentiate ^(s); 



as) as) s-i 
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on the one hand, 






= ^+E(— + -)’ 

\s — p p/ 



so that 



B - 



^'(0) ^'(1) 



^(0) e(i) 

1 . We therefore 
For the Hadamard product for 1/F(5), we see that 

oo . . 

1 + y L) 

2 ^Vs + 2ri 2n/’ 

71=1 



^'(1) 

from the functional equation. We therefore need to evaluate 



r'(i + i) , 1 1 



SO that 



since 



Thus, 



2 r(| + i) 

r'(3/2) 7 

2r(3/2) 2 

" (- 1 ) 



1 + log 2, 



E 

n=l 



n 



= - log 2. 



Now, 



where 



so that 



^ = lim I ^ 1 - ^ log 47 t - I + 1. 

^(1) s^-i\C(s) s-lj 2 2 



C(s) = - sl{s), 

5 — 1 



7(1) = [ = lim [ y-c?x, 



M. 

^2 



Now, 
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and the latter integral is 

fAT 



i: 



X -\x] . , _ _ 

T^dx = log N 

x^ 



^ pn-\-l 



-E»/ 

n=l 



dx 



Therefore, 



and 



as required. 



n=l 

" 1 

= logJV-E- + l 

n—1 



1 - 7 - 






5 = -^-l + ^log47r, 



□ 



6.4.4 Let X be a primitive character (mod q). Show that ^( 5 ,x) is 
an entire function of order 1 . 



Recall that 



L{s,x) 



S{x) 

<7»5+1 



dx, 



where S{x) = 2n<iX(”)- Since |5(a;)| < q, the integral converges 
for Re(s) > 0. Also, by the functional equation for ^(s, x), it suffices 
to estimate it for Re(s) > 5 . Thus, for a = Re(s) > 1/2, 

|A(s,x)| < 2^|s|, 









< 7+3 



< q 2 exp(C'|s|loglsl) 



so that 
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for some suitable constant C. This inequality is best possible, since 
for s 00 through real values, L{s, x) — t 1, and Stirling’s formula 
implies that the above inequality cannot be improved. □ 

6 . 4.5 Show that L{s,x) has infinitely many zeros in 0 < Re(s) < 1 
and that 

p ^ 

where the product is over the nontrivial zeros of L{s^x)‘ 

The trivial zeros of L(5, x) ^re cancelled by the r((5 + a)/2) factor. 
If L{s^x) had only finitely many zeros in the critical strip (0 < 
(7 < 1), then it would be a polynomial and hence of order zero, 
which is not the case. The final product follows from the Hadamard 
factorization theorem. □ 

6.4.6 For A and B occurring in the previous exercise, show that 



and that 

Re(5) = -X;Re(-), 

p ^ 

where the sum is over nontrivial zeros p of L{s^x)- 

Setting s = 0 in the Hadamard factorization of ^(s, x) gives = 
^(0, x)- (By the functional equation, we can therefore express A in 
terms of L(l, x).) Logarithmic differentiation of the Hadamard prod- 
uct and setting s = 0 gives 

e(o,x) ^(i,x) 



by the functional equation. Writing for B (since it depends on x), 
we find upon logarithmic differentiation of the expression for ^(5,x) 
and setting s = 1 that 



^'(1,X) 

^(l,x) 




5 



where the sum is over nontrivial zeros p of L(s, x)- Thus, 



B, 
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Since we get 

-2Re(B,) = ^Re(j4^)+Re(l). 

The terms in the sum are nonnegative, and we can replace 1 — p by 
p, since by the functional equation 1 — p is also a zero of L{s,x) 
whenever p is. Thus, 

2R*(BJ = -^Re(t + i), 

so that 

Re(B) = -5]Re(i) 

P ^ 

as required. □ 



6.4 Zero-Free Regions for C(s) and L{s,x) 



6 . 5.1 Show that 



Cjcj) 

C(^) 



-4Re 



\C{a + it) ) 



— Re 



( C'(<7 + 2it) \ 
\C{cr + 2it) ) 



> 0 



for t G R and cr > 1. 

Since 

3 + 4 cos 0 + cos 26 > 0, 
the result is clear (See Exercise 3.2.4). 

6 . 5.2 For 1 < a < 2, show that 



O) . 1 

C(<t) ct-1 



+ A 



□ 



for some constant A. 

The function f{s) = {s — 1)C(5) is regular, and nonvanishing for 
Re(s) > 1. Hence, 
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Since the left hand side is regular in Re(s) > 1, 

no) 

Ho) 

is bounded by a constant for 1 < cr < 2. This proves the result. □ 
6.5.3 Prove that 






for 1 < cr < 2 and |t| > 2. 

By Exercise 6.4.3, we know that 

i'{s) 



^( 5 ) p\^~p p 



and 



^'{s) C'{s) 1 1, + 

(is) as) s-i 2 s ^ 



2T 






so that 

C'(^) 



C(s) s-1 



1 r, 1, r'(f + l) 1 1\ 

-B--log7r-F ^^^^ , ..N - El + “ I • 



2r(§ + i) 



s-p p 



By Exercise 6.3.17, the F-term is O(logt) for |t| > 2 and 1 < a < 2. 
Thus, in this region. 



-R*(^) <Alog|t|-^Re 



-^ + -1. 

S-p p 



since 



Re 






Re 



a + 1 



{a -1) +itj (a ~ 1)2 + 



=<)■ 



□ 



6 . 5.4 Show that 



Re ( -I- -) > 0. 
\s - p py 
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Deduce that 






/or 1 < cr < 2, \t\ > 2. 

Let us write p — P + ij. Then, 



|s -pp 



Thus, by Exercise 6.5.3, we get the required estimate. 

6.5.5 Let p — ^ + ij be any nontrivial zero of ({s). Show that 

^ + . .,_u, 1 






In the sum in Exercise 6.5.3, by taking one term involving ^ we 
obtain the result. □ 

6.5.8 Show that 






for some constant ci > 0 and cr > 1. 

We proceed as in Exercise 6.5.3: 

C'(5) 1 „ 1 , r'(§ + 1 ) 



-E(— + - 

^\s-p p 



The sum over the zeros is positive. The F-term is 0(log(|t| + 2)). 
Thus ^ 

~ ^ (t^) + 2). 



6.5.9 Suppose that x is a primitive character (mod q) satisfying 
^ Xo- Show that there is a constant c > 0 such that L{s,x) 
has no zero in the region 



cr > 1 - 



log(g|t| + 2) ■ 
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We proceed as in the case of the (-function. We first observe that 

> 0 



_ 4 Re - Re 



L{(^, Xo) 



L{a + it,x) 



L{a + it,x^) 



for t G M and a > 1. (Here we are using 7^ XO) for otherwise, the 
term above will present difficulties.) 

Observe that 



L'{a, Xo) 
L{(^,Xo) 



^ Xo(«)A(n) ^ C'(<r) 

2^ < -T7-T < 7 +ci 



n=l 






C(^r) 



a ~ 1 



for 1 < a < 2 and some constant Ci > 0. Also (with the notation of 
Exercise 6.4.5), 



and for a = 0 or 1, 
Re 



J7^) =^l0g^+Rc 
yS,X) J 2 7 T 



r/(£±a) 

2r(5^) 



-|- Re 



L'{s,x) 

L{s,x) 



Thus, 



-“(tS) 

By Exercise 6.4.6, 

Re(B) = 5;Re()), 

and the T-term is 0(log(|t| + 2)) by Exercise 6.3.17. Thus, 
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This estimate holds for any primitive character \ (mod q)^ real or 
complex. Since 

Re ( — ^ ) > 0, 

Vs - pJ 

we can omit the series or any part of it in our estimations. Thus, 

- Re ) < ^^2 log(g|t| + 2), 



provided that is a primitive character (mod q). If is not prim- 
itive, let xi be the primitive character inducing Then 



L'js,x^) 

L{s,x^) 



L'{s,Xi) 

L{s,xi) 



p\q p\q 



Thus, the penultimate estimate remains valid whether is primitive 
or not. Hence, as before, we get (by choosing t = 



-Re( 



L'{a + it,x) 
L{a + it,x) 



) < C2logg(|t| -1-2) 



1 

CT - /3’ 



so that 

< ^ 7 ^ + C3log9(|t| -f 2). 

Taking cr = 1 -|- <5/logg(|tl -t- 2) with 6 sufficiently small gives 



P \ ! log q{\t\ + 2) 



as required. □ 

6 . 5.10 Show that the previous result remains valid when x is cl non- 
real imprimitive character. 

If xi induces x? then the zeros of L{s, x) nre the zeros of L(s, xi) 
and the zeros of a finite number of factors of the form 1 — Xi(p)p~^- 
But the additional zeros are on the line cr — 0. Thus, the result of Ex- 
ercise 6.5.9 holds for all characters x (mod q) satisfying 
^ XO- □ 
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6.5 Supplementary Problems 

6 . 6.1 Prove that r(5) has poles only 5 = 0, — 1, . . . , and that these 
are simple, with 

Res,=_fcr(s) = (-I)VA;!. 



By Exercise 6.3.9, we know that l/r(s) is entire and has simple 

zeros at s = 0, —1, —2, By the Hadamard factorization of l/r(s) 

(Exercise 6.3.12), these are the only zeros. Thus, the first part of the 
question is established. For the second part, we need to calculate 



lim (s + A:)r(s). 

s-^—k 



But sF(s) = r(s + 1), so that 

F(s + 1) F(s + 2) Tjs + k) 

s s(s + 1) s(s + 1) • • ■ (s + fc — 1) 

by integration. Hence 



lim (s + k)T{s) 

s-^—k 



(s + k)T{s + k) 
s—^—k S (s + 1) • • • (s + fc - 1) 



= lim — 
s-^—k s[ 



r(s + fc + i) 

s + 1) • • • (s + fc — 1) 



= (-l)V^!- 



6 . 6.2 Show that 




□ 



for any a > 1, and a; > 1. 

We first truncate the infinite line integral at R and use Stirling’s 
formula (Exercise 6.3.15) to estimate it. Thus 



1 

27ri 






a+ioo 

a-\-iR 



x^T{s)ds 






f 






'^dt, 
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and the latter integrand is clearly e for some constant c > 0 . A 
similar analysis applies to the range from a — iR to a — ioo. Thus, 

1 ra+iR 

— / xT(s)ds + O . 

2m Ju-iR 

As usual, we move the line of integration to Re(s) — —N — N & 
positive integer. We pick up the residue at the poles of r(s), namely 




N 






k=0 



The horizontal and vertical integrals are estimated ectsily using Stir- 
ling’s formula. Indeed, the horizontal integral 



j_ r-{N- 
27 ’'* Ja+iR 



-(N+^)+iR 



x^r{s)ds 



is bounded by O (^x'^Ne 2 . A similar estimate holds for the other 

horizontal integral. The vertical integral 

1 I 

— / x^T{s)ds 

2m 



is bounded by 



< X 



-iV-i 



J-R 



n-N--+it) 



dt. 



Using the functional equation sr(s) = r(s + 1), we find that on 
repeated application of this 



r(-AT- 1/2 + zt) = 



r(i it) 



{-N - \ - (-5 + it) ’ 



so that 



|r(-iv-i /2 + zt)| < 



|r(^ + it)l 
m 



By Stirling’s formula, + it)\ = O (^e 2 !*!^ and we deduce 

1 r-{N+^)+iR / 1 \ 

— / xT(s)ds = 0 r 1 • 

2m \N\x^-^2 J 
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We now choose R = N and let iV cxd through the integers to 
deduce 




as required. This could also be derived by Mellin inversion. □ 

6.6.3 Let f{s) — be an absolutely convergent Dirichlet 

series in the half-plane Re(s) > 1. Show that 



OO 1 /* 

= — / f{s)x^F{s)ds 

n=l 



for any a > 1. 
We have 



[ f “)2;®r(s)ds = [ (-) r(s)ds, 

27Ti /(<,) 27TJ y \nJ 



the interchange being justified by absolute convergence of the term 
on the left-hand side. By Exercise 6.6.2, the integral on the right- 
hand side is which completes the proof. □ 



6.6.4 Prove that 



OO 

sinz — JJ ~ 

n=l 



— V 

n^TT^/ 



We have 



so that 



smz = 



2i 



Isinzl < e'^'. 



Since sinz is entire, the above estimate shows it has order 1. By 
Hadamard’s factorization theorem, 



sinz 

z 



= n (l - 

nez 

n^O 







for some constants A, B. Combining the terms corresponding to ±n 
in the product gives 



sinz 

z 



= n “ 



TT^n^/ 
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Letting z oo gives 



1 = e^ 



so that ^ = 0. Also, sin(— z) = — sinz yields 



^Bz ^ ^-Bz 



so that = 0, forcing 5 = 0. Thus, 



smz = z 



no 



TT^n^ 7 ’ 



as desired. 

6.6.5 Using the previous exercise, deduce that 

2 

E l _7T 
6 



We have 



2 4 

Sin 2: ^ 



=no 



Expanding the product on the right-hand side and comparing the 
coefficient of z‘^ on both sides gives 



00 

e4- 

'TT^n 



as desired. 




7 

Explicit Formulas 



7.1 Counting Zeros 

7.1.1 Let L be the line joining 2 to 2 + iT and then 5 + iT. Show 
that 

Ai,arg(s-1) = ^ + 



We have 



1 7T 

Al arg(s - 1) = arg(zT ~ 2 ^ ^ 2 



Since 


sinx 

lim == 

x-^O X 


we have 


_ arcsin X 
lim 

x->0 X 


Thus, 





arcsin ( , | = O ( ;= ) , 

\ViTWj \Tj^ 

which proves the assertion. □ 



1 

Vl + 4T2 




358 



7. Explicit Formulas 



7.1.2 With L as in the previous exercise, show that 
Al arg7T“*/^ ^ 



We have 

ALargTT"^/^ = Ai,(-iflog7r) = -^TlogTr. 

□ 

7.1.3 With L as in the previous exercise, show that 



By Stirling’s formula, 

Aiargr(| + l)=Imlogr(j + y) 






This is easily calculated to be 



T , T T 3 
^logj-j + g' + O 



as required. 
7.1.4 Show that 



Et 



+ (T-7)2 



= O(logT), 



where the sum is over the nontrivial zeros p = 13 + ij of ({s). 
By Exercise 6.5.3 we know that 



□ 
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for 1 < (7 < 2 and |t| > 2 with A an absolute constant. If we take 
s = 2 A iT in this formula, we deduce 



^Re 



^ +i)<^ilogT 



s-p p 



for some constant A\, since |C7C| is bounded for Re(s) = 2. But 



Re 



2-^ 



> 



and 



Since 



s-p) (2-/3)2 + (T- 7)2 - 4 + (T-7)2 



/3 



\p?' 



we deduce 



E 



4 + (T - 7)2 



< A 2 log T 



for some constant A 2 . Since 

4+(T-7)2<4(1 + (T-7)2), 
the required result is now immediate. 



□ 



7.1.5 Let N{T) be the number of zeros of (^{s) with 0 < Im(s) < T. 
Show that 

iV(T + l)-iV(T)-0(logT). 



We must count zeros p = ^ + i-y satisfying T < 7 < T 4- 1. Thus, 
0 < 7 — T < 1. From the previous exercise, the contribution of such 
zeros to the sum is greater than or equal to 1/2. Hence, the estimate 
now follows from the previous exercise. □ 

7.1.6 Let s = a + it with t unequal to an ordinate of a zero. Show 
that for large |tl and —l<o<2, 



C'js) 

as) 




p 



1 

s-p 



+ 0(log|t|). 
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where the dash on the summation is limited to those p for which 

|t-7| < 1. 

Prom the formula 

o ^ oT././a , .N p 



C{s) s-1 



2T{s/2 + 1 ) 



evaluated first ai s — S + it and then at 2 + it and subtracting gives 



C(^) 



E(j^-^KoaosKi) 



because of the estimate for the growth of the P-term (see Exercise 
6.3.17). Note that 



1 



s — p 2 + it — p 



2-a 



< 



\{s-p){2 + it-p)\ - |t- 7 P’ 



so that the contribution of the zeros satisfying |t — 7 I > 1 is 



E |i_~|2 sEi 



I* - tI' y' + i^-tP’ 

and the latter sum is 0(log|t|) by Exercise 7.1.4. Finally, in the 
remaining terms, I 7 — t| < 1 , and we have 

|2 + it — p\ ^ 1 

for such zeros. The number of such zeros is 0(log |t|) by the previous 
exercise. Putting this all together gives the desired result. □ 



7.2 Explicit Formula for t/’(x) 

7.2.1 Show that if x is not a prime power and x > 1 , then 

C{s)x^ 



1 rc-\-iK 
^ 

2-m Jc-iR 



({s) s 



ds 



00 

n=l 
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Since x is not a prime power, 



00 



By Theorem 4.1.4, the result is now immediate. 
7.2.2 Prove that if x is not an integer, then 






^x<n<2x 



where ||x|| denotes the distance of x to the nearest integer. 

Let xi be the largest integer less than x. Split the sum into two 
parts: ^x < n < x and x < n < 2x. Writing n = x\ — we have 



- X , X\ I u \ 

log - > log — = - log 1 > 



V \ V 



XiJ Xi 



Thus, 



X 

' <^^ = 0(rrlogx). 



^x<n<xi 

For n = xi, we have 



, X , a: - {a:} ^ {a:} 
log — = - log > 

Xi XX 



The analysis for the range x < n < 2x similar. Putting this all 
together gives the stated result. □ 

7.2.3 By choosing c = 1 + in the penultimate exercise^ deduce 
that 



^ C(^) S 

if X — \ is a positive integer. 

By Exercise 7.2.1, we must estimate 



X log^ X 

R 



OO 

^A(n)(^) min(l,i?-i|log^r^ 
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with c = 1 + 1/logx. Indeed, if n < or n > 2x, |log|| Ms 
bounded, and the contribution of such terms is 



CO 




A(n) 



By partial summation 



v^A(n) 



n=l 






i: 






< logic 



by an application of Chebyshev’s estimate for ip{x). Thus, the con- 
tribution from the terms n < or n > 2a; is 




For I < n < 2a:, we apply Exercise 7.2.2 and observe that in this 
range x/n is bounded. Since ||x|| = we find that the contribution 
from n in this range is 



O 



x log^ X 

R 



where we have used A(n) < log 2x for n < 2x. □ 

7.2.4 Let C be the rectangle with vertices c — iR, c + iR, —U + iR, 
—U — iR, where c = 1 -I- 1/logx and U is an odd positive integer. 
Show that 



2" Jc C(s) s l> 



c'(0) 

C(0) 



+ 



E 

0<2m<U 



^-2m 

2m ’ 



where we are writing the nontrivial zeros of ({s) as p = ^ + ij. {R 
is chosen so that it is not the ordinate of any zero of C(s)-) 

By Cauchy’s theorem, we need to compute the residue of the in- 
tegrand whenever a pole occurs. Since C(s) has zeros at s = —2m 
with m > 0, in addition to its nontrivial zeros, we must compute 
the residue of the integrand there. By Exercise 6.5.3 and the partial 
fraction expansion for 

r'(f + i) 
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we see that ~(^'{s)/({s) has a simple pole at 5 = —2m with residue 
— 1. Thus, the residue of the integrand above is when s = 

—2m. The contribution of the remaining singularities is clear. □ 

7 . 2.5 Recall that the number of zeros p — 13+i'y satisfying I7 — i?| < 1 
is O(logjR). Show that we can ensure |7-i?| > {logR)~^ by varying 
R by a bounded amount. 

Consider the zeros p — ^ + i^ satisfying i?— l< 7 <i?+l. 
The number of such zeros is 0{logR). We subdivide the interval 
[i? — 1, jR + 1] into equal parts of length c/ log R for some constant 
c. The number of parts is 0(logi?), and we now choose c such that 
the number of parts exceeds the number of zeros. By the pigeonhole 
principle, there is a part that contains no zero. Thus for Ri lying in 
such a part, we must have IRi-j] > (logi?i)“^. Since Ri~R = 0(1), 
we have proved the desired result. □ 

7 . 2.6 Let U be a positive odd number. Prove that 

|C'(s)/C(5)|«(iog2H) 



for —U<a<—1, provided that we exclude circles of a fixed positive 
radius around the trivial zeros s = —2, —4, ... of ({s). 

The functional equation in its asymmetric form is 



C(l-5) = 2i-7r-*(cosy)r(sK(5). 



The logarithmic derivative of the right-hand side is 



, r'(s) 

-log2;r--vrtan- + ^ + 



(is)- 



We need to estimate this for a > 2. The tangent term is bounded 
if [s — (2m + 1)1 > r for some fixed r. The second term is 0(log |s|) 
by Stirling’s formula and therefore 0(log2|l — s |) if cr > 2. The last 
term is bounded in the region. This completes the proof. □ 

7 . 2.7 In Exercise 7.2.4, letting [/ -)■ oo along the odd numbers and 
R oo appropriately (that is, as in Exercise 7.2.5) prove that 



^^{x) — X — 



E 



P 



C(o) 



+ -log(l-a; 2), 



whenever x is half more than an integer. 
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By Exercise 7.2.3, 



1 rc+iR 



C(s) S 



ds + O 



X log^ X 

R 



We replace the vertical line segment by the contour C and tahe into 
account the contribution of the residues: 






h\<R 



m 

C(0) 



+ 



E 

0<2m<U 



p— 2m 



2m 



- Ir- lu + O 



X log^ X 

R 



where Ir denotes the two horizontal integrals in the contour C and 
lu denotes the vertical integral along Re(s) = —U. By Exercise 7.1.6 
we have 



CM 

C(s) 



=x:'7^+o(iogR), 

p ^ 



where the dash on the summation means |i 2 — 7 I < 1 and — 1 < cr < 2 . 
With R chosen as in the previous exercise, we can arrange 



| 7 -i?| > (logi?) \ 



The number of zeros in the summation is O(logil). Thus, 



C'{s) 

C{s) 



= 0{\og^R) 



for — 1 < cr < 2. Thus the contribution to the horizontal integral Ir 
for this range of a is 




< 



X log^ R 
i?loga: 



In the range cr < — 1 , we use Exercise 7.2.6 to get 



Ir < 



X log^ R log 2R 



J?loga: 



+ 



R 



f x^'da, 

J-U 



which is 



X log^ R 
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The vertical integral is 

log2(7 

U J-R ^ ^ Ux«- ' 

We first let C/ — > oo along odd positive integers to obtain 

^(x) = ^-y^ + ^l0g(l-X-2) 

ItK-R 

/ xlog^x xlog^i? \ 

\R R\ogx ) ■ 

Now let i? -> oo appropriately (as in Exercise 7.2.5) to deduce the 
result. □ 

7.2.9 Assuming the Riemann hypothesis, show that 
tp{x) = X + 0 [x^f^ log^ xj 

as X oo. 

Again, by Exercise 7.2.7, we have 




The Riemann hypothesis says that p = ^ + * 7 . Thus, the sum over 
the zeros is 

O ^x^^^ log^ . 

Choosing R — yfx gives the desired result. □ 

7.2.10 Show that if 

tp{x) = X + O {x^!"^ log^ x^ 

then C(s) has no zeros for Re(s) > 1/2. 

By partial summation 

('(s) _ 7°° ip{x)dx 

C(s) 

Inserting the estimate for ip{x) into the integral gives an analytic 
continuation of -C{s)/({s) for Re(s) > 1/2 apart from a simple 
pole at s = 1. This means that ({s) has no zeros for Re(s) > 1/2, as 
required. (The same deduction can be made from the weaker estimate 
of 0 (x^/^"*'^) for any e > 0 , for the error term.) □ 
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7.3 Supplementary Problems 

7A.1 Using the method of Exercise 6.5.3, prove that for 1 < a <2, 
\t\ > 2, 



( L(s,’x) ) ^ ^^^(s-p)’ 

where A\ is an absolute constant, and the summation is over all zeros 
p of L{s,x)y X ^ primitive Dirichlet character (mod q). (Of 
course, s = a + it, as usual.) 

This is essentially contained in the solution to Exercise 6.5.9. 

7 . 4.2 Let X ^ primitive Dirichlet character {modq). If p = P + i'y 
runs through the nontrivial zeros of L{s,x), then show that for any 
real t, 

E i + (('_^)2 = o(tog?m + g))- 

We take s = 2+it in the previous exercise. Since \L'/L\ is bounded 
for such s, we obtain 

< ^2logg(|t| +2). 

p ^ 

Now, 

Vr( ^ 1 

^ \s-pj (2-/3)2 + (t-^)2 -4 + (t-7 )2’ 

and this last quantity is greater than or equal to |(1 + {t — 
from which the result follows. □. 

7 . 4.3 With X 0 , primitive character (mod q) and t not coinciding with 
the ordinate of a zero, show that for —3/2 <a< 5/2, jt] > 2, 

^{s,x) = j^+0{logq{\t\ + 2)), 

P ^ 



where the dash on the sum is over p — ^ + i'y for which — 7I < 1. 
The method is essentially the same as Exercise 7.1.6. □ 
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7.4.4 Let X be a primitive Dirichlet character {modq). Let N{T^x) 
be the number of zeros of L{s^x) ^b,e rectangle 0 < a < 1, |i| < T. 
Show that 

N{T, ^ log ^ + C>(log^T) 

for T>2. 

We follow the method of Theorem 7.1.7. Let R be the rectangle 
with vertices 

- -iT - +iT - - + iT - - -iT 
2 ’ 2 ’ 2 ’ 2 

(This rectangle is slightly larger than the one used for ({s) so as to 
include a possible zero at s = — 1.) 

This rectangle contains at most one trivial zero of L(s,x), either 
ats = 0ors = — 1. Therefore, 

2ir{N{T,x) + 1) = AKarg^(s,x). 

By the functional equation (Theorem 5.4.1), 

arg^(a + it,x) = arg^(l - a - it, x) + c 

for some constant independent of s. Therefore, the contribution of 
the left half of the contour is equal to that of the right half. Clearly, 

Aargr(i^) =Tlog|-T + 0(l), 

where a = 0 or 1 according as x(~l) is 1 or —1, and A is the half 
contour from | — iT to | — zT, then to | + zT, and then to ^ + iT. 
We add these two variations and then double the result. It remains 
to consider 

27r5(t,x) = AL(s,x). 

Since logL(s,x) is bounded on Res = 5/2, it suffices to consider the 
variation along the horizontal segments from 1/2 — iT to 5/2 — iT, 
and from 5/2 + iT to 1/2 + iT. By Exercise 7.4.3, this reduces to 
calculating Aarg(s — p) along the line segments. But this variation 
is at most tt, and we get 

S{t,x) = 0(logg(|t| + 2)). 



This gives the desired formula for N{T, x)- 



□ 
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7.4.5 Let X ^ primitive Dirichlet character (modg). If x is not a 
prime power and x(~l) = “ 1 ? derive the explicit formula 

■= 5ZxHA(n) 

n<x 

L'{0,x) 

pP L{^,X) 

where the first sum on the right hand side is over the nontrivial zeros 

of L{s,x)- 

This follows easily by the method used in Exercise 7.2.7 where we 
replace C'(s)/C(s) by L'(s, x)/-b(s, x)- □ 

7.4.6 Let X be a primitive Dirichlet character (modg). If x is not a 
prime power and x(~l) = I 7 derive the explicit formula 

x) = - XI ~ ^ ~ 2 

P ^ 

where b{x) — lims_).o ( l(sxj ~ «)’ right-hand 

side is over the nontrivial zeros of L{s,x)- 

This again follows mutatis mutandis from the method of Exercise 
7.2.7. However, the only difference is that now L(s,x) has a simple 
zero at s = 0 , and so 



L'{s,x) 

L{s,x) 



- + b{x) + • • • . 

S 



Since 



— = - + log a; H , 

5 s 



the residue of -V [s^x)^^ / ^L{s^x) at s = 0 is -(logo: + 6 (x))- The 
trivial zeros contribute 



oo 



E 



X~2m 

2m 



-llog(l-x ^). 



□ 
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7.4.7 Let X be a primitive Dirichlet character (modq) and set a = 0 
or 1 according as x(~l) I or —1. If x — 1/2 is a positive integer, 
show that 






- T “ “ a)(loga: + b{x)) 

|7|<fl ^ 

^ / xlog^ qxR \ 

^ 2m -a V R y’ 

m=l ^ ' 



where the first summation is over zeros p = + ij and R is chosen 

greater than or equal to 2 so as not to coincide with the ordinate of 
any zero of L{s,x)- 

We follow the method of Exercises 7.2.3, 7.2.4 and 7.2.7. The only 
difference is that we must use the estimate 



L'{a + iR, x) 
L{a + iR,x) 



0{log^qR), 



valid for —1 < (7 < 2, which is easily deduced from Exercises 7.4.2 
and 7.4.3. For cr < 1, we must use the estimate 



^=0(log,W), 



provided that we exclude circles of radius 1/2 around the trivial 
zeros. The latter estimate comes from logarithmic differentiation of 
the functional equation in its asymmetric form: 

L{1 -s,x) = ^cos ^7r(s - a)^ T{s)L{s, x) 



(see Exercises 8.2.13 and 8.2.15), where |ty(x)l = 1- The result is 
now derived as in Exercise 7.2.4. □ 

7.4.8 If we assume that all the nontrivial zeros of L{s, x) on 
Re(s) = 1/2 (the generalized Riemann hypothesis), prove that 

-ipix, x)=0 log2 qx^ . 



We choose R = in the previous exercise. We need to estimate 



E 

|7|<xl/2 







370 



7. Explicit Formulas 



as well as &(x)* By partial summation and Exercise 7.4.4, we obtain 






|-y|<xl/2 

As for b{x), this appears only if x(— 1) = -1. In that case, we have 
from Exercise 6.4.5 that 



= _1 log S. _ + B(x) + T 

L{s,x) 2 ^TT 2r(s/2) ^ ^ 4 - 



1 1 

1 — 

s-p p 



Replacing s by 2 and subtracting gives us 

L'{s,x) r'(s/ 2 ) , V-/ 1 



so that 



L{s,x) 2T{sm^^\s-p 2 -pJ^^^^^’ 



M^) = -E(^2^)+0(D 



In this sum, the terms with | 7 | > 1 are easily handled; 



\ 1 1 
,A, p ^ 



« E Ui2 = 0(>t>S9) 



by Exercise 7.4.2. For I 7 I < 1 , we observe that |2 — p| ^ |2 — pp, so 
that 

Hx) = 0(logg) - ~- 

,5^, P 



The number of zeros in the sum is O(logg) by Exercise 7.4.4, and 
for each p we have |p| >5 , from which the result follows. □ 



7 . 4.9 Let 



ip{x,q,a)= A(n). 



n<x 

n=a(mod q) 



Show that the generalized Riemann hypothesis implies 



V’(a:, q, a) = + O log^ gxj 



when (a, 9 ) = 1 . 
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We have ^ 

For X = X 05 the trivial character, we have 

i’{x, Xo)=x + log^ x) 



by Exercise 7.2.9. For x Xo, we have tp{x, x) = O log^ qx) by 
the previous exercise, from which the desired result follows. □ 

7.4.10 Assuming the generalized Riemann hypothesis , show that there 
is always a prime p log^ q satisfying p = a (mod q) whenever 
{a,q) = 1. 

By Exercise 7.4.9, we have 



ip{x,q,a) 



^ + 0(rtV2l0g^5x). 



Putting X — Aq^ log^ q for an appropriate constant A gives us the 
required result. □ 

7.4.11 Show that if q is prime, then 



‘P{q - t ) n{d) 

q-1 



E^Ex«.) = { 

d\q-l ^ o(x)=d ^ 



if a has order q — I 
otherwise. 



where the inner sum is over characters x (mod q) whose order is d. 

Let /(a) = 1 if a is a primitive root and 0 otherwise. Let 5 be a 
primitive root (mod q) and set 

= l<j<q-l. 



Then T is a multiplicative character (mod q) and all multiplicative 
characters modg can be written as for some 1 < k < q — 1. 
Now write 

f{(^) ^'^fix)x{a)- 

X 

By orthogonality, we see that 

^2irijk/q-l^ 




/(T") = 
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The right hand side is a Ramanujan sum and by Exercise 1.1.14 is 
easily evaluated as 

If we write d = (q — l,k), then d\q — 1. Moreover, has order 
{q — 1) / d. As d ranges over the divisors of g — 1, so does {q — l)/d, 
and the result is now clear. □ 



7.4.12 Let q be prime. Assuming the generalized Riemann hypothe- 
sis, show that there is always a prime p < q such that p is a primitive 
root (modq'), for q sufficiently large. 

By the previous exercise, we have that 



< P {(1 - 1 ) 
q-l 



E 

d\q-l 



ip{d) 



o{x)=d 



is the number of prime powers weighted by logp such that p> is a 
primitive root (modq). The leading term (corresponding to d = 1) 
gives 



y(g - 1) 

q-l 






For X XO) we use Exercise 7.4.8 to deduce that the contribution is 



O (~Z:^d{q - log^ qx^ , 



where d{q — 1) is the number of divisors of g — 1, since the number 
of characters of order d is (f{d). 

Since ip{x) — x-\-0 log^ a:) , we see that for x = q, the main 
term is larger than the error term, for q sufficiently large. Moreover, 
if < g is a primitive root, so is p < q. □ 

7.4.13 Let q be a prime. Show that the smallest primitive root 
(mod q) is logg), where u{q — 1) is the number of dis- 

tinct prime factors of q — 1. 

By Exercise 7.4.11, the number of primitive roots (modg) that are 
less than x is 






-X + 



E 

d\q-l 

d>l 



ti{d) 

(p{d) 



o{x)=d Q><x 



q-l 



q-l 
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By the Polya - Vinogradov inequality (Exercise 5.5.6) we find that 
the innermost sum is O log q) . Thus, the number of primitive 
roots less than x is 

which is positive if x ^ log^. This completes the proof. 

□ 

7.4.14 Let q be a prime and assume the generalized Riemann hy- 

pothesis. Show that there is always a prime-power primitive root sat- 
isfying the bound O log^q). 

We examine the solution of Exercise 7.4.12, where we showed that 
the number of prime-power primitive roots is 

(a: + j 

A little reflection shows that d{q — 1) can be replaced by 
Setting X = log^9 for a sufliciently large constant gives us 

the desired result. □ 

7.4.15 Let q be prime and assume the generalized Riemann hypoth- 
esis. Show that the least quadratic nonresidue (modg) is O [log^ q). 

Since 

2 if a is a nonresidue, 

0 otherwise, 

we see that 

<x 

equals 

log^ qx) 

under the stated hypothesis. If x = Clog^ q for a sufliciently large g, 
the result is now clear. □ 

7.4.16 Let q be prime and assume the generalized Riemann hypothe- 
sis. Show that the least prime quadratic residue {modq) is 0(log^ q). 

This is clear from the method of the previous exercise. □ 
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7.4.17 Prove that for n> I, 



T^oo T 



E 

|7|<T 



-nr 



A(n) 

7T 



where the summation is over zeros p = ^+ijj ^8 G M; of the Riemann 
zeta function. 

Let R denote the rectangle oriented counterclockwise with vertices 
3/2 ~ iT, 3/2 + iT, -1/2 + iT, -1/2- iT. Clearly, 



1 

2m 




- n 



where p runs over zeros of C(s) inside the rectangle. Let /i, . . . ,^4 
be the four parts of the integral relative to the sides of R starting 
with the vertical one in the half-plane Re(s) > 1 and proceeding 
counterclockwise. Moreover, we have chosen T such that 



~^{a + it) = O(log^i) 



uniformly in —2 < cr < 3, which we can do as in the solution of 
Exercise 7.2.7. Thus, 



h 



27T 




E 

m=l 



3/2+it 

dt 






m=l 

m^n 



\ log n/m\ 



Splitting the summation into the ranges 

m < n/2, n/2 < m < 2n, m>2n 



and handling these sums as in Exercises 7.2.2 and 7.2.3 gives an 
estimate of O for the error term above. By using the estimate 

of O (log^ T) for the integrand, we deduce that 



/2,/4<n3/2log2T. 
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Finally, for I 3 , we use the functional equation to relate (' l({—lj2+it) 
to C ~ it)- The F-factor gives rise to a term of the form 

O(logT) 

by Stirling’s formula, and after integrating we get that 

Thus, the result is now clear. □ 
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The Selberg Class 



8.1 The Phragmen - Lindelof Theorem 

8.1.1 Let f{z) be an analytic function, regular in a region R and on 
the boundary dR, which we assume to be a simple closed contour. If 
\f{z)\ < M on dR, show that \f{z)\ < M for all z e R. 

If z ^ R, then by Cauchy’s theorem, 

1 /■ 

2m Jgji w - z 



so that 

|/"(^)| < KM^, 



where 



K = l[ ^ 



Taking nth roots and letting n — >■ oo gives the result. 



8.1.2 (The maximum modulus principle) If f is as in the previous 
exercise, show that \f{z)\ < M for all interior points z E R, unless 
f is constant. 




378 8. The Selberg Class 



If zq is an integer point, consider the Laurent expansion of / about 






OO 



n=0 



Parseval’s formula yields that 

r‘27T 
^0 



|/(^o + re*^) d^ = ^|an|V". 



If Zq is an interior point where the maximum is attained, we have 
\ao\ = M and 



M = \ao\^ < laol'"^ + |uipr^ H < |/(^o)|'^ — 1? 



so that we are forced to have ai = U 2 = • • • = 0 and / is constant. □ 
8 . 1.5 Show that for any entire function F ^ S, we have 

F{s) = 0{\t\^) 

for some A > 0, in the region 0 < Re(5) < 1. 

This is an immediate consequence of the functional equation and 
Stirling’s formula. Indeed, F{s) is bounded on Re(5) = 2. By the 
functional equation and Stirling’s formula, it has polynomial growth 
on Re( 5 ) = —1. By the Phragmen - Lindelof theorem, it has polyno- 
mial growth in the region — 1 < Re(5) <2. □ 



8.2 Basic Properties 

8 . 2.4 Show that 



degFiF2 = degFi + degF2. 



Since 

Nr,F2{T)=NFAT)+NF,{T), 
the result is immediate from Theorem 8.2.1. 

□ 

8 . 2.5 IfFeS has degree 1 , show that it is primitive. 
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If F is not primitive, we can write F — F 1 F 2 with / 1, F2 / 1. 
But then, degF — degFi+degF2j and by Theorem 8.2.3 and Lemma 
8.2.2, degFi > 1 and deg i^2 ^ 1 so that deg F >2, a, contradiction. 
[Observe that the proof shows that any F € cS of degree less than 2 
is primitive.] 

□ 

8 . 2.6 Show that any F E S, F ^ 1, can be written as a product of 
primitive functions. 

We first show that every F G <S is divisible by a primitive function. 
If F is not primitive, we write F = F\Gi with Fi ^ 1 and Gi 7^ 1. 
Since degFi < degF, we either have Fi primitive or not. If not, 
factor Fi = F2G2 and in this way we get degF2 < degFi. In fact, 
we have 



0 < degFi < degF — 1, 

0 < deg F2 < deg Fi - 1 < deg F - 2, 

and so on. This cannot go on ad infinitum. Thus, any function F G «S 
has a primitive factor, Fi (say). Write F = FiGi and now proceed 
to decompose Gi . Since the degree of each factor is strictly less than 
deg F, the process terminates. □ 

8 . 2.7 Show that the Riemann zeta function is a primitive function. 
(^(s) has degree 1 by Theorem 5.2.1. Now apply Exercise 8.2.5. □ 

8 .2.8 If X is a primitive character {modq) show that L(s,x) ^ 
primitive function of S. 

By Theorem 5.4.1 and Exercise 5.4.5 we see that L{s^x) extends 
to an entire function and has degree 1. □ 

8.2.9 If F show that \an\ < c{e)n^ implies that 



00 ^ h 

n=l p k=l ^ 



We have 
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so that 



We deduce that 



F(s) 



E 

p,k 



kbpk logp 



P‘ 



,/cs 



an log n = ^ jbpi {logp)an/pj ■ 

p^\n 



Setting n = yields 



k-l 

kbpk logp = kapk logp - '^jbpj {logp)apk-j . 

We now induct on k. For = 1, we have Op — bp, and the result is 
clear. 

Assume that the inequality has been proved for exponents less 
than or equal to fc — 1. Then 



jfc-i 



t|VI < 

j = l 



< c(e)p^^<j 

< c(e)p*=^ (2" - l) , 






as desired. □ 

8.2.10 Prove the asymmetric form of the functional equation for 

as): 

C(1 - s) = (cosy) T{s)as). 



We recall that F(s) satisfies 

r(s)r(l — s) = 7 t/ sinTTS, 

by Exercise 6.3.9 and the Legendre duplication formula (Exercise 
6.3.6): 

r(2s)v^ = 22*-ir(s)r(s + i). 
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Combining these two facts gives 

r(i) 



^ I/22I 



By the functional equation for ((s), we may write 
C(1 - 5 ) - ((s) 

CU S)-7T r((l-s)/ 2 )^^ '' 

by Theorem 5.2.1. Putting these together gives the result. 
8.2.11 Show that for A; 6 N, 

\a-k)\ < Ck\/{2n)'^ 

for some absolute constant C. 

By the previous exercise, 



\a-k)\ = 



cos 






Since limfc_>oo C(^ + 1) = 1, we get 

\a-k)\ < Ck\/{2n)>^ 



□ 



as required. 
8.2.12 Show that 






C(-fc)(-x)‘ 



n=^l 



k=0 



k\ 



Deduce that for A: = 2, 3, . . . 



C(1 -k) = -Bk/k 



□ 



and ^(0) = —1/2, where Bk denotes the kth Bernoulli number. 

medskip We specialize the proof of Theorem 8.2.3 to the case of 
the (^-function: 






C{-k){-xY 



n=l 



k=0 



k\ 
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By Exercise 8.2.11, the power series on the right-hand side converges 
for |a;| < 27 t. The left-hand side is a geometric series that is easily 
summed to be 

1 



1 — e~^ — 1 



By Exercise 2.1.7, 




OO 







so that 

1 _ 1 , 

e® — 1 X k\ 

k=l 

We may compare coefEcients of the two power series to deduce that 






For k odd. A; > 3, = 0 by Exercise 2.1.8. Hence the formula is 

clear for k odd > 3. For k even, we obtain 



C{l-k) = -Bk/k. 

For A: = 1, we have C(0) = B\ = 1/2, and we recover the result of 
Exercise 5.2.4. □ 

8.2.13 Let X be a primitive Dirichlet character (mod^) satisfying 
x(— 1) = 1. Prove that 



7-/, — \ /27t\ i/2-« / 7rs\^. . 

L{l-s,x) = (cos-)r(s)L(s,x), 

where r(x) denotes the Gauss sum. 

By the functional equation (Theorem 5.4.1), we have 

L(l-s,x) = \ L{s,x)- 

nx)^Q^ 

As in the solution to Exercise 8.2.10, we have 
from which the result is easily deduced. 



□ 
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8.2.14 Let X be a primitive character (modq) satisfying x(~l) = 1- 
Show that for fc 6 N, 

\L{-k,x)\<Ck\{q/2n)'^ 
for some constant C = 0{-y/q). 

We proceed as in Exercise 8.2.11, except that we use the previous 
exercise instead of Exercise 8.2.10. □ 

8.2.15 Let X be a primitive Dirichlet character (modg) satisfying 
x(— 1) = —1- Show that 

m - ,,X) = )r(. + l)L(,,x). 



This again uses the method of Exercise 8.2.10. By Exercise 5.4.5, 
we have 



L{l-s,x) = 



iq^/'^ /7T\ l/2-'S 

t{x) 




L{s,x)- 



By the formula 

-^ = ^-'/22'->(cos^)rw 

(derived in the solution to Exercise 8.2.10) we obtain the desired 
result. □ 

8.2.16 Let X be a primitive Dirichlet character (modq) satisfying 
x(— 1) — —1. Show that for A: € N, 

\L{-k,x)\<Cik + mq/2ir)'^ 



for some constant C — 0{^yq). 

We proceed as in Exercises 8.2.14 and 8.2.11, except that we use 
the previous exercise to derive the estimate. □ 

8.2.17 Prove that 



'£xin)e-^^ 

n=l 



L{-k,x){-x)’^ 

^ k\ 

k=0 
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Deduce that for n> 1, 



where 






B».x = 9””‘Ex{a)S„0. 



with Bji{x) denoting the nth Bernoulli polynomial 
From the proof of Theorem 8.2.3, the derivation of the formula 






^ L{-k,x){-x)'' 

u. k\ 

k=0 



is clear. The left-hand side can be simplified as follows. 

oo 

= E x(l>) E «■” 

^=1 6(mod g) n=6(mod g) 

g oo 

fczzl r=0 

= E.-gx 



Now, by Exercise 2.1.7, 



Z— ^ ^ _ g— gx 

6=1 

9 ^{q-b)x 

6=1 



br{x)f ie®* 
r! e* — 1 



Thus, 



can be expanded as 



^{q-b)x g(l-6/g)gi 
ggx _ 1 ~ ^qx _ 



) 



b\q'' 



q/ r\ 
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When we insert this in the above formula, we obtain 

Q' 



oo oo g r r \r 

Ex(»K“ = E(ExW^(i- ))^ 



n=l r=0 b=l 

(notice that for r = 0, bo{x) = 1), and since 

9 






6=1 



the polar term disappears. We deduce 

^n— 1 ^ 

n 



™ 5=1 ^ 



Recall that Bn(x) = Kiix}) and that 

Bn{l - x) = (-l)"Bn(x) 

(see Exercise 2.5.22), from which the stated result follows. 



□ 



8.3 Selberg’s Conjectures 



8.3.1 Assuming (a) and (b), prove that any function F e S can be 
factored uniquely as a product of primitive functions. 

Suppose 

is a factorization of F into distinct primitive functions Fi and 

F = Gf • • • G(* 



is another factorization of F into distinct primitive functions Gi. 
Then 

F^^ ■■■Ff^ =Gf ■■■G{^ 

and we may suppose, without loss of generality, that no Fj is a Gj. 
Comparing the pth coefficient of both sides of the above equation, 
we deduce 

r t 

J2^iap{Fi) = Y.fMGj)- 

i=l 
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Multiplying both sides of the equation by ap{F\), dividing by p, and 
then summing over p < x gives us 

eilogloga; + 0(l) = 0(1), 

assuming (a) and (b). Thus, ei = 0, a contradiction. This proves the 
unique factorization. □ 

8.3.2 Suppose F^G ^ S and ap{F) = ap{G) for all but finitely many 
primes p. Assuming (a) and (h), prove that F — G. 

Let us write 



o = ■ F/”- 

where Fi, . . . , Fr are distinct primitive functions and e^, fi are non- 
negative integers. We want to show that = fi for all i. Without 
loss of generality, suppose ei / /i- Then, since 



we have 

^ ^ ^iap{F{) = ^ ^ fiO>p{Fi) 
i i 

for all but finitely many primes p. Multiplying both sides of the 
equation by ap(Fi), dividing by p, and then summing over p < x 
gives 






P 



+ 



0’p{Fi)ap{Fi) j 

p<x ^ J 



p<x 






Qp(i^i)Qp(Fi) I 

p<x ^ J 



Assuming (a) and (b) gives 

eiloglogx + 0(l) = filoglogx + 0{1), 



whence ei = /i, a contradiction. Thus, = fi, for all i and we have 
F^G. □ 
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8.3.3 If F{s) = ^ a = Re(s) > cra(F), the abscissa 

of absolute convergence of F, then prove that 



lim — r 
T-^oo 2T 




F{a + 



' an{F) if n = y, 

< 

0 otherwise, 



for any real y. 
We have 



^ n=l 



Interchanging the summation and integration, which is justified 
by absolute convergence of the Dirichlet series, we obtain that the 
above is 

/ smTlog(y/n) 

^ ^ \ Tlog(y/n) 

n^y 

with the Oy term occurring only if y is a natural number. The series 



is easily seen to converge absolutely if n > 2y or n < y/2. The 
intermediate range is a finite sum, and so as T -4 oo, the summation 
in the penultimate step goes to zero as required. This completes the 
proof. n 

8.3.4 Prove that 



1 f y^ds 
2m Jt^c) 



log y if y > 1, 

< 

,0 */ 0 < y < 1, 



for c > 0 and a,^>0. 

First, suppose y > 1. We apply contour integration as in Exercise 
4.1.6. Let (r be the contour described by the line segment joining 
c - iR to c + iR and the semicircle Sr of radius R centered at c 
enclosing ~P/a. Then, by Cauchy’s theorem 



1 r y^ds 
2m {as + /3)2 






= a ‘^y ^/“logy. 
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Thus, 



1 ySds 1 f y^ds 

27ri Jc-iR (as + ^ 2m {as + 

The second integral satisfies 



= a^y ^/“logy. 



1 r y^ds 
2m Jsj^ {as + PY 








and the latter integral is easily seen to be bounded (see Exercise 

4.1.1) . Thus, as R-¥ oo, the integral goes to zero. 

If now 0 < y < 1, then we choose the contour Vr {as in Exercise 

4.1.2) described by the line segment joining c — iR to c + iR and the 
semicircle Sr to the right of the line segment of radius R, centered 
at c and not enclosing s — -^/a. By Cauchy’s theorem. 



J_ r y^ds 
2m Jvr (as + PY ~ 

We now proceed exactly as above. □ 

8.3.5 Let f{s) be a meromorphic function on C, analytic for Re(s) > 
I and nonvanishing there. Suppose that log/(s) is a Dirichlet series 
and that f{s) satisfies the functional equation 



H{s) = wH{l - s), 



where w is a complex number of absolute value 1, and 



H{s) = 



ntinoci^ + Pi) 



Uili r(7iS + 6i) 



/(s) 



with certain A, ai, 7 i > 0 and Re{Pi), Re(<5i) > 0. Show that f{s) is 
constant. 



Since f{s) is analytic in Re(s) > and the F-function does not 
have any poles in Re(s) > 0, we see immediately that H{s) is analytic 
and nonvanishing (since / is) in the region Re(s) > 1/2. By the 
functional equation, the same is true for Re(s) < 1/2. Thus H{s) is 
entire. By Stirling’s formula and the functional equation, we see that 
H{s) is of order 1. Since H{s) hcis no zeros, it follows by Hadamard’s 
theorem that H{s) = for some constants a and b. Hence 

f'(s) r' F' 

^ logd. + ^ ^ — (7iS + ^ ] — (®jS + Si)ai 




8.3 Selberg’s Conjectures 389 



is a Dirichlet series (since log/(s) is). The derivative of this is again 
a Dirichlet series. Since 



A. 

ds 




00 ^ 

(s + m)2 ’ 

m—0 ^ ^ 



then by Exercise 8.3.4 we deduce 




y^dy = 0 ( 1 ) 



for any y > 1. By Exercise 8.3.3, this means that every coefficient of 

d (f{s)\ 
ds V f{s) ) 



is zero. Since f'{s)/f{s) is a Dirichlet series, this means that f'{s)/ f{s) 
0. Hence f{s) is a constant. □ 

8.3.6 Let F^G e S. Suppose ap{F) = ap{G), ap 2 {F) = ap 2 {G) for 
all but finitely many primes p. Show that F — G. 

Set 

f{s) = J\F,{s)IG,{s). 

P 

Since log Fp{s) is an absolutely convergent Dirichlet series for Re(5) > 
0, we deduce that Fp{s) is absolutely convergent for Re(5) > 9 and is 
nonvanishing there. Since 0 < 1/2, this holds for Re(s) >1/2. Since 
ap{F) — ap{G) and ap 2 {F) = ap 2 {G) for all but finitely many primes 
p, we can factor 

/ aj,{F) ap2{F) 

V p. ^ p2s 

from the numerator and denominator of Fp{s) / ap{s) and write 




f{s) = 

p 

where each fp{s) is absolutely convergent for Re(s) >1/2 and non- 
vanishing there. Thus, f{s) satisfies the conditions of Exercise 8.3.5. 
Hence f{s) is constant, and that constant must be 1, since 
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and consequently linis^oo /(«) = 1- Therefore, F = G. □ 

8 . 3.7 Assume Selberg’s conjectures (a) and (b). If F E S has a pole 
of order m at s = 1, show that F{s)/({s)'^ is entire. 

If G is a primitive function that has a pole at s = 1, then 

ap{G) 

2^ p 

p<x 

is unbounded as a: oo. If G / C? by (b) we have 



E 



Op(G) 

P 



E 



ap{G)ap{Q 

P 



= 0 ( 1 ), 



a contradiction. Thus, the only primitive function with a pole at 
s = 1 is the Riemann zeta function. By Exercise 8.3.1, C(s) must 
appear in the unique factorization of F as a product of primitive 
functions. □ 



8 . 3.8 Assume Selberg’s conjectures (a) and (b). Show that for any 
F E S, there are no zeros on Re(s) = 1. 

By Exercise 8.3.1, it suffices to prove this for primitive functions 
F. For the primitive function ({s), this is true by Exercise 3.2.5. So 
we may suppose F ^ By Exercise 8.3.7, we may also suppose F(s) 
has no pole at s = 1 and that it extends to an entire function. For 
any t G K, we can conclude that G(s) = F{s + it) is again primitive. 
By conjecture (b), 

ap(G)ap(C) _ 

P 

p<x 

as X oo. This means that 

E^ = o(» 

p<x 

for alH G K. Hence, F(s) has no zeros on Re(s) = 1. □ 




8.4 Supplementary Problems 

8 . 4.1 Verify that the primitive functions C(s), and L{s,x), where x 
is a primitive character (modg), satisfy Selberg’s conjectures (a) and 
(b). 
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To verify (a) for C('5), we apply Exercise 3.1.8. This also verifies 
(a) for all L{s,x)- To verify (b), notice that 

Xjp) _ x{n)A{n) 

^ p ^ nlogn ^ ’ 

P<X 71<X 



follows easily by partial summation. 
Now, 



E 

n<x 



X{n) logn 
n 



T'(l,x) 



and hence is 0(1). On the other hand, we can write log n = Yhd\n 
so that 



E 

n<x 



X{n) logn 
n 



E 

d<x 



x{d)m 

d 



(E^)- 

e<x/d 



The inner sum by Exercise 2.4.6 is 



fd\ 

’ \x) 



Hence 

^ x(i5^ , mm + 0(1) 

n<x d<x 

by an application of Chebyshev’s theorem (Exercise 3.1.5). There- 
fore, 

d<x 

since L(l,x) 0 by Exercises 2.3.10 and 2.4.5. The result now fol- 
lows easily by partial summation. 

Finally, if Xi X2 distinct primitive characters mod q\ and 
mod 92 (respectively) then we may view XiX 2 as an imprimitive char- 
acter mod [gi, 92]* Indeed, we may extend both xi and X2 to charac- 
ters mod [91, 92] in the usual way. If 91 =92, the extended character 
is trivial if and only if xi ~X2- H Qi¥^ Q2, then xi^ is never trivial, 
and so we are done by the previous considerations. □ 

8 . 4.2 For each F, G in 5 , define 



{F®G){s) = l[Hp{s), 
P 
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where 

oo 

Hp(s) = exp ( ^ kbp, {F)bp, (G)p-'=^) . 
k=l 

If Fp{s) = det(l - App~^)~^ and Gp{s) = det(l - Bpp~^)~^ for 
certain nonsingular matrices Ap and Bp, show that 

Hp{s) = det(l - Ap® Bpp~^)~^. 



We use the well-known identity 



det(l — At) = exp 




so that what we must show is 



oo 

det(l - (^ ® B)t) — exp (E 






k=l 



)■ 



Since the matrices Ap and Bp are nonsingular, the eigenvalues of the 
matrix A®B can be taken to be \ipij as runs through eigenvalues 
of A and pj runs through eigenvalues of B, Thus the right-hand side 
of the identity to be proved is det(l — {A® B)t) as required. □ 

8 . 4.3 With notation as in the previous exercise, show that if F,G G 
S, then F ® G converges absolutely for Re(s) > 1. 

This is the immediate consequence of Exercise 8.2.9. 

8 . 4.4 If F G S and F®F extends to an analytic function for Ke{s) > 
1/2, except for a simple pole at s = 1, we will say that F is ®-simple. 
Prove that a ® -simple function has at most a simple pole at s = 



Suppose F has a pole of order m at s = 1. Let s be real and 
s Then 

log F{s) ^ mlog -. 

s — 1 



But logF(5) 
definition 



= Yip + C)(l). Since F is 0-simple, we have by 



E 



pS 



1 



log 



S — 1 




8.4 Supplementary Problems 393 



as 5 — > 1"^. Thus, by Cauchy’s inequality 



pS 

p 



from which we deduce that |m| < 1, as required. 



< 



E 



i°p(j’)p 

pS 



i/Z 



E 




1/2 

7 



□ 



8.4.5 If F eS and 

F = 

is a factorization of F into distinct primitive functions, show that 
= (g2 + g2 ^ + e|) loglogx + 0(1), 

p<x 



assuming Selberg^s conjectures (a) and (b). 
We have clearly 

^p{^) ~ ^ ^iO'p{Pj)^ 
i 

from which 



E 



a,{F)f 

P 



i,j p<x 



O'piF i)^p{Fj) 
p 



and the result is now clear. □ 

8.4.6 IfFeS, and F ® F ^ S show that F is ®-simple if and only 
if F is primitive, assuming Selberg’s conjectures (a) and (b). 

One way is clear. If F is primitive, then F is 0-simple. Now sup- 
pose F is 0-simple. Then 

— log log X + 0(1). 

p 

p<x 



If F = F^^ • • • F^'° is the factorization of F into distinct primitive 

functions, then by Exercise 8.4.5, we get 

1 = ef + e| 4 + e|, 



from which we deduce that F is primitive. 



□ 
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8 . 4.7 If F £ S is ®-simple and entire, prove that F{1 + it) ^ 0 for 
all t 

Suppose F has a zero on Re(s) = 1. By translating, we may sup- 
pose F has a zero at s = 1. Consider 

G{s) = as)F{s)F{s){F^F){s). 

Then G{s) is a Dirichlet series that is analytic for Re( 5 ) > 1/2. 
Also, log G(s) is a Dirichlet series with nonnegative coefficients. By 
Exercise 3.2.11, G(1 + it) ^ 0 for all t G M. By Landau’s theorem 
(Exercise 2.5.14) the abscissa of convergence is a real singularity ao 
(say). Thus logC((7) > 0 for a > (Jq. Hence 

|G(a)l > 1 

for a > ao- By continuity, |G(cto)| > 1. However, ao is a singularity 
of logG(s), which must come from a zero of G(s). Thus G(sq) = 0, 
which is a contradiction. Hence, F(l) ^ 0. □ 

8 . 4.8 Let F £ S and write 

/?' °° 

(s) = ^ AF(n)n"L 

For T > 1 and n G N, n > 1, show that 

= ——Apin) + O log^T^ 

\l\<T 

where p^^ + i'f, I3>0 runs over the non-trivial zeros of F{s). 

This is a generalization of Exercise 7.4.17 and the proof is similar. 
(The result shows how to reconstruct F{s) from a knowledge of its 
zeros.) □ 

8 . 4.9 Suppose F,G £ S. Let 

Zp{T) = {p = ^ + ^ 7 , > 0, F{p) = 0 and I 7 I < T}. 

Suppose that as T 00 , 



\ZF{T)AZG{T)\ = oiT), 
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where A denotes the symmetric difference AAB = {A\B)U{B\A). 
Show that F — G. 

By the previous exercise, 

-Air(n) = lim ^ n^ 

^ ’ T-^ooT ^ 

|7|<T 

where the summation runs over zeros of F{s) with imaginary part 7 
satisfying I 7 I < T. Since the zeros of G(s) are the same apart from 
o{T) of them, we find that the above limit is — A(;(n). Thus, F = G, 
as required. □ 




9 

Sieve Methods 



9.1 The Sieve of Eratosthenes 



9.1.2 Prove that there is a constant c such that 

o-c 



n(i -;) = £(! -O' 

P<Z X o o 



Let F(0 = np<. (l-j).Then 



iog^W = E!; + Ei 



p<z 



The second sum satisfies 

V J- = I 

Z— / Unr^k qr^k Z—/ nrt(ri — 1 V 



so that 



with 



f^pk Z— ^ Z— / pk Z—/ p(p _ n ' 

k >2 ^ p<zk> 2 ^ p<Z^^^ ^ 

p<z 



log7(0=X]^ + ^o + o(^) 



p<z 



Co 
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On the other hand, we have 









p 



by Exercise 3.1.7, so that by partial summation 
1 _ R{z) r R{t)dt 



E- = 



+ 



p<z 



P log 2 J2 tlog^t 



i: 



= loglogz + c,+o(^) 
for some constant ci. Thus, 



- log V {z) — log log z + (co + Cl) + O 



log 2 / ’ 



so that with c = cq 4- ci. 






p<z 



pj log 2 ; 



logzJJ ’ 



as required. 

9.1.4 For z < logx, prove that 



□ 



7r{x,z) = {l + o{l))^ 

whenever z = z{x) 00 as x cx). 

By Exercise 9.1.2, 

7r(a;, ^) = 2 : JJ ^1 - + 0(2""). 

For z < logx, the error term is 0{x^) with 6 < 1. The result now 
follows by applying Mertens’s theorem. □ 

9.1.5 (Rankin’s trick) Prove that 

$(x,0)<x^n(i-^) 



for any 6 > 0. 
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For any > 0, we have 

E 

n<x n<x 

p\n=i’-p<z p\n=i^p<z 



p<z 



□ 



9 . 1.6 Choose 5 = 1 — in the previous exercise to deduce that 

logx' 
log2:> 



z) <C a;(log z) exp ^ • 



Choosing 5 = 1 — 77 with r/ — 0 as z ^ 00 , we see that 

p<z ^ 

Applying the elementary inequality 1 + x < e^, we obtain 
$(rr, z) exp (^6 log x + 

p<z 

Writing p~^ = p~^p^ = and using the inequality 

e* < 1 + xe^, we deduce 

p<z p<z ^ 

since p < ^r. Now choosing rj = gives the desired result. □ 
9.1.7 Prove that 

n{x,z) = X E ^ + o(x(logz) exp ( - 

d\Pz ^ 

d<x 

for z — z{x) oo as X ^ oo. 




■k{x, z) = a; E + 0 ($(a;, z)), 

d\Pz 

d<x 



Observe that 
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since [x/d] = 0 unless d < x. Now use Exercise 9.1.6. □ 

9 . 1.8 Prove that 

d\Pz p<Z ® 

d<x ~ 

with z = z{x) oo as X oo. 

We have 




The last sum is dominated by 

1 ^ ^x,z) f°°m,z)dt 

^d- X L t2 ’ 

d\Pz 

d>x 



on using partial summation. Using the estimate derived for ^{t,z) 
in Exercise 9.1.6, we get that the integral is bounded by 



noo 

(log^r) / exp 
J X 



log t\dt 
\ogz) t 



= (logz)^ 

« (log.fexp(-^). 



This completes the proof. □ 

9 . 1.9 Prove that 



tt{x,z) — xV{z) + 0 



^x(log 2 ;)^ exp 




5 



where 






and z = z{x) -¥ oo as x — > oo. 

This essentially follows from Exercises 9.1.7 and 9.1.8. 



□ 



7t(x) <C log log X 

log X 



9 . 1.10 Prove that 
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by setting logz = e\ogx/ log log x for some sufficiently small e in the 
previous exercise. 

We have 

'k{x) < 7t(2:, z) + 7t{z). 

Choosing z as stated shows that 

X 

■k{x,z) < log log a; 

logo; 

from Mertens’s theorem and Exercise 9.1.9. Here, the implied con- 
stant depends on e. □ 

9 . 1.11 For any A > 0, show that 
as X —>■ 00. 

Apply Exercise 9.1.9 with z = (logx)"^. □ 

9 . 1.12 Suppose that 

V<z ^ 

p€V 

Show that 

F(jj[t^z) := uj[d) 

d<t 

d\P{z) 

is bounded by 

o(t(logzrexp(-l^)). 

We apply Rankin’s trick for any 5 > 0, 

Cj(d)(t/d)^. 

djP(z) 

Since co is multiplicative (by definition), we see that 
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on applying the elementary inequality 1 + a; < e®. Setting 6 = 1 - rj 
and using the inequality < 1 + xe®, which is valid for x > 0, we 
obtain 



/ 



Fw{i,z) < texp 



p<z ^ 

p£V p£V 



The hypothesis gives by partial summation that 

< Kloglogx + 0(l), 

p<z ^ 

pev 



Uj(p) logp 

p 



\ 

/ 



so that 



Fuj{t,z) <^texp{-7]\ogt + Kloglogz + Kr]{\ogz)z'^). 

Choosing 77 = l/\ogz gives the result. □ 

9 . 1.13 Let C be a constant With the same hypothesis as in the 
previous exercise, show that 

E ^ = o((log.r«exp(-^)). 

d\P{z) ^ 

d>Cx 

With the notation of Exercise 9.1.12, we have 

^ cu(d) r^F^{t,z)dt 
d Jcx ’ 

d\P{z) 

d>Cx 

and the previous exercise immediately gives the result. □ 

9 . 1.14 (Sieve of Eratosthenes) Suppose there is a constant C > 0 
such that |yld| = 0 for d > Cx. Then 

5(^,P,.z) = XW(x) + o(x(log;^)'^+iexp ( - 
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By the inclusion - exclusion principle, we have 



S(A,P,z) 



d\V{z) 



Y, lx{d)^^^ + 0{F,{Cx,z)), 

d\V{z) 

d<Cx 



in the notation of the previous exercise. Then, the first sum can be 
rewritten 



X 



E 



pi{d)oj{d) 

d 



E 

d\V{z) 

d>Cx 



pL{d)oj{d) 

T~ 



5 



so that we can use the estimate of Exercise 9.1.13 on the second sum. 
Exercise 9.1.12 gives an estimate for F^{Cx,z). This completes the 
proof. □ 



9 . 1.15 Show that the number of primes p < x such thatp + 2 is also 
prime is C rc(loglogx)^/(logx)^. 

Let A = {n : n < x}; P = {p : 2 < p < z}, the set of odd primes 
less than or equal to z. For each odd prime p, we distinguish the 
residue classes 0 and — 2(mod p), so that uj(p) = 2. Then, w(d) = 
where i/(d) is the number of prime factors of d, and Ad = 
C]p\^Ap. By the Chinese remainder theorem. 






xu}{d) 

d 



+ Rd 



with |i?d| = 0(2'^(‘^)). Thus with k = 2, Exercise 9.1.14 gives 

S{A,P,z) = xW{z) + o(^a;(log 2 )^exp 

We choose log 2 : = log log log a; for an appropriate constant A (in 
fact, A = 5 is permissible). This gives the result, since 




so that an application of Mertens’s theorem completes the proof. □ 
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9.1.16 (Brun, 1915) Show that 

,1 

- < oo, 

P 

where p is such that p + 2 is prime. 

Let 7T2(a;) be the number of twin primes less than or equal to x. 
By partial summation, the sum is 




f°°ir 2 {t)dt f°° {loglogt)^dt 

A Jz tiHtr 



< oo. 



□ 



9.2 Brun’s Elementary Sieve 

9.2.1 Show that for r even, 

n{x, z)<xY^ + 0 ( 2 ’’). 

d\Pz 



Recall that 



n<x d\{n,Pz) 

< X X 

n<xd\{n,Pz) 
d\Pz 

Pr{d) 



< 



< -X^ + Xm^)|. 



d\P, 



d|Pz 



The last term is easily seen to be 0{z^), as required. 
9.2.3 Show that 



Pr{d)w{d) JJ 

^ D<2 ' P / rlD/- 



p-^Z 

p£V 



d\P{z) 

where n{6) = np|{(p - w(p)). 



5\P{z) 



n{6) ’ 



□ 
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By Mobius inversion, we have 

Md) = Y^^J■id/S)'^pr{S), 

5\d 



SO that 



E 

d\P{z) 



yu,- (c/)w(c?) w(c?) 



- E -YJ2^^WS)A{S) 

d\P(z) 5\d 



= E 

5|P(z) 



6 

uj{p)' 



E 

d\P(z)/S 



= n(‘-^)'E 

r\ rtf _ 



p<z 

per 



5\P{z) 



fi{d)u){d) 

d 

ipr{S)uj{S) 

Q{S) '■ 



where ^((5) = rip|j{P “ ^ip))- 

9 . 2.4 Suppose that uj{p) < c, and that Ep<- ^ ^ Cil 0 gl 0 gZ + C2 

pev P 

for some constants c, ci, and C2- Show that there are constants 03,04 
and 05 such that 

E ^ ^ Z + C4Y (log zY^ . 

5\P(z) ^ ^ 

< 5>1 



Recall that 



Xpr{6) < 



iy{5) - 1 



SO that the sum under consideration is 

- I ^ 

S\P{z) ^ / \ J 

5>1 



< 



^ \r)m\\^p — c/ 



r<m<7r{z) 

1 



p<z 

pev 



< — (C3 log log Z + C4Y exp(c3 log log Z + C4), 

r! 



which gives the result. 



□ 
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9.3 Selberg’s Sieve 



9.3.1 Let Pz = Ylp<zP product of the primes p < z. Show that 

-k{x,z) < X! ( E ' 

n<x d\{n,Pz) 



for any sequence Xd of real numbers satisfying Ai = 1. 

This is clear from Ai = 1. The quantity on the right-hand side is 
always nonnegative and is equal to 1 when {n^Pz) = 1. □ 

9.3.2 Show that if |A^| < 1, then 



Tr{x,z) < 

di^d2<z 



^di ^d2 

[di,d2] 



X + O(z^), 



where [^ 1 ,^ 2 ] is the least common multiple of di and o? 2 - 
In Exercise 9.3.1, we expand the sequence, 



tt{x,z) < E E ^di^d2 

Ti'^x d\ ^d2\{ri-)Pz) 

< E E ')’ 

di,d2<z 

di,d2\n 



since A^i = 0 for d > 2 :. Since 



E ‘ 

n<x 

di,d2\n 



X 

[di,d2] 



+ 0(1) 



and I Ad I < 1, the estimate is clear. 

9.3.3 Prove that 

[di,d2]{di,d2) — did2, 

where {di,d 2 ) is the greatest common divisor of d\ and d 2 - 
This is clear from unique factorization. Write 

dl=^p“^ d2=i[p^^. 

V P 



□ 
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Then 

and 



P 

(di,d2) = 

V 



9.3.4 Show that 



E 

dl 5^2 <2 



^di ^d2 

[di,d2] 




dKz 



2 



□ 



By the previous exercise, we can write the left-hand side as 



E 

d\,d2<z 



^^(di,d2) 

did2 



E 

di,d2<z 



^di ^d2 

d\d2 



E 

S\{(k42) 



E«<E^)^ 



6<z 



S\d 

d<z 



as required (notice that this is a “diagonalization” of the quadratic 
form). □ 



9.3.5 If 



us = Y^ 



6\d 

d<z 



d ’ 



show that 



^ = Y^n{d/S)ud. 

5\d 



(Note that = 0 for 5 > z, since — 0 for d > z.) 

This is an application of the dual Mobius inversion formula (Ex- 
ercise 1.5.16). □ 



9.3.6 Show that if X\ — 1, then 



E 

d\42<Z 



^di ^d2 

[di,d2] 
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attains the minimum value 1/F(z), where 



= E 



Ad) 



By Exercise 9.3.4, we must minimize 



E^w(E^)’ 

6<z S\d 

d<z 



subject to the constraint Ai = 1. By Exercise 9.3.5 we must minimize 






subject to 



Y^fj,{d)ud = 1. 



By the Lagrange multiplier method, this minimum is attained when 



for some scalar A. Thus, 



2(p{S)us = A/i(J) 



X^{6) 



so that 



and the minimum is 



ms) 



A /i^(i5) _ 



4 ^ ^(5) V{z) 



as desired. 

9.3.7 Show that for the choice of 



us = KS)l{(f>{^)V{z)) 




9.3 Selberg’s Sieve 



we have |Ad| < 1. 

We have, by Exercise 9.3.5, 



= X] fj'ithdt 



2-^ rh(iW(, 



m i>{t)v{zY 

t<z/d 



Hence 



V{z)\d - + 

p\d ^ 



t7Y/d 

(i,d)=l 



- ti{d)Y^ 






Thus, 






so that |A(i| < 1, as required. 



9.3.8 Show that 



T^{x,z) < :^ + 0{z^). 



Deduce that tt(x) = O(j^) by setting z = 



We have 






by the following elementary argument. We have 

^ t2{S) 

h ~h ‘ ' 



=log 2 : + 0(l), 



Now. 
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and it is clear that 



E 



5 



T- 




m<z 



where the dash on the sum means that m has a squared prime factor. 
Clearly, 



E 




E I S j(log 2 + 0(l)). 

5<z/A 



Thus, 



E 

S<z 



AS) 

m 



> log z. 



Now choose 2 ; = ^ to obtain the desired result. 

9.3.9 Let f be a multiplicative function. Show that 



□ 



fi[dl,d2])f{{di,d2)) = f{di)f{d2). 



We can write 

[^1,^2] = (^1,^2)6162, 

where ei(di,d2) = di, 62(^1, ^2) = d2- Thus ei,e2, (^1,^2) are mu- 
tually coprime. Therefore, 

f{[dud2]) = n{di,d2))f{ei)f{e2). 

Multiplying both sides by /(di,c? 2 ) gives 



f{[di,d2])mdud2)) = f{d,)f{d2) 



as desired, since ei and (di, ^ 2 ) are coprime, as well as 62 and (di, d 2 )- 



□ 

9.3.11 Show that 



u{z) > x; 

S<z 



1 

wy 



where f{n) is the completely multiplicative function defined by f(p) = 

fip)- 
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We have 



U{z) = ^ 

d<z 



hid)' 



Now, for square-free n, 



fjn) 

/i(«) 



n 

p\n 



f{p) 

f{p) - 1 



yJ— 

V hdy 





-1 



where the dash on the summation means that d ranges over elements 
of the monoid generated by the prime divisors of n. Hence, for square- 
free n. 



1 1 1 
h{n) /(n) ^ /(d)’ 



so that 



as required. 



mz) = E 

d<z 



P^{d) 

hid) 



1 

> V- — , 



□ 



9.3.12 Let tt 2 {x) denote the number of twin primes p < x. Using 
Selberg’s sieve, show that 



TT2{x) = O 




We consider the sequence a„ = n(n -f 2) and count the number 
of elements coprime to Pz- The number of n < x such that d\a-a is 
clearly 




by an application of the Chinese remainder theorem. Thus, f{d) = 
in the notation of Selberg’s sieve, and we have 



N{x,z) < 
< 



U{z) 



+ 



E 2J^[di42]^ 



di,d2<z 



X 

W) 



+ 0 



d<z 
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By Exercise 1.4.1, the error term is easily seen to be O [z^ log^ z) . 
By Exercise 9.3.11, 



U(z) > Y, 

d<z 



<20j{d) 

~ 1 ~' 



where u{d) is the number of prime factors of d counted with mul- 
tiplicity. By partial summation (using the result of Exercise 4.4.18) 
we deduce 



E 



2(jd{d) 



~ c(log z)^ 



for some nonzero constant c. Thus, 






The number of twin primes is clearly less than or equal to z+N{x, z) 
for any value of z. Choosing z = (say) gives us the required 
result. □ 



9 . 3.13 (The Brun - Titchmarsh theorem) For {a,k) — 1, and k <x, 
show that 

Tr{x,k,a) < — ^ 7 ^^ n \ 
ip(k) \og{2x/k) 

for X > a;o(e), where Tr{x,k,a) denotes the number of primes less 
than x which are congruent to a (mod k ) . 

We consider the set of numbers n < x, n = a (modfc) that are 
not divisible by primes p such that p < z and (p, k) = 1. Clearly, the 
primes counted by 

Tr(x,k,a) — 7r(z,k,a) 

axe contained in this set. In the notation of the Selberg sieve, we 
obtain 

and the upper bound becomes 



By Exercise 9.3.11, 



X 

kU(z) 



+ 0(z^). 



U(z)> 



E 

d<z 

(d,k)=l 



1 

d' 
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Now, 




m<z 



5 

m 



and the latter quantity is asymptotic to logz. This gives a final 
estimate of 



7r(x,fc,a) < 



X 



+ 0{z\ 



(f){k) log z 

and choosing z = gives the final result. 



□ 



9.3.14 (Titchmarsh divisor problem) Show that Ylp<x^(P “ ~ 

0(x), where the sum is over primes and d{n) denotes the divisor 
function. 



We have, trivially, 



d{n) <2^1, 

d\n 

d<y/n 

so that 

'Y^d(p-l) <2 ^ 7r(a:, d, 1). 

P<x d<v/x 

By an application of the Brun - Titchmarsh theorem we get 
P<X ^ 6<Vi ^ ’ 

By Exercise 4.4.14 (or the weaker 4.4.13) we are done. □ 



9.4 Supplementary Problems 

9.4.1 Show that 



E 

p<x 

p=l (mod k) 




log log X + log k 
ip{k) 



where the implied constant is absolute. 



By partial summation, we have 



E 

p<x 

p=l(mod k) 



1 

p 



ir{x, k, 1) 




7r(t, k, l)dt 

P 



X 
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We have the trivial estimate 7r(rE, fc, 1) < x/k, so the first term is 
negligible. 

For the integral, we break the interval of integration into two parts; 
[2,k^] and On the first interval we use the trivial estimate 

to get an estimate of 0((log A:)/fc). On the second interval, we use 
the Brun - Titchmarsh theorem (Exercise 9.3.13) to obtain the final 
result. □ 

9.4.2 Suppose that P is a set of primes such that 

1 

- = + 00 . 

P 

Show that the number of n < x not divisible by any prime p £ P is 
o(x) as X oo. 

We apply the sieve of Eratosthenes. The number is clearly bounded 
by 

"II (‘-^) +0(2^) 

p<z ^ 
peP 

for any value of Now, for 0 < rr < 1, 

< (1 - x)-^ 

so that 1 — X < e“®. Hence the bound in question is 
< rcexp ^ ^ + 0(2*). 

p<z P 
pep 




Since 



^ i = + 00 , 



peP 



the result follows upon choosing 2 : = log a;. □ 

9.4.3 Show that the number of solutions of[di, ^ 2 ] < z is 0(;z(log 2 )^). 
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The number in question is clearly 



< 



E 



di,d2<z S\di42 



E '*('*) 



5<z S\d S<z 

d<z 

< z{logzf, 



as required. 
9.4.4 Prove that 



E 

p<x/2 



1 ^ Q / log log X 

plog(x/p) \ logx 



□ 



where the summation is over prime numbers. 

We subdivide the interval [l,x/2] into subintervals of the form 
Ij = [e-^, . We estimate 



E 



plogixlp) 



< 



^ r) 



log{x/ej) ^ p 



By Chebyshev’s theorem, 



1 

> - < 
^ P 



pGlj 





We need to estimate 



log(x/2) 

E 






1 

j log{x/ej) 



^/ loglogx x 
V log X / 



by an easy partial summation. □ 

9.4.5 Let 7Tfc(x) denote the number of n < x with k prime factors 
(not necessarily distinct). Using the sieve of Eratosthenes, show that 

xf^lloglogx + 

'^k(^) < m 

A;!logx 



for some constants A and B. 
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We prove it by induction on k. For A; = 1, this is Exercise 1.5.12. 
Clearly, 

7rfe(x) <-j^ 

p<x/2 

since a number pi • • • Pfc < a; is counted k times in the summation 



T^k-i{x/p). 

p<x/2 



(Also, we may suppose that each pi < a;/2, since k > 2.) By the 
induction hypothesis and Exercise 9.4.4, we are done. □ 

9.4.6 Let a be an even integer. Show that the number of primes p < x 
such that p + a is also prime is 




where the implied constant is absolute. 

We let On = n(n + a) and apply the Selberg sieve. For P, we take 
the set of all primes, and in the notation of Theorem 9.3.10 we take 
2 < z < \/x. If n > y/x, then o„ = 0 (mod p) implies that either n 
or n + o is composite. Thus, the number to be estimated is less than 
or equal to 

\/r + N{x,z). 

Let us write each square-free d as 



d = Pi---Pkqi---qt, 

where the pi’s divide a and the g^’s are coprime to a. By the Chinese 
remainder theorem it is easily seen that for square-free d, 

where and g{d) is the completely multiplicative function 

defined by 



q{p) = I 



2/p 

1/p 



if (p,a) = l, 
if p\a. 
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Thus, by Exercise 9.3.11 and Theorem 9.3.10, we obtain that the 
number of primes in question is 



< ^/x + 



X 

W) 



+ 0 






d<z‘^ 



The error term is easily seen to be 0{z‘^ logger). As for the other term, 
we have 



U{z) > 

m<z 



1 

gim)’ 



where 



9{m) 



2^^a{m) 



m 



with Wa{m) equal to the total number (including multiplicity) of 
prime factors of m that are coprime to a. If we let da{m) be the num- 
ber of divisors of m coprime to a, then we see that 
g{m) > da{m)/m. Hence 




p\a m<z 'y(n)\a 



where 7 (n) is the product of the distinct prime divisors of a. 
Rearranging the sums, we find that the above sum is 



> 




Y da(m)>Y\ Y da{m). 

m<z t<z m\t 

m\t,^(t/m)\a 7(t/m)|a 



The inner sum is clearly greater than or equal to d{t). Thus 




d{t) 

t 



By Exercise 2.5.9, this gives 

P\a ^ 



(log 2 :)^. 
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Choosing and observing that 




gives the final result. □ 

9.4.7 Let k be an even integer, k > 1. Show that the number of 
primes p < x such that kp + 1 is also prime is 




We proceed as in Exercise 9.4.6 and take the sequence 
On = n{kn + 1). As before, we obtain 

with \Rd\ < and g{d) as in Exercise 9.4.6. We proceed as in 

the previous exercise to deduce the result. □ 

9.4.8 Let k be even and satisfy 2 < k < x. The number of primes 
p < X such that p — 1 = kq with q prime is 

X 

^ ip{k)\og^{x/k)' 

We substitute a;/ A: for a; in the previous exercise and observe that 
we have actually proved 

in v) log^x 

as the upper bound. Since the product is k/(p{k), the result follows. 

□ 

9.4.9 Letn be a natural number. Show that the number of solutions of 
the equation [a, 6] = n is d{n^), where d{n) is the number of divisors 
ofn. 
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Clearly, a and h can only have prime factors dividing n. Writing 
n - [J , a = J] , 6 - J] 

p\n p\a p\b 

we must have Up{n) = max(z/p(a), z/p(6)). The number of solutions 
for this latter equation is enumerated as follows. We can set i'p{a) = 
Up{n) and vary I'pib) between 0 and iyp{n) or the other way around. 
But we have counted the pair {up{a),Up{b)) = {up{n)^Vp{n)) twice. 
Thus the number of solutions is 

JJ(2r/p(n) + 1) = d(n^). 

p|n 



□ 

9.4.10 Show that the error term in Theorem 9.3.10 can be replaced 
by 

a<z‘^ 



By the previous exercise, the number of solutions of [di , d 2 ] — a is 
d{a^)^ and we are done. □ 

9.4.11 Show that 



P ~ ^ 




where the summation is over prime numbers. 



Observe that 



n 

(p{n) 



p\n p\n 



so that 



n 



(f{n) 



«E-- 

^ n 



d\n 



p - 1 // V' 



Therefore, 



Tr{x, d, 1) 
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The latter sum is split into two parts: d < yfx and d > \fx. On 
the second part we use the trivial estimate 7r(a:,d, 1) < x/d, and on 
the first part, we use the Brun - Titchmarsh theorem to deduce the 
desired estimate. □ 

9 . 4.12 Prove that 

r\ 1 

p) (log a;)'’ 



n (' 

r<p<x 



We have the inequality 

1 - X < e~^, 

easily verified to be valid for x > 0. Indeed, let /(x) = e~^ + x — 1. 
Then f'{x) = —e~^ + 1, which is nonnegative for x > 0. Hence, /(x) 
is increasing, so that /(x) > /(O) = 0, for x > 0. This fact, combined 
with the elementary fact 

=== loglogx + 0(l), 

p<x 

gives the desired result. □ 

9 . 4.13 Prove that for some constant c> 0, we have 

^ d(^ ^ ^ ^ 3 ^ ^ 2 



We consider the Dirichlet series 



fM = E 

n=l 



d(n^) 

(p(n)n^ 




3 

pHp-1) 




We see that g(s) — f{s — 1) has a pole of order 3 at s = 1. Moreover, 
we can write g{s) — (^(s)h(s), where h{s) is regular for Re(s) > 1/2. 
Hence by the methods of Chapter 4, we deduce that 



^^d{n^)n/tp{n) ~cix(logx)^. 
n<x 



The result now follows by partial summation. 



□ 
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9 . 4.14 Let d{n) denote the number of divisors of n. Show that 
^^d^{p — 1) = 0(xlog^xlogloga;), 

p<x 



where the summation is over prime numbers. 

The sum in question is 

7r(a;,[cJi,d2],l) = 5^7r(a;,n,l)d(n2) 

[di42]<x n<x 



by Exercise 9.4.4. By the Brun - Titchmarsh theorem, this latter 
sum is bounded by 

xd{n?) 

^ (p(n) log - 
7 i<x 'r\ f n 

We split the summation over dyadic intervals of the form [2^, = 

h (say). The sum is 



X I ^ d(n^) 

^ ^ W — A: 1 ^ (p(n) 
k=i \neik ^ 

where N = [logx/log2]. The inner sum by the previous exercise is 
0(A;^), and we must estimate 




N-l 






e- 

N-k 



N-l 

1=1 



2 



^ xN'^ log N — 0{x log^ X log log x) , 



as desired. □ 

9 . 4.15 Show that the result in the previous exercise can be improved 
to 0(xlog^ x) by noting that (f{n) < d 4 {n), where d^^n) is the num- 
ber of ways of writing n as a product of four natural numbers. 
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If we write n = < x, then we must have some di > 

It is than not difficult to see that 

'^d^ip-1) < '^d4{p-l) 

p<x p<x 

< ^ 7r(a:,did2C^3> !)• 

did2d3<x^/^ 

Now apply the Brun - Titchmarsh theorem (Exercise 9.3.13) to get 
the desired result. □ 




10 

p-adic Methods 



10.1 Ostrowski’s Theorem 

10 .1.1 IfF is a field with norm || • ||, show that d{x,y) — ||;e - y|| 
defines a metric on F. 

We may suppose 0 7^ 1 in F, in which case || 1 || — |ll||^ implies 
||1|| = 1. Hence || - l|p = 1 gives || - 1|| = 1. Now, d{x,y) = 0 
^ Ik “ y|| = 0 ^ 2; = y; also, d{x,y) = d{y,x), since || - 1|| = 1. 
Finally, d{x,y) = ||a; - y|| < ||a; - 2;|| + H^; - x|| = d{x,z) +d{z,x), 
which is the triangle inequality. □ 

10.1.2 Show that \ ■ \p is a norm on Q. 

Clearly |x|p = 0 if and only if x = 0 . Also, we can write x = 
pt-p^xi, y = p’'p^y^yi with xi,yi coprime to p. Then, it is clear 
that |xy|p = kiplylp. To prove the triangle inequality, suppose first 
that Up{x) 7^ t'p(y) and without loss of generality Up{x) < Up{y). 
Then x + y — + p’^p^^^yi = so 

that |x + y|p < |x|p = max(|x|p, |y|p) in this case. If Up{x) = i/p(y), 
the number x\ + y\ when written in lowest terms has denominator 
coprime to p. Thus, 



|x + y|p < max(|x|p,|y|p) 
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in this case also. Thus, we have the triangle inequality satisfied in a 
sharper form. □ 

10.1.3 Show that the usual absolute value on Q is archimedean. 

We must show that |a: + y| < max(|a:|, |yl) is not satisfied for some 
pair of rational numbers a;, y. If a; > y > 0, we have |x + y| = a; + y > 
X = \x\. □ 

10.1.4 7/0 < c < 1 and p is prime, define 




if a; ^ 0 
if a; = 0, 



for all rational numbers x. Show that || • || is equivalent to \ ■ \p on 

Q. 

Since np{x + y) < min(r/p(a;), Vp{y)) the result is clear. □ 

10.1.6 Let F be a field with norm || • ||, satisfying 



lk + y|l < max(||a;||,l|y||). 

If a 6 F andr > 0, letB{a^r) be the open disk{x G F : Hx-ajl < r}. 
Show that jB(a,r) = B{b^r) for any b G B{a^r). (This result says 
that every point of the disk is the ‘center^ of the disk.) 

If a: G B{a.^r)^ then ||a:— al| < r, so that Ha: — &|| = ||(a;— a) + (a— fe)|| 
< max(|la: — ajj, \\a — &1|) < r, so that x G B{b^r). The converse is 
also clear. □ 

10.1.7 Let F be a field with H • 1|. Let R be the set of all Cauchy 
sequences {o>n}^=i‘ Define addition and multiplication of sequences 
pointwise: that is. 



{(^n}^=l + {bn}^=l — {^n + 



Show that (i2, +, x) is a commutative ring. Show further that the 
subset R consisting of null Cauchy sequences (namely those satisfying 
ll^nll 0 as n ^ oo) forms a maximal ideal m. 

We must first show that the sum and product of two Cauchy se- 
quences is again Cauchy. Let e > 0. Choose N\ such that Ha^— < 
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e/2 for n,m > Ni. Choose N 2 such that ||h„ — 6^11 < e/2 for 
n,m> N 2 - Then, for N = max{Ni,N 2 ), we have 

||(®n T ^n) ~ (®m T ^m)|| ^ ll®n ®m|| T W^n ~ ^m|| 

< e/2 + e/2 = e, 

for n, m > N. Thus, the sum of two Cauchy sequences is again 
Cauchy. Now let K be such that ||a„|| < K, ||6„|| < K for all n (this 
is clear from the Cauchy property). Then given e > 0, choose Mi 
such that for n,m > Mi, we have ||a„ — am\\ < e/2if. Let M 2 be 
such that \\bji — 6m|i < e/2if for n,m> M 2 - For M = max{Mi, M 2 ) 
and n.,m > M, we have 

ll^n^n etj7jh)7j|| ^ [|a^||||hjj — hjn|| T l|^m||||®m ~ ®n|| 

< e/2 + e/2 = e. 

Thus, the product of two Cauchy sequences is again Cauchy. There- 
fore R is closed under taking sums and products. The other ring 
axioms are easily verified. Clearly, the sum and product of two null 
sequences is again a null sequence. It is also clear that given a null 
sequence {a„}^i and a Cauchy sequence {6n}^i 6 R, {an^>n}^i 
is again a null sequence. Therefore, the null sequences form an ideal 
m of R. To show that m is a maximal ideal, it suffices to show that 
R/m is a field. To do this, we must show that any nonzero element 
has an inverse. Thus, given ^ m, we know that there is an 

ei > 0 such that |o„|p > ei for all n sufficiently large. By adjust- 
ing a few of the initial elements (if necessary) we may suppose that 
a„ / 0 for all n, because the adjusted sequence would still be in the 
same equivalence class (modm). It is now clear that {l/a„}^;^ is a 
Cauchy sequence and is inverse to the given sequence. Thus, R/m is 
a field and m is a maximal ideal. □. 

10 . 1.9 Show that 



Zp = {x eQp : \x\p < 1} 

is a ring. (This ring is called the ring of p-adic integers.) 

Each a; e is a Cauchy sequence, say We have defined 

\x\p — lim„_^oo knlp- Thus, ja^lp < 1 for n sufficiently large, since 
the values taken on by |a„|p are integral powers ofp. If a;,y G Qp are 
such that |rcp| < 1 and |yp| < 1, then writing y — {6n}^l, we see 
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that |a„ + bn\p < max(|an|p, |&n|p) < 1 for n sufficiently large. The 
same is true for |a„6„|p = |an|i&n|- Thus, it is clear that Zp is a ring. 
This completes the proof. □ 

10.1.10 Given x £ Q satisfying \x\p < 1, and any natural number 
i, show that \x — ai\p < Moreover, we can choose Oj satisfying 

0 < Oi < p*. 

Let X — a/b, with (a, 6) = 1. Since \x\p < 1, p does not divide b, 
so that p* and b are coprime. We can therefore find integers u and v 
such that ub + vp^ = 1. Let ai = ua. Then 

\ai~x\p - ua-^ = Y \ub-l\p 

up Op 

< p~\ 

so that Oj does the job. By translating Oj by a multiple of p* we can 
ensure 0 < < p*, and the above inequality is not altered. □ 

10.1.12 Show that the p-adic series 

OO 

^ ^ Cm Cfi £ Qp 
n=l 

converges if and only if |cn|p -> 0. 

It is clear that if the series converges, then |cn|p 0. Now suppose 
|cn|p 0. Let sjv = Cn- Since Qp is complete, it suffices to show 
that {s;v}?/=i is Cauchy. We have for M > N, 

|sAf - Sivlp = Iciv+l + Cjv +2 H 1- CM Ip 

< max(|cAT+i|p, lciv+2|p5 --- JcmIp), 

which goes to 0 as W oo. □ 

10.1.13 Show that 

OO 

n=l 

converges in Qp . 

Clearly, |ra!|p — > Oasn oo, and we are done by Exercise 

10 . 1 . 12 . □ 
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10.1.14 Show that 



in Op. 

We have 



n • n! = — 1 



n=l 



N 



sn = ^ n • n! = (AT + 1)! — 1, 

n=l 

as an easy induction argument shows. 

Indeed, si = 2! — 1 = 1 and 

SN+i = sn + {N + 1){N + 1)! = (AT + 2)! - 1 

by the induction hypothesis. Thus, limAr^ooSAr = -1- 
10.1.15 Show that the power series 

^ T)l 



71=0 

1 



converges in the disk \x\p < p . 
The power of p dividing n! is 



Therefore, 
so that 



oo oo 

r n ' n n 

p* P ~ 1 

1=1 1=1 






which goes to 0 as n ^ oo. 

10.1.16 (Product formula) Prove that for a; G Q, 

Yl\x\p - 1 , 



where the product is taken over all primes p including oo. 
This is just a restatement of unique factorization. 
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10.1.17 Prove that for any natural number n and a finite prime p, 

, 1 
n\p > rT~- 

\n\oo 



This also is clear from 



\n\p=p 



-I'pin) 



and 

Inloo - 



□ 



10.2 Hensel’s Lemma 

10 . 2.1 Show that = 7 has no solution in Q 5 . 

If it did, then we could write x as a 5~adic number 

(X) 

x= 

n=-N 

The 5-adic expansion of 7 is 2 + 1 • 5, so that N = 0. Thus 

oo 2 

(5] 0^5'^) =2 + 1-5. 

n=0 

Reducing (mod 5) shows that = 2 (mod 5) has a solution, which 
is not the case. □ 

10 . 2.4 Let f{x) € Zp[a;]. Suppose that for some N and gq E Zp 
we have /(oq) = 0 (modp^^"''^) , f'{ao) = 0 (modp^) but f'{ao) ^ 

0 (modp-^'*'’^) . Show that there is a unique a £Zp such that f{a) =0 
and a = Go (modp^'*'’^) . 

We proceed as in the proof of Theorem 10.2.3. Write f(x) = 
CiX^. We will solve inductively 

/(on) = 0 (modp2^+^+i) 

satisfying On+i = g „ (modp^+”+^), /'(a„) = 0 (modp^) and/'(a„) ^ 
0 (modp^+^) . Writing On+i = g „ + we need to solve 

f(Gn + tp^+"+^) = 0 (modp^^+"+^) , 
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which reduces (as before) to 

/(a„) +p"^+"+^i/'(a„) = 0 (modp2^+”+2) . 

We can divide through by p2iv+n+i^ since 

/'(on) = /'(ao) = 0 (modp^) , 

which gives a congruence (modp) since f'{an)/p^ is coprime to p 
Thus, we can solve for t. The sequence is Cauchy, and its 

limit satisfies the required conditions. □ 

10 . 2.5 For any prime p and any positive integer m coprime to p, 
show that there exists a primitive mth root of unity in Qp if and only 

First suppose m\{p - 1). The polynomial f{x) = - 1 has m 

distinct roots (modp) because {'Ljp'L)* is a cyclic group of order 
(p — 1). Moreover, each of these roots lifts to Zp by Hensel’s lemma. 
Among the roots (modp), precisely <p(m), where <p(m) denotes Eu- 
ler’s function, have order exactly m. For the converse, notice that if 
a e Qp such that a has order m then, since f{x) is monic, a € Zp 
and a is an element of order m (modp). Thus, m|(p — 1). □ 

10.2.6 Show that the set of (p — l)st roots of unity in is a cyclic 
group of order {p — 1). 

This is again a consequence of Hensel’s lemma. Each of the residue 
classes modp lifts to a unique {p — l)st root of unity in Zp. It is clear 
that the set of such roots of unity is a group. The cyclicity follows 
from the fact that there is an element of order (p — 1) established in 
the previous exercise. □ 

10 . 2.7 (Polynomial form of Hensel’s lemma) Suppose f{x) € Zp[x] 
and that there exist gi, hi G (Z/pZ)[a;] such that f{x) = gi{x) hi{x) 
(modp), with {gi, hi) = 1, gi{x) monic. Then there exist polynomials 
g{x), h{x) G Zp[a;] such that g{x) is monic, f{x) = g{x)h{x), and 
g{x) = gi{x) (modp), h{x) = hi{x) (modp). 

The idea is to construct two sequences of polynomials and hn 
such that 



9n+i = p„(modp”), hn+i = hnimodp'^), 

and f{x) = gn{x)hn{x) {mod p'^), with each monic and of degree 
equal to deg g\ and then take the limit. The idea is as in Hensel’s 
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lemma. We do this first for n = 2. Write g 2 {x) = gi{x) +pri{x), for 
some polynomial ri{x) G '^p[x]. Similarly, h 2 {x) — hi{x) +psi(a;). 
We want 

f{x) =g 2 {x)h 2 {x) (modp^). 



That is, 

f{x) = gi{x)hi{x) +pri{x)hi{x) +psi{x)gi{x) (modp^). 

Since f{x) = gi{x)hi{x) (modp), we can write f{x) - gi{x)hi{x) = 
pk\{x) for some ki{x) G Zp[rc]. Therefore, we get 

k\{x) = ri{x)hi{x) + si(a;) 5 i(a;) (modp). 

Since (gi,hi) = 1 , we can find polynomials a{x), b{x) such that 

a{x)gi{x) 4- b{x)hi{x) = 1 (modp). 

If we set fi{x) = b{x)k\{x), si(x) = a{x)ki{x), these polynomials 
almost work for ri,si. We have to ensure that degp 2 = deg^i and 
that p 2 is monic. By the Euclidean algorithm for (Z/pZ)[a;], 

n(a;) = gi{x)q{x) + ri(a:) 

with degri < degpi. Set si(a;) = si(a;) + hi{x)q{x); then 

ri{x)hi{x) + si{x)gi{x) = ki{x) (modp) 

as required. Also, since degri < deg 51 , we have 52 monic and 
deg ^2 = deg Pi . We now continue in this way for pa, P 4 , . . . and 
take the limit. □. 

10 . 2.9 Show that forp ^ 2, the only solution to x^ = 1 (modp") is 
X — ±1, for every n > 1. 

For n = 1 , this is clear. Since the polynomial f{x) = — 1 

satisfies f'{x) = 2x and /'(± 1 ) ^ 0 (modp) (since p 2 ), we can 
apply Hensel’s lemma to obtain that both x = \ (modp) and x = 
—1 (modp) extend to p-adic solutions. These are clearly x = ±1. □ 
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10.3 p-adic Interpolation 

10.3.1 Show that there is no continuous function f : Zp Qp such 
that /(n) == n\ 

Let X ^ Zp\Z. We want n! -> f{x) as n ^ x. But n! is getting 
p-adically closer to 0 as n ^ x (since n gets large in the usual sense 
as n — > x). Therefore, lim^_^a;n! = 0, so that there is no continuous 
p-adic function interpolating the factorials. □ 

10.3.2 Let p ^ 2 be prime. Prove that for any natural numbers n, s 
we have 

p^-i 

B (n + j) = -l(modp^). 

(n+j,p) = l 

The numbers n, n+1, . . . , n+p^ — 1 form a complete set of residues 
modp®. The product therefore is congruent to the product of all the 
coprime residue classes modp^. Now, in any abelian group A, 

H9= n s, 

geA 9€A 

g2 = l 

since we can pair g and g~^ in the left-hand product. By Exercise 
10.2.9, 

= 1 (modp^) 

has only 2 solutions, namely a; = ±1. Thus, 

P^ — 1 

n + = -1 (modp^). 

(nA-j,p) = l 

(Notice that for s = l,n = 0, this is just Wilson’s theorem.) □ 

10 . 3.3 Show that if p ^2, 



— 11 j ) 

j<k 

(j,p)=i 



then Ofc+ps = — afc(modp®). 
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We have 



n j = n ^ n ^ 

j<k j <p^ <j <k+p^ 

(i,p)=i 0'.p)=i (j,p)=i 

= - n i(modp*) 

j<k 

0',p)=i 



by application of Exercise 10.3.2. Therefore, 



ak+p^ = -Ofc (modp^). 



10.3.4 Prove that for p / 2, 

rp(A:+p*) = rp(A:) (modp*). 



□ 



We have Fp(n) = (— l)”a„_i, in the notation of the previous ex- 
ercise. Thus, 



rp(A:+p^) = {-l)'^+P\k+r-l = (-l)^afc-l (modp^), 

which gives the result. (Note that p is odd.) 

10.3.5 Let 

n-ao + aip + C2P^ ^ , 

k = bo b\p + + ■ ■ ■ ) 



be the p-adic expansions of n and k, respectively. Show that 



ao \ I ai 



bij \b2 



02 



(modp). 



□ 



We have 

(l-t-xr = (l + a;)“'>(l + a;)“^P(l+x^P^.. 

= {1 + xY°{l + ■ ■ ■ (modp). 

Now compare coefficients of on both sides. Since k = bo + bip-\ 

is the unique p-adic expansion, the result is now evident. □ 
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10.3.6 If p is prime, show that 



= 0 (modp) 



for 1 < k < p^ — 1. 

The p-adic expansion of p^ is just p’^, so that ao = ai = 
= 0 from which the result now follows. 

10.3.7 (Binomial inversion formula) Suppose 



bn = J2 



Show that 






and conversely. 

Consider the multiplication of formal power series: 



ni J \ ^ n\ 
n=0 n—0 



It is easily seen that 



bn = Yl 



(^k^n—k- 



Thus, the given relation for bn implies 

oo , „ oo 



from which the result is clear. 
10.3.8 Prove that 



E (:)(-!)* c 



(— l)'” if n = m, 



otherwise. 
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Put 



(_l)m jf ^ 

flfc = < 

0 otherwise. 

In the notation of the previous exercise, 

n 



bn^ (-ir, 



m 



so that 



k=0 



-k 



m 



(-ir 



(_l)”l jf 

0 otherwise, 



as desired. 
10.3.9 Define 



□ 



Show that 



= E (l) + *). 

m X V 

A’f(x) = '£{ 

j=Q V / 



It suffices to show that 




A^f{x-m), 



for the result follows by applying the operator A” to both sides of 
the equation. But then 



m 



E 




f{x — m) 



m ^ / \ / ‘\ 

^(-l)V(a: - + ^) (7) (i) 



and the inner sum is 0 unless k = m, in which case it is (—1)”^, by 
Exercise 10.3.8. Thus, the result is immediate. □ 
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10 . 3.10 Prove that 
with ajiif) defined by 



«»(/) = 



For m = 0, the formula is clear. By the previous exercise, 

m / X 

A"/(m) = y;("^ A"+^/(0). 

3=0 ^ 

Now, 



fc =0 






and we need only observe that A^/(0) = ctnif) to complete the 
proof. 

10 . 3.11 Show that the polynomial 



□ 



X 



n 



= < 



x(x — — 71 + 1 ) 



if n > 1 



1 if n = 0. 

takes integer values for x E Z. Deduce that 



< 1 



for all X E Zp. 

For X a natural number, this is clear. If x = — m (m E N) then 



— m 
n 



= (-+ 



m + n — I 



n 



e Z. 



The polynomial (®) is continuous. Since Z is dense in Zp, it follows 



that for all z € Z„ 



< 1 . 



□ 
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10.3.13 If f{x) G C[3;] is a polynomial taking integral values at 
integral arguments, show that 




for certain integers c^. 

This is purely formal, and a consequence of Exercise 10.3.7. Indeed, 
set 

which gives a sequence of integers, since the f{k) are all integers. By 
the binomial inversion formula. 






Let D be the degree of /. Set 



D 



f’M = E 

k=0 




akif)- 



Now, for 0 < n < D, 

fc=0 ^ k=0 ^ ' 

Since the polynomials /(a;) and j*{x) have the same degree and 
agree on 4- 1 points, we must have j{x) = /*(x). This completes 
the proof. □ 

10.3.14 7/n = 1 (modp), prove that nP’^ = 1 (modp"^+^). Deduce 
that the sequence can be p-adically interpolated. 

We prove the congruence by induction. For m = 1, we may write 
n = l + tp, for some t, so that = (1 + tp)^ = 1 (modp^). Assume 
that the result has been shown for m <n. Then, we must show that 
that n^“ = 1 (modp"+^). By induction, we have n^" = 1 + 
for some j. Hence, = (1 +ip"+^)P = 1 (modp"'+2) as required. 
To prove that the sequence of Ufc’s can be p-adically interpolated, it 
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suffices to show that if A: = A:'(modp'”), then ajt = Ojt/(modp’^‘^^). 
Indeed, we have 

= l(modp”^+^) 

by what we have just shown. □ 

10 . 3.15 Let (n,p) = 1. If k = k' (mod(p — l)p^), then show that 

n^=n^' (modp^+^). 



We have to prove 



= 1 (modp^+^). 

But this follows from Euler’s theorem. □ 

10 . 3.16 Fra So S {0,1,2,... ,p — 2} and let Agg be the set of integers 
congruent to sq (modp — 1). Show that is a dense subset ofZp. 

This is an application of the Chinese reminder theorem. Given 
m 6 Zp, we must find an integer n such that n = m(modp^) and 
n = So (mod p — 1), which we can do since p and p — 1 are coprime. 
□ 

10 . 3.17 If (n,p) = 1, show that f{k) = can be extended to a 
continuous function on Ag^ . 

For s 6 Agp^ we write s = so + (p — l)si, and hence /(s) = 
^so(^p-i)si Since = 1 (modp), the function can be 

p-adically interpolated for all si G Zp by Exercise 10.3.14. Thus, / 
extends to a continuous function on . □ 

10.4 The p-adic (-Function 

10 . 4.1 Verify that pk extends to a distribution on Zp. 

We must verify that 



p-i 

+ p'^Zp) = Mfc(a + 6p" + p"+^Zp). 

6=0 
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The right-hand side equals 



p{n+l)[k-l) bk 
6=0 



f a + hp^\ 

V ) ■ 



After multiplying both sides by p the identity to be proved 

reduces to 

hipx) = '^h{x + - 
6=0 ^ 

and this is easily deduced from the power series generating function 
for the Bernoulli polynomials □ 

10 . 4.3 Show that is a measure. 

We have 




Aii,a(a+p^Zp) 



a Ilf {aa)^ 1^ 

p^~2~a \ ^ 2J 

{1/a) — 1 a 1 f aa 

2 a I 



aa 




1 



where [•] denotes the greatest integer function. Thus, 






aa 

~N 



+ 



(l/a) - 1 



IP 



Since a € Z*, 1/a € Zp and {{1/a) — l)/2 G Zp if p 7 ^ 2. If p = 2, 
then = 1 (mod 2) and ( 0 ;“^ — l)/2 G Zp in this case also. Thus, 



Ml,a(«+P^^p) e Zp, 



and hence 

|/ii,a (a + P^Zp)| < 1. 

Since every compact-open set is a finite disjoint union of inter- 
vals of the form a + the result immediately follows from the 

nonarchimedean property of the p-adic norm. □ 

10 . 4.4 Let dk be the least common multiple of the denominators of 
coefficients ofbk{x). Show that 

dkfJ'k,a{a + P^Zp) = dkkaf^^^pi^a (a +p^Zp) (modp^) . 
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The Bernoulli polynomial begins as 



k ^ 

^ 9 ^ + 

Zi 



as is easily checked. Now, 



{aa)M 



P 



dkPkA^ + P^Zp) = 

The polynomial dkBk{x) has integral coefficients, and its first two 
terms are — k{dkl2)x^~^. Since x = a/p^ has denominator 
and we are multiplying by the terms after x^~^^ will be 

divisible by p^ for x = a/p^ . Thus, 

k . ^ ^ aa 1 ^ ^ 



- ^k[N 



-k N{k-1) (^ _ 



a p 



\v^ 



Lp 



N 



]) 



- 



-kN{k-l)( 



a p 
k^k 
p 



aa 



aa 



lp 






k—l 



{raodpA 

^ (modp^) 



= dkka‘ 



1 ro^u 



a ip^ J 



= dkka^ Vi,a(tt + p^Zp) (modp^) 



+ 



Nr 



a ^ — 1 






10.4.5 Show that 



JZp JZp 



^k 



In the notation of the previous exercise we see that 
/ dpk,a = IJ'k,a{a + p^Zp) (modp^) 

0<a<p^-l 

= dkk ^ o^'Vi,a (a +P^2p) (modp^), 

0<a<p^-l 
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from which the result now follows. □ 

10.4.6 7/z; is the group of units of Zp, show that 

where is the kth Bernoulli number. 

Clearly, 

l^k^ai'^p) ~ ~ l^k,a{p'^p) 

= O' nj^i^OiZp) + Oi . 

Now, = Bk, and jikip'^p) == p^~^Bk- Also, since a is an integer 

coprime to p, aZp = Zp, so that [ik{o^Zp) = Bk and /i^(apZp) = 
p^^^Bk- The result now follows. □ 

10.4.8 (Kummer congruences) If {p — 1) \i and i = j (modp^) show 
that 

(1 -p^~'^)Bi/i = {1 (modp"+^) . 



Let ct be a primitive root (modp). Since (p — 1) | i, we have a* ^ 
1 (modp), so that — 1 € Z*. By Theorem 10.4.7, it suffices to 
prove a~^ — 1 = a~^ — 1 (modp”+^) and 





^dpi^ot (modp”'''^) . 



The former congruence follows from Euler’s theorem. The latter fol- 
lows from x’’~^ = a;'^"^(modp”'*'^), by the same theorem. □ 

10.4.9 (Kummer) If (p — 1) \ i, show that \Bi/i\p < 1. 

As in Exercise 10.4.8, 






f x‘-' 

Jzi 



dpi, 



Since (p — 1) /*, a* — 1 is coprime to p. Thus, 



\Bi/i\p 




Ip 



< 1 , 



because |pi,Q(f7)|p < 1 for all compact-open sets U. 



□ 
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10 . 4.10 (Clausen and von Staudt) If {p — l)|i and i is even, then 

pBi = —I (modp). 



By Exercise 2.5.23, 



(m+ l)Sr„(p) = f ^ 



k=0 



where 



Therefore, 



5^(p) = i™+2- + -.- + (p-ir 



m— 1 



pBm = Smip) ~ 



1 + 






BkP^ 



which is equal to 



Sm{p) - 



ptn+l 

m + 1 



k=l ^ ^ 



By Exercise 10.4.9, \Bk/k\p < 1 if (p — 1) \ k. We now write 
m — ip — l)t and induct on t. For t = 1, 

pBp^i = sp-i{p) - pP“^ ~ E (p _ i) ^ (modp) 

k=l ^ ^ 

by Fermat’s little theorem. The result is now deduced by an easy 
induction argument. □ 



10.5 Supplementary Problems 

10 . 5.1 Let 1 < a < p — 1, and set 4>{a) = — l)/p. Prove that 

(j){ab) = 0(a) + 0(6) (modp). 

We have 



(abf-' 



aP ^bP ^ = (1 +p0(a))(l +p0(6)) 
l+p(0(a) + 0(6)) (modp2), 
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and the result is now clear. 

10 . 5.2 With (j) as in the previous exercise, show that 

(j){a + pt) = (j){a) - at (modp), 

where aa = l (modp). 

We have 

(a -\-ptY~^ = +p(p — l)ta^~^ (modp^) 

= 1 +p(f){a) — ptaF^^a (modp^) 

= 1 + p 4 >{a) — pt{l + p(f>{a))a (modp^) 

= I + p(f){a) — pta (modp^), 



□ 



□ 



from which the congruence follows. 

10 . 5.3 Let [x] denote the greatest integer less than or equal to x. For 
1 ^ P “* I5 show that 



V ^ ^ 1 

— a 1 



P 



j=i 



P 



(modp). 



We have 



Thus 



p—1 p—1 p—1 

(modp) 

j=i j=i j=i 

p-l 

= (p - l)^(a) + (f>{j) (modp). 

i=i 



p—1 p—1 

= XI ~ Yl (modp). 
j=i j=i 

Write aj — rj +pqj, where 1 < < p — 1. Then by Exercise 10.5.2, 

<l){aj) = 4 >{rj +pqj) = (f){rj) - ^ (modp), 



XI Haj) = Y2 “ Y2 



^L. 



(modp). 



so that 
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Clearly, as j runs through 1 to p — 1, so does Vj. Hence 



p-i 

(modp). 

j=i 

Now, aj = Tj (modp) and qj = [aj/p]^ so that 

p-i 



2 <f){a) = XI ^ 

f ■* n 



jtt ^ L P J 



aj 



(modp) 



as desired. □ 

10 . 5.4 Prove the following generalization of Wilson’s theorem: 

{p — k)\{k - 1)! = (—1)^ (modp) 

for 1 < k < p — 1. 

Write 

-1 ={p- 1)! = (p - l)(p - 2) • • ■ (p - (A; - l))(p - A;)! (modp) 

= (— 1)^“^(A: - l)!(p — A:)! (modp), 



from which the result follows. 

10 . 5.5 Prove that for an odd prime p, 
D-i . P-i 



□ 



2 P -1 _ 1 (- 1)^+1 

= X — — (modp). 



P 






2j 



Deduce that 2^ ^ = 1 (modp^) if and only if the numerator of 

1 



1 1 
^“2^3 



p- 1 



is divisible by p. 

We have, 

2P-^ - 1 
P 



(i + i)p-2 ^ /p 

~ 2p X [j 



2p 



iC (p-1)! 

2 X (p-j)!j!' 
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By Wilson’s theorem the numerator of each summand is congruent 
to -1 (modp). By Exercise 10.5.4, the denominator is congruent to 
(— Ipj(modp). Thus 



2P-^ - 1 
P 



E 






2j 



(modp), 



as desired. 



□ 



10.5.6 Let p be an odd prime. Show that for all x € Zp, rp(a; + 1) = 
hp{x)Vp(x), where 



hp{x) — < 



( —X if 

-1 if 



\x\p — 1, 
\x\p < 1. 



Prom the definition, we have 



Pp(n + 1) 



-nPp(n) if (n,p) = 1, 
^ -Pp(n) if (n,p) / 1. 



The result now follows by continuity. □ 

10.5.7 For s >2, show that the only solutions of x^ = 1 (mod 2^) 
are x = I, —1, 2*“^ — 1, and 2^~^ + 1. 

We have 2^\{x‘^ — 1). Since x^ — 1 = {x — l)(x + 1), exactly one of 
{x — 1) or {x + 1) is divisible by 4. Either 2\\{x — 1) or 2||(a; + 1). In 
the former case, x = -l (mod 2®“^), so that 



X = - 1 



for some t. If t is even, we get a; = -1 (mod 2®). If t is odd, we get 
X = 2®“^ - 1 (mod 2®.) In the latter case, a; = 1 (mod 2®“^), and if t 
is odd, we get x = 2®“^ + 1 (mod 2®). □ 

10.5.8 (The 2-adic P-function) Show that the sequence defined by 

T2{n) = {-ir n i 

l<j<n 

(i,2)=i 



can be extended to a continuous function on Z 2 . 
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We have 

r2(n + 2 ^) = r2(n) n (n + i). 

0<j<2* 

(n+j, 2)=1 

As we remarked earlier, the product of all the elements in an abelian 
group is equal to the product of the elements of order 2. We must 
therefore solve 

= 1 (mod 2®). 

By Exercise 10.5.7, these are precisely 1, —1, 2®“^ + 1, and 2®“^ — 1. 
Therefore, 

r 2 (n + 2®) =r 2 (n) (mod 2®), 

from which the result follows by an application of Mahler’s theorem. 
This completes the proof. □ 

10.5.9 Prove that for all natural numbers n, 

Tp{-n)Tp{n + l)^{-ltM+n+\ 



By Exercise 10.5.6, we have 

1 = Tp(o) = rp(-i)/ip(-i) = rp(-2)hp(-2)hp(-i), 
and so on. Thus, 

n 

rp(-n)~^ = Y[hp{-j) 

for any natural number n. Again by Exercise 10.5.6, we know that 
hp{—j) = —1 if p|i? and j otherwise. Thus, 

n 1 

l<l<n 

(1,P)=1 

= (_l)KPl+"+irp(n + l), 



as desired. □ 

10.5.10 If p is an odd prime, prove that for x G Zp, 



rp(rr)rp(l-x)-(-l)^(®’). 
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where i{x) is defined as the element o/{l, 2 , . . . ,p} satisfying £(x) = 
X (modp). (This is the p-adic analogue of Exercise 6.3.4.) 

Prom Exercise 10.5.9, we have 

rp(n + l)rp(-n) = (-l)"+'+[”/?’l 
Write n — 1 instead of n: 

rp(n)rp(l-n) = (-l)"+[("-i)/^’l 

If n = oo + aip + U 2 P^ H is the p-adic expansion of n, then 

[(n - l)/p] = [((ao - 1 ) + aiP + • • • )/p]. 

First suppose oq 7 ^ 0. Then 

[(n - l)/p] = oi +a 2 pH , 

so that n —p[{n — l)/p] = ao = £{n). Clearly, 



and the formula is proved in this case. If Uq = 0, then 
n - 1 = (p - 1 ) + 61 P H 



and 

[{n - l)/p] = hi + 62 P + • ■ ■ , 

which gives 

n-p[(n-l)/p] =p = £(n), 
and again the formula is proved. 

10 . 5.11 Show that 



= I 



1 



-1 



if p = 3(mod4), 
if p=l(mod4). 



□ 



By Exercise 10.5.10, 

Tp{l/2f = (- 1 )^(^ 2 )_ 

Now, ^(1/2) = £{{p + l)/2) = (p + l)/2, so the result follows. 



□ 
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